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A small-deformation perturbation analysis is developed to study the effect of surfac-
tant on drop dynamics in viscous flows. The surfactant is assumed to be insoluble in
the bulk-phase fluids; the viscosity ratio and surfactant elasticity parameters are arbi-
trary. Under small-deformation conditions, the drop dynamics are described by a sys-
tem of ordinary differential equations; the governing equations are given explicitly for
the case of axisymmetric and two-dimensional imposed flows. Analytical results accu-
rate to third-order in the flow-strength parameter (capillary number) are derived (1) for
the stationary drop shape and surfactant distribution in simple shear and axisymmetric
straining flows, and (2) for the rheology of a dilute emulsion in shear flow which include
a shear-thinning viscosity and nonzero normal stresses. For drops with clean interfaces,
the small-deformation theory presented here improves the results of Barthes-Biesel &
Acrivos (1973a). Boundary integral simulations are used to test our theory and explore

large-deformation conditions.




2 Viahovska et al.

1. Introduction

Surface active agents (e.g., surfactants, compatibilizers, and proteins) are often em-
ployed to control properties of emulsions and polymer blends; they are added to stabilize
the emulsions, to facilitate drop breakup, to prevent drop coalescence, etc. (Lequeux 1998;
Van Puyvelde et al. 2001; Tucker & Moldenaers 2002; Fischer & Erni 2007). Quantita-
tive understanding of the effect of surfactants on drop dynamics represents a challenging
problem because drop shape and surfactant distribution at the interface are not given a
priori but are determined by the balance between interfacial and fluid stresses.

In the absence of surfactants, drop deformation is governed solely by the isotropic
surface tension, which acts to keep the drop spherical (Rallison 1984; Stone 1994). In
the presence of surfactants, surface tension is reduced and may become nonuniform.
Experimental studies have revealed an intricate interplay between shape deformation,
surfactant redistribution on drop interface, and bulk flows (Stone & Leal 1990; Velankar
et al. 2001; Jeon & Macosko 2003; Hu & Lips 2003; Velankar et al. 2004a,b). For ex-
ample, in linear flows (see Figure 1), fluid motion elongates the drop and sweeps the
surfactant towards the drop ends. The accumulation of surfactant at the tips decreases
the surface tension. As a result the curvature increases as needed to maintain the normal
stress balance. The increase of interfacial area accompanying drop deformation leads to
dilution of overall surfactant concentration, and increase of surface tension. The nonuni-
form surfactant distribution gives rise to gradients of the surface tension (Marangoni
stresses). Tip-stretching, dilution and Marangoni stresses have been studied extensively
for axisymmetric flows and two dimensional drops, mainly by means of numerical sim-
ulations (Stone & Leal 1990; Milliken et al. 1993; Eggleton et al. 1998, 2001; James &

Lowengrub 2004; Xu et al. 2006; Lee & Pozrikidis 2006; Muradoglu & Tryggvason 2008)
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shear extension rotation
F1GURE 1. Illustration of a surfactant-covered drop in a simple-shear flow.

although recently analytical results for a highly-deformed bubble have been obtained
using slender-body theory (Booty & Siegel 2005).

In shear flows, the rotational flow component rotates the drop away from the exten-
sional axis and continuously redistributes the surfactant, thereby decreasing the nonuni-
formities and shape distortion. The effect of rotation becomes increasingly important as
the viscosity contrast increases. Three-dimensional simulations have been developed to
explore the dynamics of surfactant-covered drops in shear flows (Li & Pozrikidis 1997;
Yon & Pozrikidis 1998; Bazhlekov et al. 2004; Pozrikidis 2004; Vlahovska et al. 2005;
Bazhlekov et al. 2006; Feigl et al. 2007). However, with exception of Bazhlekov et al.
(2006), these studies are limited to equiviscous drop and suspending fluids because sim-
ulations of high viscosity drops are computationally expensive.

Since high viscosity drops deform little in shear flow, analytical theories based on per-
turbation analyses for small deviations from sphericity provide an attractive alternative
to the costly numerical simulations. Most work has been focused on surfactant-free drops,
where expansions for up to third order in shape deformation have been derived (Taylor
1934; Cox 1969; Frankel & Acrivos 1970; Barthes-Biesel & Acrivos 1973a; Greco 2002).
Rallison (1980) provides a clear summary of the expansions based on different small

parameters (e.g., capillary number, viscosity ratio).
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Similar analyses of surfactant—covered drops are at an earlier stage. A leading order
perturbation theory, which includes surface shear and dilatational viscosities as well as
mass transfer from the bulk was developed by Flumerfelt (1980). Stone & Leal (1990)
also considered the near-sphere limit analytically and included surface diffusion in their
analysis. These theories describe the drop deformation to leading order but are insuffi-
cient for predicting the non-Newtonian emulsion rheology. A solution beyond the leading
linear order is a difficult task because it requires evaluation of boundary conditions, e.g.
matching inner and outer velocities or stresses, on the interface of the deformed drop.
This problem can be circumvented for the special case of a drop with the same viscosity
as the suspending fluid. For this problem, the fluid velocity field can be computed directly
from the interfacial stresses using the integral representation of the Stokes flow solution
(Kim & Karrila 1991; Pozrikidis 1992). We have developed a third—order perturbation
solution for the equiviscous drop (Vlahovska et al. 2005), and derived explicit results
for the stationary drop shape, surfactant distribution, and effective stresses of a dilute
emulsion of deformable surfactant-covered drops.

The present work addresses the general case of a drop with arbitrary viscosity contrast.
In order to derive an analytical solution for small drop deformation, we develop a pertur-
bation formalism capable of treating the matching process at the deformed interface. The
paper is organized as follows. Section 2 presents the formulation of the problem, Section
3 outlines the general idea of the perturbation solution. Section 4 provides details of the
solution; a reader more interested in the applications may skip this rather technical part.
Section 5 presents the second-order evolution equations for the shape and surfactant dis-
tribution in linear flows as well as the effective stress of a dilute emulsion. Sections 6 and
7 provides the weak—flow expansions for the stationary shape, surfactant distribution,

and emulsion effective stresses for two common types of flow: axisymmetric extensional
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and a simple-shear flows; we compare the results from our third-order small-deformation
theory with boundary integral simulations. The combined analytical and numerical study
leads to an improved quantitative description the effects of surfactant on drop dynamics.
In Section 8 we give the complete third-order shape evolution equations for a surfactant—
free drop and we present the relation between our analysis and that of Barthes-Biesel &

Acrivos (1973a).

2. Problem statement

Consider an initially spherical, neutrally-buoyant drop with equilibrium radius a and
viscosity 7" suspended in an unbounded fluid with viscosity 7°"*. A monolayer of insol-
uble surfactant is adsorbed on the drop interface. At rest, the surfactant distribution is
uniform and the equilibrium surfactant concentration is I'cq; the corresponding interfa-
cial tension is ocq. The coordinate system employed is spherical (7, 8, ¢), with the origin

coinciding with the centre of mass of the drop. The drop is placed in a linear flow
u®”(r) =4E - r, (2.1)

where 74 is the strain rate. E is a traceless, constant tensor, which characterizes the

velocity gradient,

0 1+8 0
E=3|1-8 o0 0 (2:2)
0 0 0

and [ is the rotational component of the flow. Simple-shear flow is given by g = 1.
Hereafter, the surfactant concentration is normalized by I'eq; all other quantities are

out

rescaled using n°", a, and 4. Accordingly, the time scale is 4!, the velocity scale is a,

bulk viscous stresses are scaled with 7.y, and the scale for interfacial tension is oqq.
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2.1. Governing equations

In the creeping flow limit, the fluid motion inside and outside the drop obeys the Stokes

equations
V-T=0, V.-u=0, (2.3)

where the bulk hydrodynamic stresses are
Tout — _poutI + [vuout + (vuout)T] , (24(1)
" = —pinT 4+ (x — D[Vu™ + (Vu")7], (2.40)

u denotes the velocity and p is the pressure.

The viscosity contrast is characterized by

(2.5)

Since this parameter is always greater than unity, its inverse is well defined. Thus it can
serve as a small parameter for a perturbation analysis of highly viscous drops. In the case
of a spherical surfactant—covered drop, x ! provided expansion that was converging much
faster than the one based on the usual inverse viscosity ratio n°% /n'" (Btawzdziewicz et al.
2000).

Far from the drop, the flow tends to the undisturbed external flow,

" - u™ as r—oo0. (2.6)

W =u"= at r=r,, (2.7)

where 15 denotes the position of the interface. Drop interface moves with the fluid velocity,

ie.

H
%—tJru-VH:O r=rs, (2.8)



Deformation of a surfactant-covered drop 7

where H = r — rq represents the interface as the set of points r where H (r,t) = 0. The
shape function H defines the outward pointing unit normal to the drop interface

VH

= ——. 2.9
NS (2.9)
The evolution of the distribution of an insoluble, non-diffusing surfactant is governed by

a time-dependent convective equation (Stone 1990; Wong et al. 1996)

T
%+Vs~(uSF)+F(u-n)Vs-n=O at r=r,, (2.10)

where Vi is the surface gradient operator, Vo = (I — nn) - V.
The jump of the hydrodynamic tractions across the drop interface are balanced by the

interfacial stresses
n-T° —n.TH=t. (2.11)

Interfacial stresses arise from nonuniform curvature and gradients in surface tension
t = Ca”*(onV,-n) — MaVo, (2.12)

where Vg - n is the local mean curvature. The capillary number, defined as

Ca — nay

Oeq

, (2.13)

reflects the relative strength of the distorting viscous and restoring surface tension forces.

Likewise,

_ nay

Mot =
“ Ao’

(2.14)

reflects the relative strength of the distorting viscous and restoring Marangoni stresses.

Ao = —Tgq (g;)
M=T.q

is the characteristic magnitude of the surface-tension variations that result from pertur-
bations of the local surfactant concentration I" about the equilibrium value I'sq.

The dependence of the surface tension on the local surfactant concentration is generally
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nonlinear (Pawar & Stebe 1996; Eggleton et al. 1998). However, for small perturbations

around equilibrium or dilute concentrations, the equation of state can be linearized
oc)=1-E((T-1). (2.15)

The elasticity number is given by

Ao

Ocq

E= = CaMa . (2.16)

In this study we choose Ca as the dimensionless strain rate to define the flow. The
elasticity, F, and the viscosity contrast, x, are flow—independent material parameters
characterizing the surfactant monolayer and the fluids. Our previous work focused on
the effect of surfactant elasticity at fixed viscosity contrast (Vlahovska et al. 2005). In

this paper we explore the effects of the viscosity contrast at a given surfactant elasticity.

2.2. Effective rheological properties

In the linear flow (2.1), the effective stress of a dilute emulsion with volume fraction ¢ is
given by
Y =2E° + ¢T¢, (2.17)

where E°® denotes the symmetric part of the velocity gradient tensor (2.2), and T is
the drop contribution. The emulsion shear rheology is fully characterized by the shear
viscosity ¥, and normal stress differences Ny = T4, — Tﬁy and Ny = Tﬁy —T4..

The zero—shear rate limit of the viscosity of a dilute emulsion of surfactant-covered
drops is given by the Einstein’s result for suspension of hard spheres, T, = 5/2 (Blawzdziewicz
et al. 2000). At finite shear rates, drop deformation and Marangoni stresses give rise to

shear thinning and normal stresses.
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3. Small deformation analysis

In a reference frame with the drop center at r = 0, the position of the drop interface
is specified by
re =a+ f(Q), (3.1)

where f is the deviation of the drop shape from a sphere, which depends only on the

solid angle 2 and has a vanishing angular average

/jdazo. (3:2)

The isotropic contribution « is determined by the constraint for constant drop volume

/(a + £)3dQ = 4n. (3.3)

The evolution of the interface (2.8) in terms of the shape perturbation f becomes

%{:w@—Vﬁ r=ry. (3.4)
The evaluation of the surfactant conservation equation (2.10) on a deforming interface
represents a complicated problem because of the surface divergence operator. However,
if the surfactant distribution is projected onto a sphere, I' = I'r72/n - # (Vlahovska et al.
2005), the surfactant conservation simplifies because the surface divergence is evaluated

on a sphere. Similarly to (3.1), the projected surfactant distribution can be represented

as

I=1+g, (3.5)

where g denotes the local, flow-induced variation of surfactant concentration. Thus the

evolution equation (2.10) takes the form

dg

5 = V- a+g)l, (3.6)
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where u is the tangential angular velocity
a=r;'(I-#f)-u r=r,. (3.7)

For small deviations from equilibrium characterized by some relevant parameter € we
seek to obtain evolution equations for the shape (3.4) and the surfactant concentration

(3.6) as third-order regular perturbation expansions in the small parameter &

3 3
DL TUINE SO A (3.5

ot =
In creeping flows and moderate viscosity ratios, drop shape remains close to spherical
provided that the capillary number is small. In this work we focus on this weak-flow
limit, i.e. ¢ = Cg; if E ~ O(1) surfactant distribution remains nearly uniform and
the perturbation in the surfactant concentration around its equilibrium distribution also
scales as €. In shear flows, high viscosity contrast between the drop and suspending fluids
limits the shape and surfactant distortion, because of the increased rate of drop rotation.
Thus, another choice for the small parameter is the viscosity contrast, x~!; the results
of this analysis will be presented in a forthcoming study.

The spherical geometry of the problem suggests to expand the position of drop interface

and surfactant concentration in scalar spherical harmonics (A 1)
J

9] J 0o
I= Z Z fjm)/Jm y 9= Z Z gjm)/jm . (39)
j=2m i

j=2m=—j =—

In the next section we present details of our solution. The reader more interested in
the final results than the technical details may proceed directly to Section 5, where the
evolution equations for the drop shape deformation and emulsion effective stress are

listed.
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4. Solution
4.1. FEvaluation of quantities at the deformed interface: general formalism

Similarly to the shape and surfactant concentration (3.9), all quantities are represented
as perturbation expansions in the small parameter ¢, e.g. the velocity and stress fields

are

3 3
u(r) = Zapup (r) T(r)= ZEPTP (r). (4.1)
p=0 p=0

Solving the hydrodynamic problem requires evaluation of the boundary conditions for
the velocity continuity (2.7) and stress balance (2.11) at the interface of the deformed
drop. For small deviations of the drop shape from a sphere, all quantities that are to
be evaluated at the deformed shape interface are approximated in terms of equivalent

quantities on a sphere using a Taylor series expansion around r = 1 for ¢ < 1.
We first proceed to obtain the surface velocity. The combination of (4.1) with the

Taylor series expansion for the velocity fields yields

u(r=r,) =Y ", (Q), (4.2)

where
P
_ £ d™Mup_n(r)
Q = _— 4.
u, () ;::On! am | (4.3)
The continuity of velocity (2.7) must hold term by term
A () = 69 () + u () | (1.4)

where up° (€2) denotes the Taylor series expansion of the external flow velocity (2.1).
Note that for linear flows (2.1), u* (r) is linear in r and therefore the terms up® of order

p > 2 vanish.

The hydrodynamic tractions at the deformed interface

T(rs) =n-T(ry), (4.5)
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are expanded as

3
T(r) =Y "7, (Q) . (4.6)
p=0

The expansion terms

b
7 () :f“'Tp‘i‘an—k'T/c (4.7)
k

=1

are obtained by combining the normal vector expansion

3
n(Q)=i+» n,(Q) (4.8)

with the stresses expansion (4.1). T, (©2) denotes the n-th term in the Taylor series for
the stresses (defined analogously to the surface velocity (4.2), (4.3)). The stress jump

condition (2.11) must hold at any perturbation order, hence

o (Q) = (x = DT (Q) = £,(9), (4.9)

p

where t,, is the corresponding term from the interfacial stress expansion
3
t= Zz—:p (Ccf1 t,” + Ma tg‘ar) . (4.10)
p=0

At each perturbation level, we apply (4.4), (4.9) to solve for the velocity field in terms of
shape, f, and surfactant distribution, g. Then we determine f and g using the evolution

equations (3.4) and (3.6).

4.2. Expansions in spherical harmonics

Spherical harmonics are used to represent not only the shape and surfactant distribution
but also velocity and stress fields. This formalism, in particular the use of scalar and
vector spherical harmonics, has been already presented in several papers (Blawzdziewicz
et al. 2000; Vlahovska et al. 2005). In this section we outline the basics and we give
more details about the new features related to the representation of stresses with tensor
spherical harmonics.

Vector quantities such as the interfacial stress (4.10) and the normal vector (4.8) are
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expanded in vector spherical harmonics y jmq (€2) (B 1)

ty = Z timap (£,8) Yimg n, = Z Nimg,p (£,8) Yimg » (4.11)

Jjmgq Jjmgq

where f and g denote the sets of shape and surfactant parameters

f={fim}, &={gm} (4.12)
and
o J 2
>=2 2 (4.13)
jmq  j=2m=—jq=0
Velocity and stress fields are described using a basis of fundamental solutions of the

Stokes equations (Cichocki et al. 1988). The velocity basis functions are

2
W, (1) =D US (5:7) Yima (4.14)

q'=0

where Uyq (j;7) can be found in Blawzdziewicz et al. (2000). There is a stress tensor

. . +
field associated with each g,

T:t

jmgq

(r) = —ph I+ V', (4.15)

jmq >’
where the pressure is given by (Blawzdziewicz et al. 2000)
+ .
Pimg (¥) = P (ji7) Yim , (4.16)
and the rate-of-strain tensor is expanded in tensor spherical harmonics Y ., (B2)

2
v/u;tmq = Z Z/l;;, (J;m) Yjmg - (4.17)

q'==2

The matrices Uy (j; ) are listed in Appendix B.2.
In the basis of functions (4.14), the velocity fields are represented as
u" (r) = u™ + Z CimgWjmg (r), u” (r) = Z c;rmqu;“mq (r), (4.18)
Jgmgq Jjmgq
The corresponding stress fields are

T(@)=E+> ;ngTime(t),  T(r) =) ¢TI (r). (4.19)

jmq jmq
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The external flow and stress are specified by

= Z GmqWmq (1) 5 E= Z Gmg L jmg () - (4.20)

Jjmq jmgq

Following the perturbation scheme (4.1), the coefficients are expanded as

qu Zsp qup(f g Ca, X, E) . (4.21)

p=0

Hereafter we adopt the notation that summation over repeated indices is implied.

4.3. Matriz representation of the boundary conditions at the deformed interface

The spherical harmonics representation transforms the boundary conditions for the ve-
locity (4.4) and stresses (4.9) into a matrix form. The perturbation problem reduces
to solving a hierarchy of matrix equations, which we have done using the software for
symbolic computations Mathematica. The calculations up to (and including) order p = 3
were performed. However, owing to its hierarchical structure, the solution in principle

can be extended to higher orders.

4.3.1. Velocity

Introducing the representations (4.18) and (4.14) in the expression for the surface

velocity (4.3) leads to
P
Zc imap—k qq1 (k) Jir=1)Yjma v =in, out. (4.22)
k=0
where U* (%) denotes the k-th term in the Taylor series for the UL (j;r) (defined anal-

qq91

ogously to (4.3)). After some algebra, details of which are given in Appendix C.1, we

obtain

P
E C]mq,p K quhmzqz,k (f) ¥jymaqe v =1n, out. (4.23)
=0

The matrix Djmqjomage,k (C5) is diagonal at & =0

Djm(;uémzqmo - 5] J25m mz(sq q2 s (4'24)
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where d,,, denotes the Kronecker delta function. Thus, according to (4.24) and (4.23),
the velocity continuity condition (4.4) can be rewritten as a relation between the velocity

coefficients inside and outside the drop

+ = n .
Cima,p = Cimap T Vimap (4.25)

where the term vjy,q,p is defined to absorb all contributions from the lower order (k < p)

perturbations

Vjimq,p :Cj' ’ /D] 'm'q’ jmq,p (f)

(4.26)
- + +
+ Z ( 'm’q’,p— kDJ 'm’q’ jmaq,k (f) - Cj’m’q’,pkaj’m’q’jmq,k (f))

Eq. (4.25) illustrates the recursive structure of the perturbation solution.

4.3.2. Hydrodynamic tractions

Similar analysis of the hydrodynamic tractions leads to an equation analogous to (4.23).

The surface tractions (4.7) are cast into the form

p
Z Cimaq,p—k qu32m2QZ7k (f) Yiamags - (427)
k=0

The traction matrices (-)f are discussed in Appendix C.2, where the explicit expressions

for perturbation order k = 1 are listed. For &k = 0 the traction matrix reduces to

@ 5]72 mm2@i () (4'28)

jmqjzmaq2,0 qq2

where ©F, ) is given by Eq. (C12). The stress jump condition (4.9) is rewritten in matrix

form as

Cj_mq’,p@q_’q (]) - (X - 1) qu p(—‘);—q ( ) = xjmq,p ’ (429)
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where the contributions from the lower order solutions as well as the interfacial stresses

and tractions due to the external flow are combined in
p

) _E : - - _ .+ +
Tima.p = (Cj’m’q’yp*ke)j’m’q/jmq,k (f) Cj’m’q’vp*k@j’m’q’jmq,k (f))
k=1 (4.30)

= 020p0Tjmq + timap (£.8)
The last term in (4.30) is the interfacial stress expansion term tj.,q, from Eq. (4.11).

The tractions associated with the external flow (2.1) are 757, .

4.4. Problem solution: recurrence relations

The solution at perturbation order p is given by a recurrence relation involving the

solutions at lower perturbation orders.

4.4.1. Velocity and stress fields

The velocity and stress boundary conditions (4.25), (4.29) represent a set of linear

ct

+
jmgq, ¢

equations for the velocity expansion coefficients , and ¢ Eliminating mak

jma,k*
from these equations yields the solution for the velocity coefficients of the flow field

outside the drop

Cimap = Zimg' p Lq'q s (4.31)
where
Zjmg'p = Tjma',p — (X — 1)Ujmq,p®;rq' 2 (4.32)
and
Tya = |07, — (x—10F,] (4.33)

T is defined in Appendix C.3. Explicit expressions for the velocity coefficients at pertur-
bation orders 0 and 1 are listed in Appendix D. The expression for orders two and three

are very lengthy; they can be found in Vlahovska (2003).
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The components of effective stress T4 (2.17) are directly related to the velocity coef-

ficients ¢, 1o, (Vlahovska et al. 2005).

4.4.2. Shape and surfactant evolution equations

The shape and surfactant evolution equations (3.8) in spherical harmonics representa-

tion (3.9) take form

= Z €ijm,p ’ gjm = Z EpGjm,p 9 (434)
p=0 p=0
where the dot denotes time derivative and we have introduced
FP = ij’Pijm ) Gp = Gjm,p}/}m . (435)

After some algebra outlined in Appendix C.4 we find

+,F
Fijmp = ;tm2 p T Wimp (4.36)
and, similarly,
1
L. B +,
Gimp =11 (G +1)]2 ( Cimop T w]mr,p) : (4.37)

In the above expressions, the use of outer ¢~ or inner ¢ velocity coefficients yields the

+

im,p absorb all contributions

same results (this served as a useful check). The terms w

from the lower order perturbations,

+,F
Jm’p Z 'm’q’,p— kW 'm’q’ jm,k (f) (438)

and

+,T
Wi Z g ok Wi jmon (£,8) (4.39)

where the matrix W;;,?qum,k is given by (C29) and W !’ g jm. k1S given by (C33).
Details about its derivation can be found in Vlahovska (2003). Explicit expressions for
the evolution coefficients of perturbation orders 0 and 1 are listed in Appendix D; again,

order two and three are very lengthy and can be found in Vlahovska (2003).
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Thus far we have presented the solution in a general form valid for any type of external

flow. In the next sections we give explicit results for linear flows.

5. Evolution equations

Here we list the explicit expressions for the second-order O(Ca7153, Mae?) evolution
equations or shape, surfactant and effective emulsion stresses in linear flows. The third
order expressions are very lengthy; the complete set can be downloaded from Vlahovska
(2007). The hyperbolic flow (z,—y,0) does not belong to the family of linear flows de-
scribed by Eq.(2.2). However, it corresponds to the straining flow, 8 = 0, with the flow
axes rotated by m/4.

Let us split f;,, and g, into real and imaginary part

fitm = fjlm + if]/'/m gjtm = g;m + ig;lm (5.1)

For m = 0, the shape and surfactant parameters are real. In simple-shear flow f4,, f5,

and fao correspond to drop deformation along the flow direction (z axis), the straining
axis x = y, and the vorticity direction (z axis), respectively. Let us introduce the capillary

number based on the surface tension of the surfactant-free interface
Cag= Ca(1+ E)~" . (5.2)

This would allow to take the surfactant-free limit of our theory, Ma = 0. The evolution
equations are
foo =2d11f3 + dia foo fs + di3 fih
+ Cag! [D1 fa0 + D2 (—f220 +2f5 + 2f2//22)]

(5.3a)
+ Ma [D12fa0 + Disgao + Doy (—f30 + 255 + 21355

+Das (— f20920 + 2f329%2 + 235952)]
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foo == 2w [ + do1 f3o f3h + daa f1
+ Cagl [D1 f35 + 2D3 fa0 f3] (5.3b)

+ Ma [D1a f55 + Disghs + 2Da1 f20 f55 + D22 (f20952 + 920 f92)]

3 =2w f3y + [ds1 + di1 foo + daaf3g + dss f53 + dsaf5s + dse 1o + da7f14]
+ Cay " [D1 f5 + 2D2 f20 f35)] (5.3¢)

+ Ma D12 f55 + D13ghy + 2D21 f20 f95 + D22 (f20955 + 920 f25)]

G20 =2b11 fo5 + 212959 + b13f20fo2 — 2b14 (f20990 — 920.f25) + b1s fia + b16gis
+ Cag ' [—2D1afo0 + B2 (—f30 + 2155 + 2£55)
+Ba1 (= f20920 + 2f32955 + 2f25955)] (5.34)
+ Ma [Biafa0 + Bi3gao + Baz (—f3 + 2155 + 2£5%)

+Ba3 (= f20920 + 2f22952 + 2f22955) + Baa (_ggo + 295 + 29%)]

Gy = — 2wgny + b21 foo for — 2b14 f95950 + b2z f20950 + b17.f14 + bisgis
+ Cay ' [=2D12fe + 2Ba f20 f3s + Ba1 (f200he + fo2920)]
(5.3¢)
+ Ma [Bi2 fas + B13ghe + 2Baa fo0 f32 + Bas (f20952 + 920f52)

+2B24920952]
12

Gy =2wghy + [3d31 + b1 fao + bs2 f3) + b3z f35 + bsaf5s
+b12920 — b1 f20920 — b22 f52950 — 2b14 25959 + D19 fao 4 b20ga0 — b17f14 — b18gil
+ Cag ' [=2D12 f4y + 2B fa0 f35 + Bo1 (f20952 + f32920)]
+ Ma [Bi2f55 + Bisgas + 2Baa foo f25 + Bas (f2093 + 920.f25)

+2B249209%,)]

(5.3f)
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fa0 =da1 fy + daz foo fon + dusfis + Cag '[Dsfao + Da(3f2 + f33 + fo2)]
+ Ma[Pyafso + Pi3gao + Po1(3fay + foz + f43)] (5.39)

+ P23(3f20920 + f22952 + [229%2)]

fia == Btiy + dsi foo 3 + dsa fiy + Cag ' [Ds fiy + Dt f20f55)]

(5.3h)
+ Ma[P12fis + Pi3gss + P31fo0 fa2 + Psa(f20952 + 920f52)]
1y =B fis + dei1 foo + de2 f30 + des f53 + deafss + des fao — ds2fig
+ Cag ' [D3 f15 + D1 fo0 £55] (5.31)
+ Ma[Pr2fis + Pi3gis + Ps1fa0f25 + Ps2(f20952 + 920 f25)]
Fas == 2Bfi) + dn 5y + drafao f5y + drs fi
+ Cag '[Ds fiy + Dao(f32 — f53)] (5-37)
+ Ma[Piofiy + Piaghs + Pir(f33 — f33) + Pio(f3295 — f22955)]
i =261 — dn1fin — drafao 3o — dsfia + Cag ' [Dsfily +2Daz f33 f3)]
(5.3k)
+ Ma[Pyafiy + Pisgyy + 2Pu1 35 fo5 + Pao( 2299 + f22952)]
940 =q1990 + 42940 + 43.f15 + q10.f20f92 + q11(f209%9 — f22920)
+ Cag '[Q1 fao + Qa(3f3 + fop + 135) + Qa2(3f20920 + frogho + f32950)] (5.30)
+ Ma[Q12f10 + Q3940 + Q21(3f3 + f33 + f25)
+ Q23(3f20920 + f320h0 + foa30) + Q24(3g50 + 955 + 953 )]
G2 = — B9l + qagiis + a5 f1s + Q12 fo0 for + Q1320950
+ Cag '[Q1fi + Qsf20fh + Q32(f20952 + g20f32)] (5.3m)

+ Ma[Q12f12 + Q139is + Q3120 f22 + Q33(f209%2 + 920 f22) + Q349209%)]
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9> =Bghy — @aGhs — @5 f1s + G6.f10 + a7920 + sga0 + q1af3 + 15153

!

+ qi6 135 + 17 (f5595, + %fzogzo)

(5.3n)
+ Cay '[Q1f1h + Q3 f2013s + Q32(f2095 + 920f35)]
+ Ma[Qu2fis + Qi3g4s + Q31f20f22 + Q33(f20052 + 920.f22) + Q31920952)
J1a = — 28944 — @5.f15 + Q9952 — 14942 + Q18 f20 22 + q19.f20955
+ Cag [Q1 fia + Qu(f33 — [33) + Qu2(f22952 — f229%)]
(5.30)
+ Ma[Qi2fiy + Qu3ghs + Qu1(f33 — [35) + Qus(f3295 — [4295)
+ Q44(9§22 - 9/2/22)]
Gy =284 + 45[10 — Qo992 + 14942 — Q18 f20 /22 — @19 20952
+ Cag ' [Q1f1y + 2Qu fon [ + Qua(f329% + f52952)]
(5.3p)
+ Ma[Qu2fiy + Qu3gis + 2Qui1 foo foo + Quz(f22950 + [29952)
+ 2Q 44992955
In the equations above,
0 =2 e (5.4)

is the angular velocity of a rigid body of the shape f in the external flow u®, and ¢;
is a constant. The rigid-body rotation produced by the rotational flow component is
given by §; 8 = 1 corresponds to a simple-shear flow. The remaining term represent the
rigid-body rotation produced by the straining component of the flow E, and vanishes
for f = 0. The coeflicients d;j, bij, ¢;j and Dyj, B;j, Pij, Qq;, where 4,5 = 1,2,..., are
rational functions of the viscosity ratio x and the elasticity E£. These coefficients and the
constant ¢; are listed in Appendix E. The terms that involve the coefficients d;;, bsj,
gi; represent the effect of the dissipative motion of the dispersed-phase fluid due to the

straining component of the external flow; the terms that involve the coefficients D;;, B;;,
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P;;, and Q;; represent drop relaxation towards spherical shape due to the capillary and

Marangoni forces. Note that the terms associated with the external flow in equations for

time derivatives of f;; (f/%) are odd (even), and the terms associated with the interfacial
forces are even (odd) with respect to the transformation (5.5)—(5.6) associated with the

reversal of the direction of the flow:

fl/m - fl/m7 gl/m - gl,m7 (55)

i " 1 1
im 7 " Jim>  im ™ “Y9im- (56)

Setting Ma = 0 in the shape evolution equations yields the O(Ca™'e?) theory for a clean
drop. Thus, we extend the work by Barthes-Biesel & Acrivos (1973a), as discussed in
more detail in Section 8.

The effective stress of a dilute emulsion is determined from the shape and surfactant
via
Tty =70 + 711 fa0 + Ti2fa0 + T1sfha + T1af30 + T15f53 + T16 5

+ Cag  [—4721 f3 + To2 f20 fan)] (5.7)

+ Ma[r21 (6155 — gbo) + T31.f20f25 + T32(f20952 + 920 f55)]

Ny =2713f14 + n11f55.f5h + 2Cag 4721 foo — Ta2 f20 f35]
(5.8)

— 2Ma[r21 (6f35 — gho) + T31.f20 f20 + T32(f20952 + 920 20)]
No =V6711 foy + 3V10T12 f 15 + N1 f20 fon
/3 Cag [ oo + oS3+ £33 — 1 530)]

+\/§Ma [T21 (6f20 — g20) + T31 (53 + 1553 — 3 13)) + 2752(fha0ho + [r9% — 3 f20920)]

(5.9)

The coeflicients 7;; and n;; are rational functions of the viscosity contrast x. They are

listed in Appendix F.
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The three-dimensional axisymmetric extensional flow u™ = (3z, 1y, —z) represents an

important type of linear flow not described by Eq.(2.2). Because of the axial symmetry

fim = 0 and gjm, = 0 if m # 0. The evolution equations take simpler form

df20
ot

=s (d31 — d11f20 + Sdsaf30 + 6dsg fa0)
+ Cay' (D1 fa0 — D f30)

+ Ma (D12 f20 + D13g20 — D21 f3 — D22 f20920)

o (5.10)
40
o =° (3d41f20 - \/§d64f220 - %\/§d43f40)
+ Cay " (D3 fa0 +3Daf3))
+ Ma (Pi2fa0 + Pisgoo + 3Pa1 f3y + 3P22 f20920)
0
% =5 (3d31 — bi1.fao — b12g20 + 3b3af3y — brafaog20 + 6b10 fa0 + 6b2gao)
+ Cag' (2D12f20 — Baf3y — B21f20920)
+ Ma (Biafoo + Bi3g20 — Boa f30 — Bas f20920 — B24g3)
) (5.11)
g;o =5(3q1920 — \/gqu%’o + V5411 f20920 — %\/%(%fw + q2940))
+ Cag " (Q1f20 + 3Q2f3 + 3Q22f20920)
+ Ma(Qr2f10 + Q13940 + 3Q21 f30 + 3Q23f20920 + 3Q24950)
where s = —/6. Note that the coefficients corresponding to relaxation driven by inter-

facial forces are identical to those in Eq.(5.3).

6. Weak flow expansions for a stationary drop

We focus our attention on steady state drop deformation; however our analysis can also
be used to explore transient flows using the evolution equations (5.3). We present theo-
retical calculations for drop deformation and the effective stress of an emulsion consisting

of deformable surfactant—free drops in the weak-flow limit, where the small parameter
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is the flow strength € = Ca. In the case of no viscosity contrast, y = 2, the expansions

reduce to the ones derived in Vlahovska et al. (2005).

6.1. Azisymmetric extensional flow

To third order in Ca, we obtain that the steady state shape and surfactant distribution

are described by

fro =f;"(E) Cat [}(E) Ca® + f{7(E) Cd®, (6.1)

9i0 =9, (E) Ca+ g, (E) Ca® + g, (F) Ca’
In irrotational flows, stationary shape and surfactant distribution are independent of
the viscosity contrast because the Marangoni stresses immobilize the surface at steady
state (Milliken et al. 1993; Bazhlekov et al. 2006). At leading order, the only nonzero

contributions are

14+2F) V5
A =vom, g = 2RO (6:2)

The second-order terms are

f(g) 15 Vvhm 2 45 /7
) =

7Y T 14 6.3)
@ 5(BH+1ITE)VEr (9 15(9+4E) 7
92 = 14E 9= 14E
The third-order terms are
(3) _ 5(216—49E) /57 (3) _ 7650y/7 (3) _ 5625,/%
2 = 98 4 = 539 6 — T 308 (6.4)

(3) _ 5(199+1518E—-196 E*) VBr  (3) _ 75(2784213E)/m  (3) _ 1125(27-8E)\/&
92 = 196 & 94 = 530 E 96 = 308 B

6.2. Simple-shear flow

To third order in Ca, the steady state shape and surfactant distribution for a drop in

shear flow are described by the expansions
fim = [ (E.X) Ca+ fin (E.x) Ca® + f13)(E,x) Ca’,

Gim = 9o (B, X) Ca+ g\l (B, x) Ca® + g{2) (E, x) Ca®.
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The rotational component of the flow continuously redistributes the surfactant and there-
fore the stationary state of the drop will, in principle, depend on the viscosity contrast.
The convergence radius for these weak—flow expansions is best for moderate viscosity
contrasts. Here we list only deformation parameters with j < 4. At leading order, the

solution is independent of viscosity contrast

1 T 1 T
) ==y [3E, gD = LB, o (6.6)

The effect of rotation, and thus viscosity contrast, enter at second order and the nonzero

contributions are

2 (2 3+x+E(9423 P
féo):_%\/ﬁv 2(2):2*14 * ]:(7 = %>
(6.7)
2 (2 /5w
fio):%ﬁa 42):7% %a
and
2 (2 10x+3E(3+x)+E%(9423 ™
o = —HHEVAE, g - plestegimes e

(2) _ 5 944E /(2) _ 5 9+4E /57
90 =81 E VT, Jaa” = 137 E 1z

Note that the expressions for fé(;) and g;(;) in the x = 2 case listed in Vlahovska et al.

(2005) contain typographical errors. At third order, the nonzero contributions are

1(3) _ 1 S /5m
22 T 28224 E° 6 °
n(3) _ 425 [5n (6.9)
42 T B39\ 2>
m3) _ —10(1+x)+E(239+109x)+E>(839+2049x) /57
4 = 86AE2 14
and
"3) _ 1 Sa(x) /57w
922 = = 14112 E° 6 °
n3y 25 2784213E [5x (6.10)
a2 = = 3234 E 2
n(3) _ _ —540x+E(385+2731x)+E>(3133+3779x)+2E%(569+1359x) /57

Jaga = = S64E3 -
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where
S1(E, x) =980x(3 + x) + 147E(21 + 34y + 9x?)

+ E2(—99711 + 20286 + 25921x?) 4 23520E°
(6.11)

Sa(E, x) =9800x2 4+ 98E(9 + 96 + 31x?) + E?(—18147 + 12642y + 3577x?)
+ E3(—178191 + 20286 + 25921x?) + 23520£*
Substituting the shape and surfactant expansions (6.5) in (5.7) yields for the effective

shear viscosity a dilute emulsion
Tihy = 3 — 15257 [245X + 98E (3 + X) + E? (1059 + 1127x)] Ca®. (6.12)

At very low shear rates an emulsion of surfactant-covered drops behaves as a suspension
of rigid spheres with viscosity given by the Einstein’s result, 1 + 5/2¢, and zero normal
stresses. Shape deformation and surfactant redistribution at increasing shear rate give
rise to shear thinning, which depends on the viscosity contrast. However, at leading order

the normal stresses are independent of viscosity contrast

Ny =34EL ¢,
(6.13)

NQZ—%Nl"‘r%Ca.
Given that stresses are normalized by the viscous stress 17, the rheology is obtained at
one order less than the drop shape and surfactant distribution. For example, the O(Ca?)

term in the expansion of the normal stresses depends on the O(Ca*) perturbation in

shape and surfactant.

6.3. Surfactant—free drop

For the sake of completeness, we list the expansions for the stationary shapes of surfactant—
free drop. A comparison of the drop shapes in the absence and the presence of surfactant

can provide a quantitative estimate the importance of surfactant effects.
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6.3.1. Azisymmetric extensional flow

The third—order expansion for a surfactant-free drop in extensional flow reads:

fio = 1000) Ca+ P (x) 0a® + 1P (x) Ca® (6.14)

The expansion coefficients depend on viscosity contrast

Y =Dy

—36 — 309 y + 601
280X 2 v Vir
—95 + 751
252y g
7776 + 115528  — 195631 x2 — 2862098 y3 + 3220761 x4 =
235200 x*
639780 + 595807  — 51008602 x2 + 85699543 x> S
6985440 x?
31449 — 628546 y + 2934377 x>

®) _p, K
6 1921922 13

3" =Dr

(2 _
4 —HT

(6.15)
3 =Dr

) =Dr

where Dy is the Taylor’s deformation parameter (Taylor 1934).

(=34+19%) .

D =
T 20 y

(6.16)

6.3.2. Simple-shear flow

The expansion for the shape parameters of a surfactant-free drop in shear flow is

Fim = 200 Cat f2(x) Ca + £2)(x) Ca®. (6.17)

At leading order, the only nonzero contribution is

1 57‘(‘
! =-Dr\| & (6.18)
The second-order expansion terms are
2 36+309x—601 g 2 /57
fg(o) Dr ( 16)8<X X )\/g7 f2’(2) _ D% 2X2+1 %7 6.19)

(2) _ 1y —95+751x n2) 1y 95—751x
40 = Dr—556, VT, wu = DX\ /5,
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At third order, we have

n3) D (—1944—28882x+49900x % +706925x> —811695x*+108927x°+159201x°) /=

22 = T 35280x% V 30

n3) 6397804-595807x —51008602x > +85699543x° /7 6.20
12 = Dr 251475843 107> ( )
n3) _D 5077—62376x+119505x>+507394x> /7

4 = T 466562 70

The expansions for the effective stresses of a dilute emulsion (5.7)—(5.9) are

d _ 5 3 2 —3888—27308x+231041x%—33637x> —189761x*+159201x°
Tiy = 5 — 5, — Ca”Dr(x) 35280x7 (6.21)

N1 =Ca(10D7) ,

(6.22)
3(12 + 9x — 25x?)

28x2
The expressions for the normal stresses agree with Schowalter et al. (1968). The shear

N2 = — %Nl — OCLDT

thinning coefficient differs from Barthes-Biesel & Acrivos (1973b), but this can be at-

tributed to the fact that the O(e?) theory of these authors was incomplete (see Section 8).

7. Discussion

The results presented in the previous section show that the presence of surfactant sup-
presses the sensitivity of the stationary state to viscosity contrast. However, the transient
dynamics strongly depends on viscosity contrast as illustrated in Figure 2: higher drop
viscosities slow the approach to the steady state.

In axisymmetric extensional flow, the stationary deformation of a surfactant—covered
drop is independent of viscosity ratio in contrast to a surfactant—free drop, see (6.15).
Marangoni stresses immobilize the interface at steady state. Hence, the surface velocity
vanishes and there is no fluid flow inside the drop. Surfactant enhances drop deformation;
in the high viscosity limit, x — oo, the deformation of a clean drop is smaller than a
surfactant—covered one by a factor of 19/20 (at leading order).

Drop deformation in a simple-shear flow is illustrated in Figure 3, where the predictions

from the small-deformation theory are compared to numerical simulations using the
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FI1GURE 2. Drop shape evolution upon start-up and cessation of axisymmetric extensional flow
with Ca = 0.02 and F = 1 for two different viscosity ratios, x = 2 (solid line) and x = 11

(dashed line). The dotted line shows the stationary deformation.

boundary integral method (Vlahovska et al. 2005). In weak flows, the stationary state
is independent of viscosity contrast at leading order; the drop feels only the extensional
component of the flow and the Marangoni stresses rigidify the interface. The effect of
viscosity contrast enters at second-order because of the rotational component of the flow
acting on the deformed drop. The rotation continuously redistributes the surfactant,
thereby remobilizing the interface. In strong flows, the effect of viscosity contrast is more
pronounced as the numerical results in Figure 3 indicate.

Experiments typically characterize drop response to shear flow by a deformation pa-
rameter, D, and the inclination angle with respect to the flow direction, ¢g. D is defined
as (L — B)/(L + B), where L = r(¢¢) and B = r(¢g + 7/2) are the drop lengths along

the main and minor axes of the ellipsoidal drop contour in the flow plane. Using (3.1)
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FIGURE 3. Drop deformation in a simple-shear flow: The shape parameters f55, f3, and f5,
as a function of the flow strength Ca for a surfactant—covered drop with elasticity £ = 1 and
viscosity contrast: x = 1 (circles, solid line), x = 2 (crosses, dashed line), x = 6 (triangles,
dotted line). The points are data from boundary integral simulations. The lines represent the

third-order small deformation theory (6.5).
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FIGURE 4. Steady drop deformation in an extensional flow u* = (z,—-y,0) (Hu & Lips

2003). Points are experimental data for various surfactant coverage and viscosity contrasts

x = 1.093 and x = 3.3. The theoretical line is D = 5/2Ca.

and the expansions for the stationary shape parameters (6.5), we obtain

B (23x +9)E+x+3
%0 =7 Ca{ ASE
(7.1)
r (21x —29)E? + (31 — 19x)E + 10(x + 1)
1152E2 ‘
The long and short axes, 7 and r_ respectively, are
re=1% 0+ P pod 2 [1617 (13x” + 38x — 3) + 517440E"
4 672 2483712E2 (7.2)
+ (285131x7 + 223146y — 2971701) E? + 4312(x + 3)°E]
Accordingly, L = 2ry, B = 2r_ and the deformation parameter is
D=ca’ ¢ _sCa x [517440E° + (285131x° + 223146 — 1886001) E?
4 ' 2483712E2 (7.3)

+4312(x + 3)°E + 1617 (13x* + 38x — 3)] + O (Ca*)
The leading order deformation is independent of elasticity and viscosity ratio. The theory
agrees well with experimental data, as shown in Figures 4 and 5.

The rheology of a dilute emulsion of surfactant-covered deformable drops is shown
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FIGURE 5. Steady deformation and inclination angle of a surfactant-covered drop in a simple
shear flow (Feigl et al. 2007). Points are experimental data for viscosity contrasts x = 1.335
(circles), x = 4.335 (crosses), and x = 7.338 (squares). The theoretical lines are given by

Egs.(7.3) and (7.1).

in Figures 6-7. The results predict a shear-thinning viscosity, a positive first normal
stress difference, and a negative second normal stress difference, as generally observed
in emulsions. Drop deformation and surfactant redistribution both contribute these non-
Newtonian features. In weak flows, the surfactant immobilizes the interface so that the
emulsion behaves as a suspension of rigid spheres at leading order. The effect of viscosity
contrast affects the rheology at second-order because of the tendency for the rotational
component of the flow to align the deformed drop with the velocity. Drop alignment
increases with viscosity contrast leading to enhanced shear thinning, as predicted by
(7.1). In strong flows, the effect of viscosity contrast is more visible as the numerical
results in Figure 3 indicate. Our numerical results agree qualitatively with the simulations
of Yon & Pozrikidis (1998), however quantitative comparison is not possible because the
simulations include surfactant diffusion. Our theory quantitatively describes the rheology
although the radius of convergence of expansions (6.12) and (6.13) is apparently small,

as indicated by the results in Figures 6 and 7.
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Ca

FI1GURE 6. Effective shear viscosity as a function of the flow strength Ca for an emulsion of
surfactant-covered drops with elasticity £ = 1 and different viscosity contrasts: x = 1 (circles,
solid line), x = 2 (crosses, dashed line), x = 6 (triangles, dotted line). The points are data

from boundary integral simulation. The lines represent the third-order small deformation theory

(6.12).
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FIGURE 7. Normal stress differences N1 and N2 as a function of the flow strength Ca for an
emulsion of surfactant-covered drops with elasticity £ = 1 and different viscosity contrasts:
x = 1 (circles), x = 2 (crosses), x = 6 (triangles). The points are data from boundary integral

simulation. The lines represent the small deformation theory (6.13).
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8. Relation to previous small deformation analyses

The classic works on deformation of surfactant-free drops (Chaffey & Brenner 1967;
Cox 1969; Frankel & Acrivos 1970; Barthes-Biesel & Acrivos 1973a) employ a tensorial
representation of the spherical harmonics. A spherical harmonic of order j is a symmetric
traceless Cartesian tensor of j-th order, having 2j 4+ 1 independent components

T, (Q) =V <1> : (8.1)

r
where V7 denotes applying the gradient operator j times.

The correspondence between the 2j 4+ 1 components of the Cartesian tensor (8.1) and
the 2j + 1 scalar harmonics Y}, (m = —j...j) defined by Eq. (A1) is discussed in
Appendix A; for more details the reader is also referred to Vlahovska (2003). We have
found that the scalar harmonics offered a less complex way to perform the calculations
for the higher order perturbations, because there is a very well developed theory for
manipulating the products of spherical harmonics (Jones 1985; Varshalovich et al. 1988)

In this section, we translate the shape evolution equations from tensorial form (Rallison
1980) to our scalar spherical harmonics representation. The motivation is to ease the
communication between researchers that are more accustomed to either notation. The

perturbation f of the drop shape (3.1) in tensorial form reads
an 2 6 L e :ases 3
f=¢e3Fy it +¢ —BFQ : Fy + 105F 4 i #7188 | + O(e°), (8.2)

where F; is a fully symmetric traceless tensor of the order j. Extending the analysis of
Barthes-Biesel & Acrivos (1973a), the following evolution equations for the second- and

fourth-order tensors are obtained,

OF;
o
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where
Ly = — QF5 + aoE + ¢ [ka1 Fa + 4a2Sd(E - Fy)]
+¢? [kazSA(F3) + a4EF; : Fy + asF2E : Fy + a7Sd(E - F2) + asF, : E]  (8:4)
+ &%k (agFoFy : Fo + agFy : Fy) + O(e?),
and
Ly = — QF, + b;Sd4(EFy) + ¢ [kboF 4 4 £b3Sdy(FoFy) + b3Sdy(E - Fy)
+b4Sd4(E - FoFy) + bsSdy (Fy - FLE)] (8.5)
+ &2k [b6Sdy(Fy - FoFy) 4 b7Sdy(Fy - Fy)] 4+ O(£?).
In the above equations, k = Ca™'; the deviatoric operators Sd and %Sd4 represent the
fully symmetric traceless parts of the corresponding second- and fourth-order tensors;
and the operator Q represents rigid-body rotation of the drop due to the rotational
component of the flow. Note that Rallison (1980) omitted the term proportional to bs
in his analysis; however, there are two independent ways to couple E and two tensors
F5 to obtain a fourth order tensor. The complete set of shape equations at O(g3) should
include also the 6-th order tensor Fg. However the steady—state rheology is not affected
by Fg and we omit it for the sake of keeping the presentation concise.
The expressions for the coefficient ag,...,a9 and by, ...,bs were derived by Barthes-
Biesel & Acrivos (1973a). Note that there is a misprint in the expression for by, 431

should read 413. The expression for ag should be corrected to

80 (81052x° + 68132y + 10203y — 208502 + 135y + 80)
21(2x + 1)2(10x + 1)(17x — 1)(19x — 3)?

ag = (8.6)

We obtain for the coefficients bs, by, b5, bg, and by, needed for a consistent O(C’aQ) theory,
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the following expressions

20(—29 + 4x)
b3 = )
11(1 4+ 2x)(1 + 10x)
y _288(=2+X)(=2+29x)
4 TB39(1 4 2¢)2(1 + 10x)
72(—2
by = 2N (8.7)
77(1 + 2x)(1 + 10x)
b 20P (x)
6 T231(1 + 2x)2(1 + 10x)2(—1 + 17x)2(—3 + 19x)2
; 20 (2715400x° + 1976946 x* — 468621 x> — 140120x? + 13143 + 276)
T 77(2x + 1)(10x + 1)2(17x — 1)2(19x — 3)
where
P (x) =15156 + 577947y — 11326093x2 + 16345769y
(8.8)

+ 247274201 — 997178008 " + 1392085940 ° — 485298400 "

The perturbation solution at p < 2 for a surfactant—free drop agrees with the second-
order theory derived by Barthes-Biesel & Acrivos (1973a). Greco (2002) reported some
discrepancies with Barthes-Biesel & Acrivos (1973a), which we do not find. Moreover,
we have carefully checked the coefficients with boundary-integral numerical simulations
of drop deformation in axisymmetric extensional flow as well as with the theory for

equiviscous drop (Vlahovska et al. 2005).

9. Conclusions

A perturbation solution of order O (53), where € measures the magnitude of the shape
distortion, was developed to describe the dynamics of a deformable surfactant-covered
drop with arbitrary surfactant elasticity and viscosity contrast in creeping flows. The so-
lution is applicable to any linear flow under transient or steady state conditions. Spherical
harmonics are employed to cast the problem into a matrix form that facilitates the ap-

plication of the boundary conditions on the interface of the deformed drop. Our analysis
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also extends the solutions of Barthes-Biesel & Acrivos (1973a) for a surfactant—free drop
by adding the e Ca™" terms.

Weak—flow expansions O (Ca3) for the stationary drop shapes in linear flows and ef-
fective stress of a dilute emulsion were derived. Predictions of drop shape, surfactant
distribution, and emulsion rheology based on our small-deformation theory are in quan-
titative agreement with our numerical simulations using the boundary integral method,
although the weak—flow expansion was found to have a relatively small radius of conver-
gence. A more efficient expansion based on the inverse viscosity contrast will be reported
in a forthcoming paper.

Our analysis provides a suitably accurate theory for experimental determination of
interfacial tension between immiscible polymers using drop deformation methods(Hu
2008). Surfactants affect the collective drop dynamics in non-dilute systems, e.g. hy-
drodynamic interactions and drop coalescence (Hu et al. 2000; Ha et al. 2003; Hudson
et al. 2003; Van Hemelrijck et al. 2004; Rother & Davis 2004; Rother et al. 2006), and
modify emulsion rheology (Pozrikidis 2001). The analytical results can serve to validate
numerical simulations of flow of many surfactant-covered drops. The theory also provides
a rigorous basis for studying the dynamics of other deformable particles with interfaces
that develop Marangoni stresses such as vesicles and biological cells (Seifert 1999; Misbah

2006; Vlahovska & Gracia 2007; Lebedev et al. 2007).
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Appendix A. Transformation between scalar and tensor
spherical-harmonics representation

The normalized spherical scalar harmonics are defined as

j j—m)! m pm im
Vim (@) = |2 Gk ] (<1)m Py (cos f)em, (A1)
where (7, 0, ) are the spherical coordinates, and P/ (cos #) are the Legendre polynomials;
the index m takes 2j 4+ 1 values from —j to j.

To translate Eqs. (8.3)—(8.5) into the spherical-harmonics representation (4.34), we

introduce spherical tensors Ty,,, defined by the relations

Y’Zm = T2m : f'f‘, (A 2)

The real and imaginary components of Ty, are given by

1

V2

where T}, and T are real. Tensors T} and T} ,

where m = 0,...,[, form an or-
thonormal basis in the space of fully symmetric traceless tensors of the order [, with the
normalization of the scalar products for [ = 2,4 given by

8T (i &
ﬁ Tgr)n : Tgnz’ = 6”7'"7//6“/7 (A 5)

92 . y
B2 p ) (i)

315 amy = Omms it (A6)

where Tl(;) =Ty, and TZ(ST) =T)..
Consistently with (3.9) and (A 2)—(A 4), stationary drop shapes are described by ten-
sors T with even values of the index m. Explicit expressions for non-vanishing matrix

elements of the tensors T}, and T},

with [ = 2,4 and m = 2k, are

15\
m =1 = —ymp =1 (2) (A7)
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/
1/15
Tp' = =T33 = § <W> : (A7h)
1/15\2
T//12 — | == A7
22 2\ ) ( C)

Note that the superscript indices denote the cartesian tensor component. The fourth

order tensors are

1/2
1T/1111 1Tl2222 1TI3333 T/1122 1T/1133 1T/2233 3 (1) / , (A 80,)
™

16

1/2
T/1111 T/2222 T/1133 772233 _ _§ (5) ! (A 8b)

2 7 g\nr ’
T//1112 T//2221 T//1233 _ i § v (A8c)

16 ’
AN e praze 3 (35 / (A8d)
“a T T\ ’
/
3 (/35

T2 _ il —= <> : (A 8e)

the remaining nonzero elements are obtained by permutations of the components.
According to Egs. (A 2)—(A 4) and having in mind that there are no contributions from

odd 1 or m, the relation between the representations (3.9) and (8.2) of the drop shape is

iz k

nij:ZZ(féan skan + foron Tokon) s (A9)

k=1n=0

where ne = 3 and ny = 105 are normalization factors, see Eq. (8.2). Evolution equations

for the coefficients fj(:,)L = fims fim» 3 = 2,4, are obtained using relations
Usm ST p o0 (A10)
ot 15 am il m=0.2
and
8f(i) 327 (i)
—dm _ T2 i, m=0,2,4, (A11)

ot 315 T4
which follow from (8.5), (A 5), and (A 6).

By inserting (8.4) and (8.5) into (A 10) and (A 11), and evaluation of the scalar prod-
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ucts, evolution equations (5.3) are obtained, with

dzs = —3\/ & (=12 + 2a4 + ar)
d34 = 7%1/%(2(14 +2a5 +CL7)

35
—4/ ?dzu = —\/3de1 = d71 = 5V21b,

diz = 5= (Tby + 2bs)

1 7

1 /14 1
3 T)d43 =ds2 = 3 §d65 = —dr3 = Tﬁbs,

—5./35
ds1 = G/ 3704

dez = 1/ 5= (bs — bs)

5 /5
des = g1/ 3=0s5

dos = 24/ 5= (ba + bs)
dra = — 151/ 32 (bs + 2b5),

and

7072 \F 10 \/7
dig = =204/ =doy = —140y/ —ds6 = 204/ =d37 =
3 13 3 22 3 36 3 37 as

(A12)

(A13)
(A14)
(A15)
(A16)
(A17)
(A18)
(A19)
(A 20)
(A21)
(A22)
(A23)
(A24)
(A 25)
(A 26)

(A27)

(A28)

(A29)
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Dy = by (A 30)

Dy = \/%Du = \/%D@ = 57 1/2b,. (A31)

Appendix B. Spherical harmonics
B.1. Definitions of tensor spherical harmonics

For the sake of completeness, we list the definitions of scalar and vector spherical har-
monics (Jones 1985; Varshalovich et al. 1988). The vector spherical harmonics are defined
as
yimo = [j(j+1)]
Yiml = —if X ¥jmo, (B1)
Yim2 = Y},
where V denotes the angular part of the gradient operator. The vectors Yjimo and ¥jm1
are tangential, while y ;2 is normal to a sphere.

The tensor spherical harmonics are defined as

1 1
g2 j+1 2 i— i 12
Yjj—om= ¥ {(jfl)(zgq)(zjﬂ)} \% (TJ ! <ij0 + [J]ﬁ} yjm2>>

(B2)
) _1 )
Yijcim= [5G -2+ 1] 2V (r7yjm)
and
1 1
ijm = r—J [m} \vi <TJ+1 (yjmo — [#} yjm2>>
1 )
Yjjiim= Y [52-7)2i+1)] 2V (7 yjm) (B3)

1 1
. . 2 o 1172
Yjjsom = 13t {(j+‘2)(2ji3‘)(2j+1>] v (r . (yjmo B {%} yjm?))

where V' denotes taking a symmetric, traceless gradient of a vector harmonic. The spher-

ical tensor basis ag,, discussed in Blawzdziewicz et al. (2000) corresponds to Yag,.
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B.2. Rate-of-strain tensor

The basic set of solution ufm o (4.14) is introduced in Blawzdziewicz et al. (2000). Taking

a symmetric, traceless gradient of a vector harmonic of order j produces five tensorial

harmonics with angular number [ taking values j — 2, j — 1, j, j+ 1, j + 2 (Varshalovich

et al. 1988). Here we list the rate-of-strain matrices defined as V’uj[mq = L{qiq,ijJrq/m
A372 (7’72 + 3372) 0 Ap 0 0
Ut (jir)y=r! 0 Af =1 0 0 0 (B4)
A3 5 (2 + By ) 0 A3 00
and
0 0 Agy 0 A,y (r™2 + Bgy)
U Gir) =711 0 0 0 Apr! 0 (B5)
0 0 A3 0 Ay, (r2+By,)
where
1 .
Af = —3[(-1+) 0+ +2) (-1+2)]2 , B, =3
1
3(3+25) ]2
A(To = - {2((—1#3')}
1
Al = 1+ (0 +2))2 (B6)
1
Af, = —3[SEEER)% (G (54 2)) - 3) . B, =1EHEH
1
AT — [3(1+j) (3+2j>} 2
20 = 25 (—1427)
and

Ay = {3(2j1)]%

2(25+3)
1 iy
A= UG +2) (25 +1) (25 +3))2 . Boa= 5%
1
A= [3G+2@2i+D]? (B7)

1

- 3j(25-1) ]2
Az = {2(1'11)](2#3)}

1
- (j+2)(2j+1)] 2 o - _  6+j(25-1)
Ajy= —3 {m} 6-3(2i-1) ., By= giGn



Deformation of a surfactant-covered drop 43

B.3. Recoupling formulas for products of vector and tensor spherical harmonics

Starting from the general formula for the inner product of tensor harmonics (Varshalovich
et al. 1988) we derive new, simplified expressions for the inner product of a tensor har-

monic and the tangential vector harmonic y;jmo

Yjimo - le jitqimi — yjzmzthc (j7j17j2am7m17m2)c(11Q2 (.]a jla.jQ) . (B 8)

where the Clebsch-Gordan coefficient ¢ is defined by (B 13) and

Cop =— GG+ —d2(G2+1))2 =51 (25 (G+1)+242 (J2+1)+41 (J1 *11)(Jd+1))

[F(G+1)71 (1 —1) (251 —1) (251 +1)j2 (2j2+1)] 2

1
Coro=—cs[j1 =172 (j+4>—j2—J3),

Coo :\/g?’(j(j-i-l)—jz (j2+1))2+j1(j1+1)(—4j(j+1)+j1(j1+1)l—4j2(j2+1)) ’ (B9)
[F(G+1)d1(G1+1)(2j1—1)(2j1+3)j2(j2+1)] 2

L ) )
Cro=—cs[j1 +2]72 (j+52—jo—J3),

Cop = GG+ =g2G2+ D)2+ (G +1) (25 (G+1)+252 (2 + 1) —j1 (jl‘iil)(j1+2))

[ (G+1) G +1) (G142) (21 +1) (251 +3)j2 (252 +1)] 2

1
- 2. o o
Conp =2 [j(j+1)j2(§§251)(2j2+1)} G +1) 4+ G +1) = g2 (j2 + 1),
1
Co12 =ca[(j1 — 1) j2 (j2 + 1)] 2,
COQ :\@ JU+D)+(G1—g2)r1+j2+1) (B 10)

I
[1(+1)51 (51 +1) (251 —1)(251+3)] 2

o j1+2 2., . . . .
Caz =2 {j(j+1)(j1+1])(2j1+1)(2j1+3>] GG+ +1 G+ =502+ 1)

N|—=

Ciz =—ca[(j1 +2) j2 (j2 + 1)]

1
Coo=—co(j+i2—h+iji—je—33) h(Gh — 1) (25— 1] 2,

1
C_11=c3[jp—1] 2,

o=

. . . . . . . 25141
Cor ==2¢; (3j + 35° — j1 — 4 — 342 = 373) {6j1(j1+1)(23§1—1>(2j1+3) ’

1
Ci1=c3[j1+2]"2,

(B11)

1
Cor=—co (247 +72+3j1+4f—jo—J33) (L +1) (i +2) 251 +3)] 2.
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In the above expressions

1
o — | Utii—i2)G—ditio) (it +i24+1) (G +ji+e+1) | 2
2 7G2G+ D) (251 +1) ,

Ju—

3= 202+ 1) 2+ ]2 [ G+ 1D Gr+1) o (o + 1) 2
x (jo (L442) G+ 42+ 1+ 1% — j2 — 53) (B12)
+i (L+4) (—j— 2+ +5+53)),

L — [(2j+1)(2j2+1)(j+j1*j2)(j*jl+j2)(1*j+j1+j2)(1+j+j1+j2)}
4= 301G+ D) 2 G2 +1)

N[

B.4. Clebsch-Gordan coefficient

For the sake of completeness we list the definition of the Clebsch-Gordan coefficient

1
L. —1)m2 [(25+1)(251 +1)(2j2 +1)] 2
<(ijl7]27m7m17m27q+q2): ( ) ( / )( - )( - ):|

2 4
. o o ) (B13)
J=& 1 J2 Joon g2
X )
0 0 O momi  —Mmy
JoJ1 g2
where € = 1 if ¢ + ¢ is even (or zero) and & = 0 if g + ¢2 is odd. is

mo Mmip M9
the Wigner 8j-symbol Edmonds (1960). More details about the definition and properties

of ¢ can be found in Blawzdziewicz et al. (2000) The functions x and 6, which appear in
the recoupling formulas for products of spherical harmonics (Vlahovska et al. 2005), are

defined as

X (G, g1,72) =3 G+ 1) +52(G2+1) =41 (j1 + 1), (B14)

1
0(j,j1,d2) =[G+ 1 —d2) (G —j1+52) (L — G+ g1+ o) L+ 5+ 1 +j2)]2 . (B15)
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Appendix C. Evaluation of quantities on the interface of the
deformed drop
C.1. Surface velocity

Section 4.3.1 outlined the matrix representation of the surface velocity. The k-th term in
the Taylor series expansion of the velocity contains the the product of k& shape parameters

fF. It is recoupled as

f'k _ (b(k)

lml

(£) Yim, - (C1)

The coefficient <I>l(l;)l (f) is evaluated by the following recursive formula (Vlahovska et al.

2005)
(k (k_l)jmax jl b1 jmax j2
‘bjnzz2 Z Z (I)S’lml) Z Z fj2m2<(j17j27jam17m25m34) ’ (02)
J1=0  mi=—j1 J2=2ma=—j2
where

Jmax Jmax  J1

J2
o2 =233 ST ST fima FramaC Gna sy ma,m, 4) (C3)

J1=2j2a=2m1=—j1 ma=—j2

After recoupling the product Yjm, ¥ mq, (Vlahovska et al. 2005) we can write for the

expansion terms in Eq. (4.22)

U;E‘(’l(k) (]v r= 1) Yima = D;tmqjgmgqg,k (f) Yjamagz (C 4)

where

kjmax 1

DE i = D > ikl (jLjammima, g+ q1) U™ (5) Couga (jlj2)  (C5)

=0 mp=—
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Here we list only the matrices Df for k = 1; the expressions for order two are rather

lengthy and can be found in Vlahovska (2003).

Djmququg,l - Zflmlg(j7laj27mamlam27q + q?) X

lml
1 1 L
i+1) 12 L (G+1 2400 - L :
2 [jj;J(j2+1)] X (4,1, j=2) —2 [7“;(]-211)] 0 (4,1, 52) 2[i(G+1)2 (C6)
1 1
; I ; 5
- [(j+1>j;(j2+1)} 0051, 52) [(j+1)jg(j2+1)} x(Glja) O
; _1 L _— o
=G G2+ D72 x (i lde) 222+ D]720(5,Lj2) —4
Dj_mQj2m2Q271 = Z fl mlc (.]7 laj27 m,mip, ma,q + qQ) X
lml
1 1 L
i 2 L (j+1) 2 L . =
-2 [(j+1>j;(j2+1)\] X (4,1, 72) [J’j2gj2+1)j] 05,1, 52) 2[j (G +1))2 (C7)
1
; 2 . . (j+1) 2 . .
2 [(j+1)j;(j2+1)} 0(j: 1, j2) - [J‘J’z(]jzﬂ)j} X (s 1 J2) 0

; Lo “otjrs s L
— 2 G2+ D)2 X Ui lg2) T U2 G2+ 1)) 200 1j2) —4
C.2. Hydrodynamic tractions
The first term in the expression for the surface tractions (4.7) corresponds to tractions

on a sphere

- = + .
BTy = Z ijq,pfkR;ttifk) (]) Yijomaqz (C 8)
k=0

where the matrix Rffql is defined as

#TE (r)=RE (5;7) Vimar » (C9)

Jjmgq g

and the superscript , (k) denotes the k-th term in the Taylor series. When evaluating the
tractions on a sphere (C8) we avoid the direct coupling of a vector and tensor harmonics

by using the relation

f-V’uzT—(—)Jer(um). (C10)



Deformation of a surfactant-covered drop 47

Inserting (4.14) in (C10) yields

d (UL (G;r) 1 UE
+ o0 0g \J>» - 5 249
Ry (sr) =7 " +U G+
d (Ui, (jir)
+oN 1q i _ 11
qu(]ar)*rdr qr q—0,1,2 (C )

. ) d )
R% (j;r) = —PF (jir) +2@U§q (g;m)

At leading order k = 0 (Eq. (4.28)), the drop is not yet deformed and the surface tractions

are evaluated on sphere

Ogy () = Ry (53 1) - (C12)
Hence 1
2j +1 0 —3()?

0., () = 0 j—1 0 (C13)

2j-1 0 ?,(jﬂﬁ)§
0,, (1) = 0 —j—2 0 (C14)
1
@) 0 e

The subsequent perturbations require the evaluation of the term
n, - Tk =Ny - V’uf - pfnp_k . (C 15)

The expansion of the normal vector (4.8), however, contains not only radial but also
tangential vector harmonics. A simplification similar to (C10) is unavailable for the
product of tangential vector harmonic and tensor harmonic. Hence, it has to be evaluated

using the relations in B.3. The k = 1 term in (4.27) has a general form

@;'tmqjgmgqg,l = Z C (j 1]2 mm;maq + QZ) flml quq;l(l) (]) qulm (]a lvj2)
b (C16)

O UE, () Caras (o) + 1+ 1)]2 PE () Cog, (1. o)
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After some algebra it is reduced to

@j[mqumzqu = ZflmzC (Fljammymzq+ q2)
lmy
1 L
X [ (G +1) ja (o + 1)] 2 X% (5,1, j2)
where
Xoo~ = x(ilj2) (=x (s das 1) + 1+ 75+ 452) + 5 (25 — 1) x (1,4, j2)
1 . . L
Xoy = [f2 (Go + 1)]2 (=125 (j+1) — (25 + 1) x (.1, j2))
1 .
X = [ala+1D]Z (2+7)
1,— . g 1 . . 9 o
Xop = G+ HG+D2 (=222 + 1) (2+ 35 —25%) = 9x (4,1, j2))
1
Xoi = T5UG+D)2
1 . L
X3 = 25l G+0520:+ 1) 2 (-8G+1) +x (5 j2))
and

Xoot = X, 1,42)° = (5+64) X (4,1, j2) + 242 (jo + 1) (3 + 5j + 252)
Xoit = 5465 —x(j,1,j2)

X5t = o (o + DJZ (12§ (14 ) + (25 + 1) x (.1, 12))

Xt = —143j —x(.lj2)

X35t = [ G+ D2 (1— )

1o . .
Xt = [G+D257 (<22 (o +1) (3475 +212) +9x (. 1, j2))
1
X3t= -2 +1)2
1o
Xyt = =3[+ D)2 (2 + D2 (=85 + x (G, 1, j2)

(C17)

(C18)

(C19)

(C20)

(C21)

(C22)

(C23)

For k = 2 the explicit expressions become very cumbersome and can be found in Vla-

hovska (2003).
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C.3. Recurrence relations for the velocity

The expressions for @;tq, are used to find Y,y (4.33). Thus (4.31) becomes

Cimap =4 () d (1) [=32jmop(—1+ X (7 + 1)) + 2jm2,p7 (7 + 1) (1 +2j) x]

Cj_ml,p - dc (]) d (]1) Zjm1,p
(C24)

Gy =4 (7) (1) [3mopli G+ DIZG = (G +1) (347 +5%) X)

N[—=

= 32jm2,p [1 (7 +1)]2 (=14 x (F + 1))]

where z was defined by (4.32), d () by (D 11) and d. () by (D 15).

C.4. Ewvolution equation matrices

The two terms in the shape equation (3.4) describe interface evolution due to fluid motion
radial and tangential to a sphere (the expansion of Vf involves only tangential vector

spherical harmonics),

us T = Z Eijm,pY—jm ) (C25)
p=0
eug - V[ = Z PWjmpYim - (C26)
p=1

Radial and tangential vector harmonics do not couple (Blawzdziewicz et al. 2000; Vla-
hovska et al. 2005), and in particular ¥ -y, = 042Yjm - Hence in the product of the

surface velocity (4.23) and the unit radial vector only matrix coefficients Dj Tt gl k

with ¢ = 2 remain

Qjm,p = jm2p+z ]mq p—k jmqgm2k(f) V:in’ out, (027)

where the diagonal form of D (4.24) is taken into account. For the second term

3'm’q’jm2,0

(C26) we get

P —
ij,p g E m'" g p— kanji’”m’”q’”j’m’q’,n (f)
k=1n=0 (C28)

X Nj”m”q”,k (f) Yj’m’q’ . yj//m//q//
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where the matrix N is the spherical harmonics representation of V f, given in Vlahovska
et al. (2005).

The scalar product of vector harmonics in Eq. (C28) is further recoupled using the
formulas from Blawzdziewicz et al. (2000) and Vlahovska et al. (2005). Combining (C 27)
and (C28) yields

+,F _ Dj:

jmgjame,k T 7 jmgjama2,k

k (C29)
+ Z D:l: N O ( Y/ )C ( AT / 17 ’ + ”)
jmqj’m’q’,k—n ]”m”q”,n q/q// ] j ]2 ] ] J2 m m mz, q q ,
n=1

where Njp,q,n represents the n-th term in the expansion of V.
The surfactant evolution equation (3.6) requires evaluation of the divergence of the
product of angular velocity and surfactant distribution. At the deformed interface the

tangential angular velocity introduced by (3.7) is expanded as

(r) =Y i, (). (C 30)
p=0

Inserting the surface velocity expansion (4.23) and expanding r; ! in Taylor series we

obtain

p
~ + + +
up (Q) = (ijq,p + Z Cj’m/q’,pkaj’m’q’jmq,k (f))yjmq q= 07 1 ’ (C 31)
k=1

where

kj!llax l
+ R .
Ajmqjngqg,k = Z Z (I)lmhkc (.7 l]2 mm;me,q+ ql) Clhqz (jle)

=0 m;=-1
k (C32)

ke, .
X Z (_1) qul(n) (J)
n=0
The vector-scalar harmonics couplings in the product of the angular velocity (C31) and
the surfactant concentration expansion in scalar harmonics (3.9) are recoupled according

to the formulas listed in Vlahovska et al. (2005). Taking the divergence of the result,

having in mind that the angular surface divergence of the tangential vector harmonics
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¥;ima1 is identically zero, leads to

W;E,F _ D:t

jmqgjama,k T 7 jmqjam20,k

k
+ Z Z Djimqj’m’q’,kfngj”m”q”,ncq’q” (j/j”j2) C (j/j// j2 ml ml/ Mo, q/ + q//)

n=1 j/m/j//m//

(C33)
Appendix D. Perturbation solution: explicit expressions for velocity,
surfactant and shape evolution coefficients
Because of the linearity of the Stokes equations, the fluid flow can be decomposed to a
flow driven by interfacial stresses, and a disturbance flow due to a “blob” with viscosity

contrast but no interfacial stresses. Accordingly, the evolution coefficients (3.8) can be

split into contributions due to viscosity contrast, capillary and Marangoni stresses

Fjmyp =Sfp,+ Ca 'KE, + Ma M, .
(D1)
Gimp =Shp+ Ca 'K+ Ma M, .

In the next subsections, explicit expressions for velocity, shape and surfactant evolution
coefficients for the perturbation order one are listed. The expression for orders two and

three are very cumbersome and can be found in Vlahovska (2003).

D.1. Leading order perturbation solution
The leading order solution describes the distorting effect on shape and surfactant distri-
bution by the extensional component of the external flow.

The linear flow (4.20) can be decomposed into pure straining

Cgfnozs\/ga CSOmQZS\/%v (D2)

and rigid body rotation

5 = wiy/ 2. (D3)

Irrotational flows are characterized with w = 0. The axisymmetric extensional flow u*™ =
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(—%z,—31y,2) is specified by s = v6 and m = 0 . Simple shear flow u>® = (y,0,0) is

given by w = 1, m = £2, and s = —sign(m)i. Hyperbolic flow u*> = (z, —y,0) is given
by m = +2 and s = 2.

The straining part of the external flow stretches the drop along the extensional axis and
convects the surfactant towards drop tips. These processes are described by the leading
order terms, p = 0, in the evolution equation for shape and surfactant; accordingly,
the terms corresponding to relaxation driven by capillary K, ¢ and Marangoni stresses
Mo are zero. The extensional part of the imposed flow (D 2) is described by j = 2
harmonics, and thus only j = 2 harmonics are excited in the disturbance flow field. After
solving (4.31), taking into account (D2) and (D 3) for the expansion coefficients for the
velocity and stress fields we obtain

Cé‘rmo,o =C9m0,0 T C2m0,0 = ﬁ\/ﬁ

+ - o _ _s 107 D4
Com2,0 =Cam2,0 T C2m2,0 = 132y \/ 3 (D4)

-+ o (e%e) s 27
€101,0 =C101,0 T Clo1,0 = Wiy/ 5~

The only nonzero terms in the evolution equations (D 1) are

F _ s 107 T _ 307
SQm,O 142y \/ 3> S2m,0 - Sl+2x . (D 5)

D.2. Order 1 perturbation solution

The order p = 1 solution describes the flow due to the deformed drop, i.e. the restoring
effect of interfacial stresses and drop rotation. The expressions are given in a general

form that can be applied for any external flow.

D.2.1. Velocity field generated by interfacial stresses

Capillary and Marangoni stresses drive fluid flow that opposes the shape and surfactant

distortion induced the external flow. At this order capillary and Marangoni velocities are
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continuous at the deformed interface, thus in Egs. (4.26), (4.38), (4.39)

v/ =0 ¢=0,1,2
e (D 6)
+,Fv 0 +,I'v

jmi =0, Wi i =0 v =cap,mar

After solving (4.31) for p = 1 we obtain that the capillary and Marangoni terms in the

velocity field are

1 _
C;'tmo,l =-[@E+1)] 2 (Ca ! K]F 1+ Ma Mjrm,l) ;

m

ot 0, (D7)

gml1,1 =
+ _ =1 pF F
Cimo1 =Ca K, 1+ Ma M;

J m jm,1

The capillary and Marangoni terms in the evolution equations (D 1) are

v __ v i
ij71 _ij,lf]’m )

(D3)
My =M 1o fim + M 019jm - v=F,T
For the shape evolution equation we have
Kfi= di)A-5iG+1)G+2)(25+1)x,
M 0= d(G)iG+1)(=6+50G-1)(2+5x), (D9)
Mﬁn,m = d{@HiG+HB+0G-1)x).
For the surfactant evolution equation we obtain
K= —d@36G- DG+ G+ (-1G+1)),
Mfgo= —d(@)iG+1D)(=3(-4+j+7) +(-D0+1) (7 +12)x), » (D10)
Mjpo = d@iG+DE+0G -0+ (2 +3)x)
where
d(j)=[B+2G -1 (G +Dx)(=3+B+4j+25")x)] " (D11)

D.2.2. Velocity field due to viscosity contrast

A “blob” with viscosity different than the suspending fluid introduces a disturbance

in the external flow. The radial component of the velocity “jump” (4.26) for this velocity
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field is zero, because the first derivative of the radial velocity is continuous. However,
there are tangential components due to contribution from the external flow u®,

Vjmo,1 = 2ccod () x (2,71,7) »

vimia = —cade (7)0(2,5,1) (D12)

Vim2,1 = 0.

The solution for the velocity field coefficients is
Cimo,1 =C¢od () (18(1 + j) (=1 + x(j + 1)) ((x — Dx (2,41,7) + 47)
+X(2,01,5) B = x( + 1B+ +25%)

(D13)
Cj_m171 = CCldc (]) 0 (27j17j) (7X (27j1aj) + 2X(1 - ])) )
Gz =30c2d (1) [ G+ DIZ [4+ 45 — x (21, )] (—X (2. 1.)
+x[x (2,51,7) (L +7) + 25 (25 +1))],
where
ea = Frm® Gt @) (=231 G+ DI 2 (1 +24 (D 14)
The denominator d (j) is defined by Eq.(D 11) and
de () =B+ -1 (D15)

The functions x and 6 are defined by (B14), (B15). The flow function 3 describes the
coupling of the external flow, j = 2, and the shape modes of order j. For a simple shear

flow the flow function 1 is
,(/)(j7j1amam17q) = S(C (27j1aj727m17m7 Q) - 4(27j17j7_2am17maQ)) ) (D 16)
and for the extensional flow

w(j7j1am7ml7q):S<(27j1aj7270a0,07Q) ) (D17)
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where the coupling coefficient ¢ is defined by (B 13). Note that if the viscosities of the
drop and suspending fluid are equal, i.e. x = 2, the disturbance flow vanishes (D 14), i.e.

+ _
Cimg1 =0

We proceed next to evaluate the evolution coefficient S in(D 1). Using (D 4) we obtain

from (4.38) and (4.39)

F, : ,1,mM,m1,2 .
wjm—t_l = wl% j12fjlm1 - %d’(ﬂ ﬁ-‘ggl )X(l’j’]l) fj1m1 > (D 18)
r, : g1,m,ma 2 -
w]'m-"jl = WI%éjﬂgﬁml + \/%w(] ﬁ:;):r)h )X (L]v]l) (_fj1m1 + gjﬂm) . (D 19)

Combining (D 18), (D13) and (D 12) in (4.36) we obtain for term Sj,, 1in the shape

evolution

F . .
Sjm,l (jlml) = WI%(;lefjlml

(D 20)
+ fjlmld (]) \/éd’ (jajhm?mlv 2) [(1 + 2X)]_1 (QO + a1 x + 02X2) )
where
ap = —3(=1+7)(=18+7(11+2(-=1+3)7))

(D21a)

=371 (L +71)(=19 — 4(=1+j)j + 251 (1 + j1))

a1 = 3(=1+7)(=26 — 75 — 352 + 93 + 2j%)
(D 21b)
—3j1(1 + j1) (29 + 1052 + 453 — 351 (j1 + 1) — 25 (=9 + j1 + j2))

ag = (=14 7)(24+ 145 + 552 + 653 + 135* + 45°)

—j1 (1 +1) (31 (5 + 1) (j1 + 1) (D21c)

+2(=15+j (=16 + 7 (-5 +Jj +25%))))
Likewise, inserting (D 19), (D 13) and (D 12) in (4.36) we obtain for the analogous term
in the surfactant evolution equation

1

Sjrm,l (jlml) = Wi%aﬁlgjlml + \/gw (j7j17m7m1, O) [2X + 1]_
X [gjimy (644 (G +1) — j1 (j1 + 1)) (D22)

~firmad (3) (=245 = j1) (=143 + 1) (x — 2)(bo + b1x)] ,
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where

bo=—3(1+4)(6+7)+351(1+ 1)
(D 23)
b= (1+7)(18 4275 + 1652 + 35° + 25*) = (j + 1) (24> +j +3) 71 (jr + 1)
The first term on the right hand side of Eqgs. (D 20) and (D 22) describes the rotation of

the deformed drop by the rotational component of external flow (D 3).

Appendix E. Coefficients in the evolution equation

Here we list the explicit expressions for all coefficients in the evolution equations (5.3).

The coefficients and the evolution equations can be downloaded from Vlahovska (2007).

61:%“% (E].)

_ 40y
D= -9 .

24 (137? + 213x2 — 96y — 6) \/g

Dy =-— 7(2x + 1)2(19x — 3)2 =)

O (o) e

Dy = \/%Dm = /35 Da2 = _21(2x+1§(()i<o(;fijaiigf;;?fgx—?))ﬁ (E5)
30

L 10(0x = 2)(13x — 6)\/; (E7)

7(2x + 1)2(19x — 3)

6 6 20V/2 (43x2 — Tx + 17)
=/ =dg = 21 =1/ =d3 = ES8
s \ﬁdﬂ N ﬁ = ox P 3] (ES)

10(x = 2)(13x — 6)\/3;5

T T2+ 1)2(19y — 3) (E9)
107
ds1 :_QX'il (E10)
(2336x3 — 22396x2 + 14477y — 933) /&
d3g = — (E 11)

98(2x + 1)3(19x — 3)
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(2703x% — 647y + 282) |/ 32

7(2x + 1)2(19x — 3)

33 = (E12)

(13256x> — 438162 + 11117y + 4107) \/g
49(2x + 1)3(19x — 3)
da = 2 v der = Vs s5dn = 14x+7 (E14)

60(x — 2)(20x — 1),/ &
T T2y + D)2(10x + 1) (E15)

10 10 15v/10(4 — 29)
_ 3./ —odgs = 3¢/ V., = El
dyz =3 - dso = 2dgs 3 - dr3 TR0 + 12 + 1)’ (E16)

dgy = — (E13)

42

_ 120(x — 2)(29x — 2)y/ 2 -
539(2x + 1)2(10x 1 1)
_ _ 10
- 45(y — 2)(34x 5)\/7 -
539(2y + 1)2(10y + 1)
30(x —2)4/ ¥
o= Ve (E19)

T7(2x +1)(10x + 1)
30(x — 2)(130y — 1)\/1;0

_ E 20
%7 T539(2x + 1)2(10x + 1) (E20)
60(x — 2)(24x +1)4/£2
79 = — , (E21)
T7(2x + 1)2(10x + 1)
The above expressions can be also obtained from the relations in Appendix A.

12 -1

Dyp = Bx—1) (E22)
2x+1)(19x — 3)

2(x +3)
D1y = E23
BT 2x + D(19x - 3) (B23)

B0 (918 197+ 47) VE .
= 24
2 7(2x + 1)2(19x — 3)2 (E24)
2 (181x® — 481x? — 123y — 153) \/é
Doy = (E25)
7(2x + 1)2(19x — 3)2
12(13y — 1)

Bio = E 26
2T 2x+1)(19x - 3) (£26)

6(7x +1
Bjs = — (Tx+1) (E27)

(2x +1)(19x — 3)
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60 (12° +217x* — 52y + 15) | /2

B, — —
? 7(2x + 1)2(19x — 3)?
12(3x — 1),/2
By =
7(2x + 1)(19x — 3)
5 (446x° + 1277x> — 580x +9) |/2
BQQ -

7(@x + 1)2(19x — 3)2
3 (2648%° + 1607x — 1054y — 129) |/2
7(2x + 1)2(19y — 3)2

3(7x + 1)\/§

7(2x +1)(19x — 3)

24 =

b 15v6(x — 2)
T Ty + 1)2
5
b12 [
7(2x + 1)

30(x — 2)(23x — 1),/2

7(2x + 1)2(19x — 3)

15(x — 2),/ 82

49(2x + 1)2

100v2(x — 2)(17x + 1)
7(2x + 1)2(19x — 3)

4 7 7
bis = le% b7 = 515\/; big = blG\/;

big = b15/2V15 bao = b16/2V15
10(x — 2) (26912 + 751 — 16) \/?;rE

13 = —

14 =

bis =

bar =~ 49(2x + 1)3(19y — 3)
5
b =51
. 15(x — 2) (296x2 — 169 + 29) @

492y + 1)3(19y — 3)

5(x — 2)(183x — 11),/2

7(2x + 1)2(19x — 3)

b3z =

(E28)

(E29)

(E30)

(E31)

(E32)

(E33)

(E34)

(E35)

(E 36)

(E37)

(E 38)
(E 39)

(E40)

(E41)

(E42)

(E43)
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75(x — 2) (188x% + 25 + 3) /2
T 49(2x + 1)3(19y — 3)

40(26y — 1)
Py =
3(10x + 1)(17x — 1)
P 20(x +1)
B 3(10x + 1) (17x — 1)
0 = 120(5y — 1)
P Moy + )17y — 1)
Ous = 160(25x — 2)
7310 + )(17x — 1)
20(55x + 1)
Qua= -
3(10x + 1)(17x — 1)
2 4 (30x® + 2131x2% — 570y + 41)
Py = P31 /V15 = Py —= = —
2 = P [V15 = Py 35 7(2x + 1)(10x + 1)(17x — 1)(19x — 3)/7
2 8 (140x3 + 417x? — 200x + 27)

Pay = 2P33/V/15 = Py

35 21(2y + 1)(10x + 1)(17x — )(19x — 3)y/7

) 3 40 (2045x2 — 376y +27)
= Qs/V15 = Q‘*\/; ©21(10x + 1)(17x — 1)(19x — 3)/7

40 (1915x2 — 424x + 13)

2
Qa1 = Qs1/V15 = Q41\/; T 710y + D(17x — D)(19x — 3)v/7

Qa2 = 2Q32/V15 = @42\/2 - 40(3x — 1)

2x + 1)(19x — 3)y/7
10 (25970x3 + 2589y % — 1712y + 33)

Q23 = 2Q33/V15 = Q43\/7 51

(2x + 1)(10x + 1)(17x — 1)(19x — 3)y/7

Q21 = Q34/V15 = Q44\/7 = 10(7X )

7(2x + 1)(19x — 3)\[

3
dy = = _Q2 1y — 10 =qrc \/>

where dy; is given by Eq.(E 14)

15010 110
q3 = (x = 2) j = q53 7:2(]6:_2\/77'(]12

11(2x + 1)(10x + 1

28\/m 14+\/m 147
= - fQ14:7\/7>TQ15:* gfmcs:? —
107
— b N
q9 22 63
30(x —2)(23x — 1),/ 2
qi0 = —

7(2x + 1)2(19x — 3)

59
(E44)
(E45)
(E46)
(E47)
(E48)

(E49)

(E50)

(E51)

(E52)

(E53)

(E54)

(E55)

(E56)

(E57)

(E58)

(E59)

(E60)



60 Viahovska et al.
150~ 2) \/ VBB wE

=- =Yl = A E61
Q1 RTINS Hs = T = s (E61)
Appendix F. Stress coefficients
The coefficients in Eqgs.(5.7)—(5.9) are
5(x—2)
== F1
™= (F1)
V5 35/ /35T
T3 T11 = — 9 7'1225 7713—7'0 (F2)
9(24x — 13)
-2
T4 =T0590(2x + D (F3)
9 41
F4
T15 i 351 (F4)
3(212 + 31)
-2
—_— F
M6 =T054502x + D (F3)
/15
Ty = LT (F6)
21 oy 1
20v/6(x —7)
=2V F7
22 7(2x + 1)27 (F7)
o 15v/6(2x — 29) (F8)
3t 14(2x + 1)
~ 15V6(x +3)
" Ty 1P )
4(121x +38)
=" F10
T T2y + D 0 (F10)
36
Ngy = iTg (F11)

7T
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