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Deformation of a surfactant-covered drop in a linear flow
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We study the effect of adsorbed surfactant on drop deformation in linear flows by means of
analytical solutions for small perturbations of the drop shape and surfactant distribution, and by
numerical simulations for large distortions. We consider a drop with the same viscosity as the
suspending fluid. Under these conditions, the problem simplifies because the disturbance flow field
results solely from the interfacial stresses that oppose the distortion of shape and surfactant
distribution induced by the incident flow. A general form of perturbation analysis valid for any flow
is presented. The analysis can be carried out to arbitrary order given its recursive structure; a
third-order perturbation solution is explicitly presented. The expansions are compared to results
from boundary integral simulations for drops in axisymmetric extensional and simple shear flows.
Our results indicate that under weak-flow conditions, deformation is enhanced by the presence of
surfactant, but the leading-order perturbation of the drop shape is independent of the �nonzero�
surfactant elasticity. In strong flows, drop deformation depends nonmonotonically on surfactant
elasticity. The non-Newtonian rheology in a dilute emulsion that results from drop deformation and
surfactant redistribution is predicted. Shear thinning is most pronounced for low values of the
surfactant elasticity. In the weak-flow limit with finite surfactant elasticity, the emulsion behaves as
a suspension of rigid spheres. In strong flows, the stresses can approach the behavior for
surfactant-free drops. © 2005 American Institute of Physics. �DOI: 10.1063/1.2112727�
I. INTRODUCTION

Emulsions and polymer blends are liquid-liquid disper-
sions ubiquitous in the food and petroleum industries.
Knowledge of the rheology of these materials is important
since flow is involved in their applications and processing.1,2

Emulsions exhibit rich rheological behavior that stems from
relaxation of the drop microstructure. Surface active agents
are often employed to control properties of these materials.3

Predicting emulsion rheology requires understanding of the
coupled drop deformation and surfactant dynamics in flow.
The problem is challenging because drop shape and surfac-
tant distribution are not given a priori but governed by the
balance of viscous and interfacial stresses. Adsorbed surfac-
tant reduces the interfacial tension and thus facilitates defor-
mation. Distortion of shape and surfactant distribution is op-
posed by capillary stresses, due to deviations from spherical
shape, and Marangoni stresses �gradients in the interfacial
tension along the surface� arising from inhomogeneities in
surfactant concentration. The result is an intricate interplay
between the evolution of surfactant redistribution, drop de-
formation, and bulk flows.

Experimental studies4–11 show that the presence of sur-
factant quantitatively and qualitatively modifies drop defor-
mation. Numerical simulations of the dynamics of deform-
able surfactant-free drops12–14 and surfactant-covered
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drops15–21 have been developed in an attempt to elucidate the
role of the surfactant. Analytical solutions, possible in certain
limiting cases, are useful for gaining insights into the under-
lying physics.

The dynamics of a surfactant-free drop has been exten-
sively studied; it is reviewed in Refs. 22 and 23. Small de-
formation theories24–27 predict drop shape when it is close to
a sphere, which is the case when interfacial stresses dominate
the viscous stresses. Such analyses are complicated because
of the nonlinear dependence of curvature on drop deforma-
tion. So far only a second-order perturbation solution has
been derived by Barthes-Biesel and Acrivos.26

Similar analyses for a surfactant-covered drop are not as
well developed. Effects arising solely from surfactant redis-
tribution have been considered in Refs. 28 and 29, where it
was shown that emulsions behave as non-Newtonian fluids
even in the absence of drop deformation. Only a few analyti-
cal studies have been published that include the effects of
surfactants as well as drop deformation in linear flows. First-
order small deformation theories for a drop with surfactant
on the interface have been developed by Flumerfelt30 and
Stone and Leal.4 However, these linear models do not cap-
ture some of the important features of emulsion rheology,
such as normal stresses. A higher-order perturbation solution
is needed in order to predict the nonlinear deformation of
surfactant-covered drops and the non-Newtonian rheology of
an emulsion with deformable surfactant-covered drops.
The hydrodynamic problem of a surfactant-covered drop
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subjected to a viscous flow simplifies considerably when the
viscosities of the drop and the suspending fluids are equal. In
this case, the drop disturbance flow is due solely to the in-
terfacial stresses. The general integral representation for the
velocity field31,32 reduces to involve only the “single-layer
potential” term with known density given by the interfacial
stresses. For a drop, interfacial stresses depend on surface
tension, interface curvature, and viscoelasticity of the surfac-
tant layer.33,34

In this paper we present a perturbation solution for the
deformation of a surfactant-covered drop suspended in an
unbounded fluid that is subjected to an arbitrary linear flow.
The theory that we develop exploits the simplification in the
integral representation of the velocity field for the case where
the drop and suspending fluids have equal viscosity. A third-
order perturbation solution is explicitly developed.

The paper is organized as follows. Sections II and III
present the general formulation of the problem, Sec. IV dis-
cusses the method of solution, Sec.V outlines the derivation
of the evolution equations for drop shape and surfactant re-
distribution, Sec. VI describes the boundary integral method
�BIM� used for the numerical simulations, and Sec. VII com-
pares the results from our third-order small-deformation
theory with boundary integral simulations of the deformation
of a surfactant-covered drop in axisymmetric extensional and
simple shear flows.

II. DYNAMICS OF A DROP IN STOKES FLOW

We consider a Newtonian drop with radius a and viscos-
ity �, suspended in a Newtonian fluid with the same viscos-
ity. Creeping flow conditions are assumed. A surfactant
monolayer with equilibrium concentration �eq is present on
the drop interface. The corresponding interfacial tension is
�eq.

The surfactant is assumed to be insoluble in the bulk
phases; i.e., a fixed mass of surfactant is adsorbed on the
drop interface. This assumption holds provided that the time
scale for surfactant adsorption/desorption from the bulk
phases is long compared to the time scale for surfactant
redistribution on the interface. Diffusion of surfactant on
the drop interface is usually unimportant29 and is therefore
neglected.

A. Incident flow

The drop is placed in a steady two-dimensional linear
flow

u��r� = �̇E · r , �1�

where �̇ is the strain rate. The general form of the symmetric
part Es of the velocity gradient E for a two-dimensional lin-
ear flow is

Es = �
m=−2

2

�2ma2m, �2�

where a2m is a basis of second-order symmetric traceless
spherical tensors defined by Eq. �A17�. For example, the

axisymmetric extensional flow,
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u� = �̇�−
1

2
x,−

1

2
y,z� ,

corresponds to �20=�6/2 and �2m=0 for m�0.

B. Dimensionless parameters

The flow distorts the drop shape and redistributes the
surfactant. The magnitude of the deformation is character-
ized by two dimensionless parameters. The capillary param-
eter �inverse capillary number� is defined by the ratio of
shape-preserving surface tension stresses to the shape-
distorting viscous stresses induced by the incident flow field

� =
�eq

�a�̇
. �3�

Surface tension gradients �Marangoni stresses� tend to main-
tain a uniform distribution of surfactant on the drop inter-
face. The Marangoni number is the ratio of the Marangoni
stresses to the viscous stresses that distort the surfactant
distribution

Ma =
��

�a�̇
, �4�

where

�� = − �eq� ��

��
�

�=�eq

is the characteristic change of surface tension resulting from
perturbations of the local surfactant concentration � about
the equilibrium value �eq.

The ratio of the Marangoni and capillary parameters
yields the surfactant elasticity parameter

E =
Ma

�
, �5�

which is a purely physicochemical quantity independent of
the flow.4 Low-molecular-weight surfactants in emulsions
and foams form monolayers with low elasticity E	1 �Ref.
19�; high-molecular-weight surfactants such as proteins can
form stiffer monolayers.35,36

The drop shape remains approximately spherical pro-
vided that the capillary parameter is large, and the surfactant
distribution remains nearly uniform if the Marangoni number
is large. The two independent parameters used in our analy-
sis are � and E. Given that E=O�1�, it follows that the small
deformation analysis presented in this paper is valid for
�−1
1.

Henceforth, the surfactant concentration is normalized
by �eq; all other quantities are rescaled using � , a, and �̇.
Accordingly, the time scale is �̇−1, the velocity scale is �̇a,
bulk stresses are scaled with ��̇, and the scale for interfacial

tension is �eq.
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C. Interfacial stresses

At rest, the surfactant distribution is uniform on the drop
interface and the drop shape is spherical. The difference be-
tween the pressure inside and outside the drop is balanced by
the interfacial tension,

pin − pout = 2
�eq

a
. �6�

When placed in a flow, the drop produces a disturbance flow
field. The latter, given that the drop and the suspending fluids
have the same viscosity, arises solely from stresses at the
drop interface. The interfacial stress t can be expressed as the
divergence of a surface stress tensor P

t = − �s · P , �7�

where

P = Is� . �8�

The surface gradient operator is defined as

�s = Is · � , �9�

where Is=I−nn is the surface projection, and n is the unit
normal vector to the interface.

For small perturbations from equilibrium, the surfactant
equation of state can be linearized. In dimensionless vari-
ables, we have

���� = 1 − E�� − 1� , �10�

where E is the elasticity �5�. Combining Eqs. �7�–�10� we
obtain the interfacial stress

t = �tcap + Ma tmar, �11�

where

tcap = n � · n, tmar = − n�� � · n� + �s� . �12�

III. DROP SHAPE EVOLUTION

A. Description of the drop shape

In a coordinate system centered at the drop, the radial
position rs of the drop interface can be represented as

rs = � + �f�
� , �13�

where 
 is the solid angle and f is the deviation of drop
shape from sphericity, which depends only on the angle 

and has a vanishing angular average,

	 f d
 = 0. �14�

The isotropic contribution � is determined by the volume-
conservation constraint

	 �� + �f�3d
 = 4� , �15�

with the integration performed over the unit sphere. The
magnitude of the perturbation is scaled by a dimensionless
parameter �, the particular choice of which depends on the

22
nature of the problem under consideration. For example, in
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weak flows a suitable choice for � is the inverse capillary
parameter, �−1.

Equation �15� shows that the isotropic contribution �
depends on the shape perturbation f , thereby complicating
the perturbation computations. To facilitate the perturbation
analysis, it is convenient to introduce the following rescaled
variables,

r̃ = �−1r, p̃ = �p, f̃ = �−1f , �16�

and the rescaled dimensionless parameters,

�̃ = �−2�, M̃a = �−3 Ma. �17�

Since in rescaled variables the radial position of the drop
interface is expressed in terms of a deviation from a sphere
of unit radius,

r̃s = 1 + � f̃�
� , �18�

rather than a sphere of unknown radius � �13�, the perturba-
tion analysis is simplified; for small deviations from spheric-
ity, the boundary conditions are linearized and applied at
r=1.

Hereafter we omit the tilde for rescaled variables and
work only in rescaled variables �unless otherwise indicated�.
After solving for the drop deformation in rescaled variables
we revert to the actual quantities by means of the transfor-
mations �16� and �17�.

B. Evolution equation for drop shape

The evolution of the interface is governed by37

�H

�t
+ us · �H = 0, �19�

where us is the fluid velocity at the drop interface. The func-
tion H�r , t� represents the interface shape as the set of points
r, where H�r , t�
0, and is given by the relation

H�r,t� = r − rs�
,t� . �20�

In terms of the shape perturbation f the evolution of the
interface �19� reads

�
� f

�t
= us · �r̂ − � � f� , �21�

where r̂=r /r. The outward pointing unit normal to the drop
interface is defined in terms of the shape function H as

n =
�H

��H�
. �22�

After introducing �18� and �20� in the above definition, it
becomes

n = �rsr̂ − � � f��rs
2 + �2 � f · �f�−1/2. �23�

C. Evolution equation for surfactant distribution

Conservation of an insoluble nondiffusing surfactant
38
requires
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d

dt
	

�S�t�
� dA = 0, �24�

where �S�t� is a material element on the drop interface. By
the Reynolds transport theorem for a material surface ele-
ment, we obtain the conservation equation

��

�t
+ �s · ��u� = 0. �25�

The evaluation of the surface divergence term on the
deformed interface involves a rather tedious algebra. To cir-
cumvent this problem, we introduce the angular surfactant
distribution, �
, defined as the projection of the surfactant
density � from the deformed interface onto a sphere,

� =
�


J�f�
, �26�

where J�f� is the Jacobian of the transformation

J�f� =
rs

2

r̂ · n
. �27�

The surfactant conservation equation in angular variables as-
sumes a simpler form:

��


�t
+ �
 · ��
u
� = 0, �28�

where �
 denotes the angular part of the gradient operator,
and u
 is the angular surface velocity, which is tangential to
a sphere,

u
 = rs
−1�I − r̂r̂� · us. �29�

The flow-induced perturbation in the angular surfactant con-
centration is

�
 = 1 + �g�
� , �30�

where

	 g d
 = 0, �31�

thus the evolution equation �28� becomes

�
�g

�t
= − �
 · �u
� − ��
 · �gu
� . �32�

Note that since the angular surfactant concentration �26� is
defined on a sphere, conservation of the total surfactant
amount is automatically satisfied and complications similar
to those encountered with the conservation of drop volume
�15� are avoided.

D. Expansion in spherical harmonics

In Eqs. �18� and �30�, the functions f and g representing
the perturbations of the drop shape and surfactant distribu-
tion depend only on angular coordinates. Thus, these func-
tions are expanded into series of scalar spherical harmonics

Y jm �see Eq. �A1��:
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f = �
j=2

�

�
m=−j

j

f jmY jm, �33a�

g = �
j=2

�

�
m=−j

j

gjmY jm. �33b�

In the above equations, the summation starts from nonzero j
because f and g include only the nonisotropic contributions,
according to Eqs. �14� and �31�.

The external linear flow �1� is fully characterized by a
second-order traceless tensor, which corresponds to spherical
harmonics of the order j=2. Moreover, the external flow
field is invariant with respect to the simultaneous reflection
of the axis x and y. These symmetry properties imply that

f jm = 0, gjm = 0 for odd j or m , �34�

provided that the drop is initially spherical with a uniform
distribution of surfactant.

Starting with Eqs. �21� and �32�, our goal is to derive a
set of coupled evolution equations

�
� f jm

�t
= Fjm�f,g� , �35�

�
�gjm

�t
= Gjm�f,g� �36�

for the shape and surfactant parameters

f 
 �f jm
, g 
 �gjm
 . �37�

The equations will be obtained as a power series in the mag-
nitude of the perturbation �,

Fjm�f,g� = �
p=0

�

�pFjm
�p��f,g� , �38�

Gjm�f,g� = �
p=0

�

�pGjm
�p��f,g� . �39�

The derivation of the above equations requires computation
of the interfacial velocity field us and transformation of the
quantities on the right-hand sides of Eqs. �21� and �32� into
the spherical-harmonics representation.

IV. MULTIPOLE REPRESENTATION OF INTERFACIAL
VELOCITY

In this paper we focus on the dynamics of drop with the
same viscosity as the continuous-phase fluid. Therefore the
fluid velocity field u satisfies the Stokes equations

�2u − �p = − F�r�, � · u = 0, �40�

in the whole space, where

F�r� = t�rs��s�r� �41�

is the surface force density associated with the interfacial

stress given by Eqs. �11� and �12�, and
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�s�r� = 	
S

��r − rs�d2rs. �42�

At infinity, the flow field u tends to the incident flow u
→u�.

Unlike the case of drops with viscosity contrast, in the
present case the solution of Eq. �40� for the disturbance field

u�r� = u�r� − u��r� �43�

can be evaluated directly from the force distribution �41�

u�r� = 	
S

T�r − r�� · F�r��dr�, �44�

where

T�r� =
1

8�r
�I + r̂r̂� �45�

is the Oseen tensor.31 Thus, the complications posed by the
usual approach of solving Stokes equations separately for the
regions inside and outside the drop and matching the solu-
tions on the deformed drop interface22,26 are avoided.

In the present study we find the disturbance flow field
�44� by using a multipole expansion method. Accordingly,
the force distribution is represented as a collection of force
multipoles; the strengths of the multipoles are obtained as the
moments of the surface force distribution �41�. The distur-
bance field u is then represented as the superposition of the
corresponding multipolar velocity fields. This procedure is
analogous to the multipolar expansion method in
electrostatics.39

In our approach we use the multipole representation of
the Stokes flow introduced by Cichocki et al.40 In this rep-
resentation the strengths of the force multipoles cjmq are
given by

cjmq = − 	
S

v jmq
+ �r� · F�r�dr . �46�

The corresponding expansion of the disturbance velocity
field outside the drop is

uout�r� = �
jmq

cjmqv jmq
− �r� . �47�

The functions v jmq
± form basis sets of fundamental solutions

of the Stokes equations,40 and have a separable form

v jmq
+ �r� = V jmq

+ �
�r�j+q−1�, �48�

v jmq
− �r� = V jmq

− �
�r−�j+q�. �49�

The functions V jmq
± are combinations of vector spherical har-

monics with angular and azimuthal quantum numbers j and
m; the explicit definitions are listed in Appendix E.

The evolution equations �21� and �32� involve the veloc-
ity field at the drop interface, which using relations �43�,
�47�, and �49� is

us = us
� + �

jmq

cjmqrs
−�j+q�V jmq

− �
� , �50�
where
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us
� = rsE · r̂ �51�

is the imposed velocity field �1� evaluated at the drop inter-
face r=rs. The expansion coefficients cjmq in the above equa-
tion are obtained by inserting Eq. �41� into �46�, and using
relation �48�,

cjmq = −	 rs
j+q−1V jmq

+ · t�f,g�J�f�d
 , �52�

where J�f� is the Jacobian defined by Eq. �27�. Relations �47�
and �52� constitute the solution for the velocity fields. In the
following section, Eqs. �50� and �52� are used to obtain the
evolution equations for the drop shape and the surfactant
distributions.

V. SOLUTION OUTLINE

The underlying structure of the perturbation expansions
�38� and �39� for the evolution of drop shape and surfactant
distribution, as well as velocity and stress fields, consists of a
“double” expansion: �i� in spherical harmonics �33a�, �33b�,
and �47�, and �ii� in the small parameter �, which measures
the magnitude of the deformation.

For small deviation from sphericity, �
1, the exact po-
sition of the interface at r=1+�f is replaced by the equilib-
rium position, r=1, and all quantities that are to be evaluated
at the interface of the deformed drop are approximated using
a Taylor series expansion.

The derivation of the shape and surfactant evolution
equations �38� and �39� involves two steps. In the first step,
the expansions for surface velocity �50�, angular velocity
�29� as well as geometric quantities such as gradient of shape
perturbation, �f , are obtained. In the second step, these ex-
pansions are inserted in the evolution equations �21� and �32�
and the products of spherical harmonics are manipulated to
yield the final form of the evolution equations �35� and �36�.

This solution procedure is outlined below. The detailed
calculations, which require tedious algebra, were performed
using MATHEMATICA. More information is given in the
Appendices and in Ref. 41.

A. Expansion for the velocity field

The velocity coefficients �52� are obtained as perturba-
tion expansion in the small parameter �,

cjmq = �
p=0

�

�pcjmq
�p� �f,g� . �53�

The derivation involves expanding around the spherical drop
shape the position of the deformed interface rs �18�, the in-
terfacial stresses t�f ,g� �11� and �12�, and the Jacobian J�f�
�27�.

The expansion procedure is explained on the example of

the interfacial stresses:
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t = �
p=0

�

�pt�p��f,g� . �54�

The expansion coefficients t�p� are homogeneous functions of
order p jointly in f ,g, i.e., involving combinations of f and g
in the form

t�p� � fngp−n, n = 0,…,p . �55�

Therefore, after inserting the spherical harmonics represen-
tation of f and g �33a� and �33b�, an expansion term of order
p contains products of p harmonics.

In our approach the products of spherical harmonics are
transformed into a sum of harmonics. A well-developed
theory exists for this procedure.42,43 Here we summarize the
general ideas; the explicit recoupling formulas are listed in
Appendix A 2.

The recoupling expression for scalar harmonics has the
form44

Y j�m�Y j�m� = �
jm

��j,m�Y jm. �56a�

Here

j 
 �j, j�, j�
, m 
 �m,m�,m�


denote the set of angular and azimuthal numbers, and ��j ,m�
are the Clebsch-Gordan coefficients,44 given by Eq. �A11�.
Simple algorithms are readily available for the computations
of these coefficients.42 For products involving vector spheri-
cal harmonics the structure of the recoupling expressions is
similar:

y j�m�q�Y j�m� = �
jm

C1�j���j,m�y jm, �56b�

y j�m�q� · y j�m�q� = �
jm

C2�j���j,m�Y jm, �56c�

with the same dependence on the azimuthal numbers m, but
different dependence on the angular numbers j, represented
by the factors C1 and C2. Explicit expressions for these co-
efficients are given by �A6� and �A8�. Products of three and
more harmonics are recoupled by iterative evaluation of the
nested products of two harmonics as outlined in Appendix B
4. For example,

Y j1m1
Y j2m2

Y j3m3
= �� ��j,m�Y jm�Y j3m3

, �57�

and then the product of each of the terms in the sum, Y jm,
with Y j3m3

, is recoupled.
Performing the recoupling procedure in �54�, results in

the following expansion for interfacial stresses:

t = �
p,jmq

�ptjmq
�p� y jmq. �58�

Explicit expressions for the first three expansion terms tjmq
�p� ,

p=0,1,2, are listed in Appendix C. By a similar procedure,

expansions are derived for the Jacobian and the powers of rs,
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J = �
p,jm

�pJjm
�p�Y jm, rs

k = �
p,jm

�pRjm
�p�Y jm. �59�

Combining the three expansions �58� and �59� in �52�, fol-
lowed by collecting terms of the same power in �, recoupling
the products of harmonics according to �56a�–�56c�, and us-
ing the relation

	 Y jmd
 = �4�� j0�m0, �60�

yields the expansion coefficients in �53�. Explicit expressions
for the first three terms cjmq

�p� , obtained using MATHEMATICA,
are listed in Appendix E.

B. Expansion of the evolution equations

To obtain the expansion �35� of the drop shape evolution
equation �21�, we combined the Taylor expansion �around
the undeformed, spherical shape� of the surface velocity �50�
and the gradient of shape perturbation expansion �B12�.
Thereafter, we recoupled the scalar product of vector har-
monics according to �A8�. This procedure yields for the ex-
pansion terms �38�

Fjm
�p��f,g� = Sjm

F,�p��f� + �Kjm
F,�p��fp� + Ma Mjm

F,�p��f ngp−n� ,

�61�

where n takes values between 0 and p �55�.
In a similar fashion, the expansion form �39� of the sur-

factant evolution equation �32� is derived,

Gjm
�p��f,g� = Sjm

�,�p��f ngp−n� + �Kjm
�,�p��f ngp−n�

+ Ma Mjm
�,�p��f ngp−n� . �62�

In the above equations, the terms Sjm
�p� describe the effects of

the imposed flow on the shape and surfactant distribution.
Since the drop and suspending fluids have no viscosity con-
trast, in linear flows �51�

Sjm
�p� = 0 for p � 1. �63�

The terms Kjm
�p�, which are proportional to the capillary pa-

rameter �3�, describe relaxation driven by capillary stresses
�11�. The terms Mjm

�p�, which multiply the Marangoni number
�4�, describe the Marangoni stress-driven dynamics.

The capillary and Marangoni terms, C jm
�p�=Kjm

�p� ,Mjm
�p�, are

a combination of terms with general structure

C jm
�p� � �p−1�j,m�Bnp�j�f ngp−n, �64�

i.e., the pth-order term in the perturbation expansions �61�
and �62� involves products of p shape and surfactant param-
eters, p−1 Clebsch-Gordan coefficients, denoted by
�p−1�j ,m� �A11�, and a term Bnp�j�, which is an algebraic
function of angular numbers j. The �p−1�j ,m� coefficients
arise from recoupling the product of p spherical harmonics
using �56a�–�56c�. The coefficients Bnp�j� are independent of
the azimuthal numbers m and therefore of the type of im-
posed flow. The universality of the Bnp�j� term greatly re-
duces the amount of information needed to find the solution
for a particular imposed linear flow—once derived, the coef-

ficients Bnp�j� apply to any type of imposed flow �2�.
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We have evaluated the coefficients S ,K ,M up to the
third order p=3 in the shape perturbation parameter � and
arbitrary spherical-harmonics order j. Explicit expressions of
the evolution coefficients for p=0,1,2 are listed in Appendix
D. The third-order expressions p=3 are very cumbersome
and can be found in Vlahovska.41

Previous works on surfactant-free drops by Barthès-
Biesel and Acrivos26,45 employed tensorial representation for
drop deformation, velocity, and stress fields. Manipulating
tensors involves tedious algebra, which was performed only
for tensors of rank j=2 and 4; sixth-order tensors were ne-
glected. As a result, their analysis is incomplete at O��2�, as
noted by Rallison.27 However, this does not affect their so-
lution for the case �=1 considered herein.

In the present work, we overcome these limitations by
taking advantage of the well-developed formalism for ma-
nipulation of spherical harmonics and by employing the mul-
tipole representation of the velocity. This makes it possible to
carry out the double expansion, in spherical harmonics and
in the small shape perturbations, to arbitrary high orders. The
relation between the spherical harmonics and tensorial nota-
tions can be found in Vlahovska.41

C. Emulsion rheology

The effective stress of a dilute emulsion with drop vol-
ume fraction � is

� = 2E + �Td, �65�

where the drop contribution is given in a form of the pertur-
bation expansion

Td = � �pT�p�. �66�

Rheological properties of interest are the shear stress, T12
d ,

and the normal stress differences, N1=T11
d −T22

d , N2=T22
d

−T33
d . Drop stress is directly related to the force multipoles,

given by Eq. �46�.28 Inserting the expansion �53� leads to

T12
�p� = −

i

8
� 6

5�
�c220

�p� − c2−20
�p� � , �67a�

N1
�p� =

1

4
� 6

5�
�c220

�p� + c2−20
�p� � , �67b�

N2
�p� = −

1

2
N1

�p� +
3

4
� 1

5�
c200

�p� . �67c�

VI. BOUNDARY INTEGRAL SIMULATIONS

Boundary integral simulations of the drop dynamics
were constructed by representing the drop interface and sur-
factant distribution on a triangular mesh with nodes xi �i
=1,… ,N�, which have corresponding area weights wi. An
adaptive discretization algorithm was used to maintain reso-
lution of the evolving drop shape and surfactant
distribution.46

The evolution of the interface shape and surfactant dis-

tribution was obtained by integrating the kinematic relation
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dxi

dt
= ui, �68�

and the discretized conservation constraint �24�

d

dt
��iwi� = 0. �69�

Here ui is the fluid velocity and �i is the surfactant concen-
tration at a node xi.

The fluid velocities ui �i=1,… ,N� were obtained from
Eq. �44� by numerical quadrature using cylindrical coordi-
nates to remove the r−1 singularity of the Oseen tensor �45�.
The surface force density �41� was computed by differenti-
ating quadratic approximations47 of the local drop shape and
surfactant distribution as needed to evaluate the local normal
vector, mean curvature, and the surfactant concentration gra-
dient.

VII. RESULTS

In this section we present results for drop deformation in
some common types of linear flows: axisymmetric exten-
sional, simple shear, and hyperbolic flows. We focus our at-
tention on steady-state drop deformation; however, our
analysis can also be used to explore transient flows.

We have evaluated the expansion terms in the shape and
evolution equations �61� and �62� for perturbation order
p�3. The perturbation coefficients for a surfactant-free drop
agree with the ones derived by Barthés-Biesel.26

The accuracy of the expansion �61� and �62� depends on
two factors: the number perturbation terms and the number
of spherical harmonics in the basis describing the shape and
surfactant distribution �33a� and �33b�. In our calculations
we obtained numerical convergence by expanding up to per-
turbation order p=3 and spherical harmonic order j�4.
However, in the interim calculations at perturbation order p
harmonics of up to order 4p+2 must be retained in the de-
scription of the velocity and stress fields.

We present theoretical calculations for drop deformation
and the effective stress of an emulsion consisting of deform-
able surfactant-covered drops in the weak-flow limit, where
the small parameter is the flow strength �
�−1. The predic-
tions from the small-deformation theory are compared to nu-
merical boundary-integral simulations.

A. Weak-flow expansions

In this section we provide explicit expressions for the
expansions of shape, surfactant concentration, and stresses in
the case of simple shear flow. The shape and surfactant pa-
rameters �33a� and �33b� are decomposed into real and
imaginary parts:

f j±m = f jm� ± if jm� and gj±m = gjm� ± igjm� . �70�

For m=0, the shape and surfactant parameters are real. De-
formations of 2z2−x2−y2, x2−y2, and xy types are character-

ized by f�20, f�22, and f�22.
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1. Surfactant-free drop

Here we recover the previously derived second-order
shape and stress expansions of Barthes-Biesel and
Acrivos,26,45 and extend their results to third order.

To third order, the expansion for the steady-state drop
shape deformation can be written as

f jm = f1,jm�−1 + f2,jm�−2 + f3,jm�−3. �71�

At leading order the only nonzero contribution is

f1,22� = −
7

8
�5�

6
. �72�

At the next order, the nonzero contributions are

f2,20 = −
1755

384
�5�, f2,22� =

245

128
�5�

6
,

�73�

f2,40 = −
469

3456
��, f2,44� = −

469

3456
�35�

2
.

At order 3, the nonzero contributions are

f3,22� =
343

512
�15�

2
,

f3,42� =
767291

1 824 768
�5�

2
, f3,44� = −

18 179

6144
�7�

10
, �74�

f3,62� = −
17 969

270 336
�35�

39
, f3,66� = −

89 845

24 576
� 7�

429
.

The imaginary parts of the shape parameters have expansions
in odd powers of �−1, whereas the real parts have expansions
in even powers of �−1. Correspondingly, the shear stress,
which is related to the imaginary parts of the shape param-
eters, has an expansion in even powers of �−1, and the nor-
mal stresses, which are related to the real part of the shape
parameters, have expansions in odd powers of �−1:

T12 =
7

4
−

2107

512
�−2,

N1 =
245

32
�−1 −

249 361

442 368
�−3, �75�

N2 = −
35

16
�−1 −

19 440 211

14 598 144
�−3.

At leading order the drop is spherical and the effective vis-
cosity is given by Taylor’s result.48 Drop deformation gives
rise to shear thinning of O��−2� and normal stresses of
O��−1�.

2. Surfactant-covered drop

To third order in �−1, the steady-state shape and surfac-

tant distribution are described by the expansions
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f jm = f1,jm�E��−1 + f2,jm�E��−2 + f3,jm�E��−3,

�76�
gjm = g1,jm�E��−1 + g2,jm�E��−2 + g3,jm�E��−3.

The convergence radius for these expansions is largest for
E�1 because the perturbations of the drop shape and sur-
factant distribution have comparable magnitudes.

Here we list only deformation parameters with j�4. At
leading order, the only nonzero contributions are

f1,22� = −�5�

6
, g1,22� = −

1 + 2E

E
�5�

6
. �77�

At second order, the nonzero contributions are

f2,20 = −
5

7
�5�, f2,22� =

5

42

1 + 11E

E
�5�

6
,

�78�

f2,40 =
5

28
��, f2,44� = −

5

4
�5�

14
,

and

g2,20 = −
5

42

5 + 17E

E
�5�,

g2,22� =
5

12

4 + 8E + 11E2

E2 �5�

6
, �79�

g2,40 =
5

84

9 + 4E

E
��, g2,44� = −

5

12

9 + 4E

E
�5�

14
.

At third order, the nonzero contributions are

f3,22� =
5

28 224

1960 + 3675E + 8909E2 + 4704E3

E2 �5�

6
,

f3,42� =
425

539
�5�

2
, �80�

f3,44� =
30 − 457E − 4937E2

864E2 �5�

14
,

and

g3,22� =
5

14 112

�
7840 + 6370E + 4289E2 − 6787E3 + 4704E4

E3 �5�

6
,

g3,42� =
25

3234

278 + 213E

E
�5�

2
, �81�

g3,44� =
1080 − 5847E − 10 691E2 − 6574E3

864E3 �5�

14
.

Additionally, there are two shape and two surfactant param-
eters associated with the j=6 harmonics, however, we ob-

tained numerical convergence with j�4 as discussed above.
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The expansions for the steady-state stresses are

T12 =
5

2
−

25

1176

98 + 98E + 239E2

E2 �−2,

N1 =
5

2

4E + 1

E
�−1 −

5

7056

2940 + 5789E + 8103E2 + 7114E3

E2 �−3, �82�

N2 = −
5

28

13E + 7

E
�−1 +

5

8 692 992

8 602 440 + 2 124 199E − 3 147 942E2 + 8 390 519E3 + 2 587 200E4

E2 �−3.
The limit �−1→0 �spherical drops�, with nonzero elasticity,
corresponds to Ma−1→0. Under these conditions, the surfac-
tant distribution is uniform and the drop interface is tangen-
tially immobile. It follows that the rheology is the same as
that for a suspension of rigid spheres.

The regime E→0, corresponding to drops with clean
interfaces, cannot be recovered from our perturbation solu-
tion �76� and �82� because it is a singular limit of our small
perturbation expansion; i.e., E→0 implies Ma−1→� and
thus large distortion of the surfactant distribution.

B. Discussion

Drop deformation in an axisymmetric extensional flow
and a simple shear flow is illustrated in Figs. 1 and 2. Our
results show that drop deformation is insensitive to the sur-
factant elasticity under weak-flow conditions, in agreement
with experiments.10 This observation is consistent with our
perturbation solution which indicates that the leading-order
shape deformation is independent of the surfactant elasticity,
as seen in the shape expansion for a drop in shear flow equa-
tions �76�–�78�. In axisymmetric strain, shape deformation in

FIG. 1. Drop deformation in axisymmetric straining flow; The shape param-
eter f20� as a function of flow strength �−1 for surfactant-free drop �circles,
solid line�, E=0.25 �crosses, dotted line�, E=1 �stars, dashed line�, E=4
�squares, dot-dashed line�. The symbols are data from the boundary integral
Downloaded 28 Mar 2006 to 128.97.46.172. Redistribution subject to 
stronger flows is suppressed with increased elasticity, as
found by Eggleton et al.19 No such conclusion can be drawn
for drops in strong shear flows.

Drop deformation and surfactant redistribution each con-
tribute to the shear thinning viscosity and nonzero normal
stresses that are generally observed in emulsions. Unlike per-
turbations of drop shape, perturbations of the surfactant dis-
tribution and therefore the emulsion rheology depend on the
elasticity at leading order in the capillary parameter.

The drop contributions to the shear viscosity and normal
stresses predicted by our small-deformation theory for a di-
lute emulsion of surfactant-covered deformable drops are
compared to our boundary integral simulations in Figs. 3 and
4. The results demonstrate that under weak-flow conditions,
our third-order theory quantitatively predicts the shear-
thinning viscosity and normal stresses. By contrast, the linear
theory4 does not predict any of these rheological features.

Figure 3 shows the shear viscosity for drops with surfac-
tant monolayers of different elasticities. At low flow
strengths, surfactant immobilizes the interface so that the
emulsion behaves as a suspension of rigid spheres. Shear
thinning is most pronounced for low values of the surfactant
elasticity. For the lowest value of elasticity shown in Fig. 3
�E=0.25�, the shear viscosity tends to the behavior for
surfactant-free drops at sufficiently high shear rates. Under
these conditions, the surfactant is passively convected on the
drop surface. For larger values of the elasticity, the high-
shear-rate regime is inaccessible because of drop breakup.

Normal stresses are shown in Fig. 4. As is usually ob-
served, N1�0 and N2	0. The O��−3� expansions �82� pro-
vide more accurate predictions for the normal stresses than
for the shear stress, which explains the closer agreement be-
tween the analytical and numerical results seen in Fig. 4.

Our third-order solution gives a slightly better prediction
of drop deformation than the incomplete solution of
Barthes-Biesel26 for drops with clean interfaces, as illustrated
in Fig. 5. The comparison of the linear, quadratic, and cubic
expansions shows that the convergence radius is about �−1

�0.06. The theoretical calculations agree well with the ex-
perimental data,49 even though the experimental systems
have a viscosity ratio �=1.35 and �=0.7 and our theory is

for �=1 �insensitivity of drop deformation to viscosity con-
method �BIM� used for numerical simulations. The lines represent the third-

order small deformation theory.
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trast under weak-flow conditions is consistent with
experiments50,51 and is predicted by small-deformation
theory48�.

VIII. CONCLUSIONS

A perturbation solution of order O��2 ,�3� ,�3Ma�, where
� measures the magnitude of the shape distortion, was de-

FIG. 2. Drop deformation in a simple shear flow: The shape parameters
f22� , f22� and f20� as a function of flow strength �−1 for surfactant-free drop
�circles, solid line�, E=0.25 �crosses, dotted line�, E=1 �stars, dashed line�,
E=4 �squares, dot-dashed line�. The points are data from BIM numerical
simulation. The lines represent the third-order small deformation theory
�76�.
rived to describe the deformation of a surfactant-covered

Downloaded 28 Mar 2006 to 128.97.46.172. Redistribution subject to 
drop in linear viscous flows. Expressions for the shape and
surfactant evolution equations, as well as stress and velocity
fields, were developed. The solution is applicable for any
linear flow under transient or steady-state conditions. Predic-
tions of drop shape, surfactant distribution, and emulsion
rheology based on our small-deformation theory are in quan-

FIG. 3. Dependence of the shear viscosity of an emulsion of surfactant-
covered drops on flow strength�−1 at different elasticities of the surfactant
monolayer: surfactant-free drop �circles, solid line�, E=0.25 �crosses, dotted
line�, E=1 �stars, dashed line�, E=4 �squares, dot-dashed line�. The points
are data from BIM numerical simulation. The lines represent the third-order
small deformation theory �82�.
FIG. 4. Same as Fig. 3 but for the normal stress differences.
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titative agreement with our numerical simulations and in
close agreement to experimental data. The perturbation
scheme presented herein can in principle be extended to ar-
bitrary order because of its recursive structure.

The problem analyzed in this paper was considerably
simplified by assuming that the viscosities of drop and sus-
pending phases are equal. Thus the disturbance velocity field
was computed directly from the interfacial stresses using the
integral representation of the Stokes flow solution thereby
avoiding the evaluation of boundary conditions, e.g., match-
ing inner and outer velocities, on the deformed interface. The
analysis was further simplified by rescaling the position of
the deformed interface to avoid computational difficulties as-
sociated with drop volume conservation. The use of spherical
harmonics provided a straightforward way to derive a gen-
eral solution of the hydrodynamic problem for any linear
flow.

An extension of our analysis can be applied to study
flow effects on cell dynamics, which are important for many
biological phenomena.52 A vesicle is a fluid-filled lipid mem-
brane that provides a simple model of a cell. Typically the
enclosed and suspending fluid are the same, thus the formu-
lation presented in this paper, together with the appropriate
expression for the membrane stresses,53,54 can be used to
explore vesicle hydrodynamics beyond the linear regime that
has been studied so far.55–57

In a forthcoming paper, we consider the dynamics of
deformable surfactant-covered drops for systems with vis-
cosity contrast.

APPENDIX A: SPHERICAL HARMONICS

1. Definitions of scalar and vector harmonics

For the sake of completeness, we list the definitions of
scalar and vector spherical harmonics.42,43 The normalized

FIG. 5. Surfactant-free drop in a planar hyperbolic flow: Comparison of our
small deformation theory and Barthes-Biesel and Acrivos result with experi-
mental data �Ref. 5� for steady-state drop length for drops with viscosity
ratios close to 1.
spherical scalar harmonics are defined as
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Y jm�
� = �2j + 1

4�

�j − m�!
�j + m�!��− 1�mPj

m�cos ��eim�, �A1�

where r̂=r /r, �r ,� ,�� are the spherical coordinates, and
Pj

m�cos �� are the Legendre polynomials. The vector spheri-
cal harmonics are defined as

y jm0 = �j�j + 1��−1/2r�
Y jm,

y jm1 = − ir̂ � y jm0, �A2�

y jm2 = r̂Y jm,

where �
 denotes the angular part of the gradient operator.
y jm0 and y jm1 are tangential, while y jm2 is normal to a sphere.

Divergence of the product of y jmq and arbitrary function
of r ,h�r� is

� · �h�r�y jm0� = − �j�j + 1��1/2h�r�
r

Y jm,

� · �h�r�y jm1� = 0, �A3�

� · �h�r�y jm2� = � d

dr
+

2

r
�h�r�Y jm.

2. Recoupling the products of spherical
harmonics

The product of scalar harmonics is recoupled as

Y jmY j1m1
= �

j2m2

2��j, j1, j2,m,m1,m2,2�Y j2m2
. �A4�

The vector-harmonic expansion of a product of vector and
scalar harmonics has the form

y jmqY j1m1
= �

j2m2q2

Cqq2
�j, j1, j2�

���j, j1, j2,m,m1,m2,q + q2�y j2m2q2
. �A5�

The nonzero elements of the coupling matrix Cqq2
�j , j1 , j2�,

C00 = C11 = �j�j + 1�j2�j2 + 1��1/2��j, j1, j2� ,

C01 = C10 = − �j�j + 1�j2�j2 + 1��1/2��j, j1, j2� , �A6�

C22 = 2.

Since tangential �q=0, 1� and radial q=2 harmonics are
orthogonal,

Cq2 = 0 and C2q = 0, q = 0,1. �A7�

The scalar-harmonic expansion of the product of two vector
harmonics has the form

y jmq · y j1m1q1
= �

j2m2

Cqq1
�j, j2, j1��− 1��q2�q12

� ��j, j1, j2,m,m1,m2,q + q1�Y j2m2
. �A8�

In these equations
��j, j1, j2� = j�j + 1� + j2�j2 + 1� − j1�j1 + 1� , �A9�
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��j, j1, j2� = ��j + j1 − j2��j − j1 + j2��1 − j + j1 + j2�

��1 + j + j1 + j2��1/2, �A10�

and the Clebsch-Gordan coefficient is

��j, j1, j2,m,m1,m2,q + q2�

=
�− 1�m2

2
� �2j + 1��2j1 + 1��2j2 + 1�

4�
�1/2

�� j − � j1 j2

0 0 0
�� j j1 j2

m m1 − m2
� , �A11�

where �=1 if q+q2 is even �or zero� and �=0 if q+q2 is odd.

� j j1 j2

m m1 m2
�

is the Wigner 3j symbol.44 The 3j symbol vanishes,

� j j1 j2

m m1 m2
� = 0, �A12�

unless

m + m1 + m2 = 0, �A13�

and the triangular condition

− j + j1 + j2 � 0,

j − j1 + j2 � 0, �A14�

j + j1 − j2 � 0

is satisfied. Also,

� j j1 j2

0 0 0
� = 0, �A15�

unless

j + j1 + j2 = 2k, k = 1,2,… . �A16�

3. Spherical tensors basis

The orthonormal traceless tensors a jm are defined by the
relation28

r̂ · a jm = � j + 1

2j + 1
�1/2

y jm0 + � j

2j + 1
�1/2

y jm2. �A17�

The explicit expressions for the complete set are

a20 =
1
�6�− 1 0 0

0 − 1 0

0 0 2
� , �A18a�

a2±1 = � 0 0 �
1
2

0 0 − i
2

�
1 − i 0

� , �A18b�
2 2
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a2±2 = �
1
2 ± i

2 0

± i
2 − 1

2 0

0 0 0
� . �A18c�

4. Fundamental set of velocity fields

Following the definitions given in Ref. 28, we list the
expressions for the functions V jmq

± �
� that characterize the
angular dependence of the velocity fields �48� and �49�:

V jm0
− =

�2 − j�
2�4j2 − 1��� j + 1

j
�1/2

y jm0 +
�j + 1�
�2 − j�

y jm2� ,

�A19a�

V jm1
− = �2j + 1�−1�j�j + 1��−1/2y jm1, �A19b�

V jm2
− =

j

�2j + 1�2�2j + 3��� j

j + 1
�1/2

y jm0 − y jm2� ,

�A19c�

V jm0
+ = � j + 1

j
�1/2� jy jm0 +

1

2
�j + 3��2j + 1�y jm2� , �A20a�

V jm1
+ = �j�j + 1��1/2y jm1, �A20b�

V jm2
+ = jy jm0 +

1

2
�j + 1��2j + 1�y jm2. �A20c�

APPENDIX B: EXPANSIONS OF GEOMETRIC
QUANTITIES

Evaluation of the interfacial stresses involves geometric
quantities such as the normal vector �23� and the curvature

KH = � · n . �B1�

These are expanded in the small parameter � as

n�
� = r̂ + �
p=1

�

�pnp�
� , �B2�

KH�
� = 2 + �
p=1

�

�pHp�
� . �B3�

1. Normal vector

The normal vector is expanded in vector spherical
harmonics

np = njmq
�p� �f�y jmq. �B4�

Introducing the above expansion for the normal vector along
with the expansion for the gradient of f �B12� into the nor-
mal vector definition �23� results in a complicated expansion.
Here the first three expansion terms, which are needed for

our calculation, are listed:
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njmq
�1� = − �q0f jm�j�j + 1��1/2, �B5�

njm0
�2� = �� f j1m1

f j2m2
��j1, j2, j,m1,m2,m,0�

��j�j + 1��−1/2��j1, j2, j� ,

njm1
�2� = 0, �B6�

njm2
�2� =

1

2�� f j1m1
f j2m2

��j1, j2, j,m1,m2,m,0���j1, j, j2� .

The summation over the j indices is from 2 to jmax; for each
j index m takes values from −j to j, i.e.,

�� 
 �
j1m1j2m2

= �
j1=2

jmax

�
m1=−j1

j1

�
j2=2

jmax

�
m2=−j2

j2

. �B7�

2. Curvature

The curvature �B3� is expanded in scalar spherical har-
monics

Hp = Hjm
�p��f�Y jm. �B8�

This expansion is obtained after inserting the expansion of
the normal vector �B4� into the definition of the curvature
�B1�, recoupling the harmonics products according to �A5�
and taking divergence of the result according to �A3�. The
first three expansion terms, which are needed for the calcu-
lation of interfacial stresses, are

Hjm
�1� = − 2 + j�j + 1�f jm, �B9�

Hjm
�2� = �� f j1m1

f j2m2
��j1, j2, j,m1,m2,m,0�

�2�2 + j1�j1 + 1�� , �B10�

where the summation �� is defined by �B7�.

3. Gradient of shape perturbation

Using the spherical harmonic representation of f �33a�,
the definition of the vector spherical harmonic y jm0 �A2�, and
Eq. �13�, we obtain

�f = f jm�j�j + 1��1/2y jm0rs
−1. �B11�

Expanding in Taylor series around the spherical drop shape
and recoupling the spherical harmonics products leads to

�f = �
n=0

�

�n�− 1�nNjmq
�n� �f�y jmq, q = 0,1. �B12�

Since the product of a tangential vector harmonic with a
scalar harmonic �A5� generates only tangential harmonics,
the expansion of �B11� contains only tangential harmonics.
The general form of the expansion coefficients is

Njmq
�n� �f� = �� � j2m2

�n� �f�f j1m1
�j1�j1 + 1��1/2

� C0q�j1, j2, j���j1, j2, j,m1,m2,m,q� , �B13�

where �lml,n
is given by Eqs. �B16� and �B17�. The explicit
expressions for the first two terms in the expansion are
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Njmq
�0� = �q0f jm�j�j + 1��1/2, �B14a�

Njm0
�1� = �� f j1m1

f j2m2
�j�j + 1��−1/2

� ��j1, j2, j���j1, j2, j,m1,m2,m,0� ,

Njm1
�1� = 0. �B14b�

4. Product of shape parameters

The product of k shape parameters f k �or similarly sur-
factant parameters g� involves a product of k spherical har-
monics:

f k 
 f j1m1
Y j1m1

f j2m2
Y j2m2

¯ f jkmk
Y jkmk

. �B15�

After recoupling we obtain

f k = �lml

�k� �f�Ylml
. �B16�

The coefficient �lml

�k� �f� is a homogeneous function of order k

of f. It is evaluated by the following recursive formula:

� jm
�k� = �

j1=0

�k−1�jmax

�
m1=−j1

j1

� j1m1

�k−1� �
j2=2

jmax

�
m2=−j2

j2

f j2m2

���j1, j2, j,m1,m2,m,4�C22�j1, j2, j� , �B17�

where

� jm
�2� = �

j1=2

jmax

�
j2=2

jmax

�
m1=−j1

j1

�
m2=−j2

j2

f j1m1
f j2m2

� ��j1, j2, j,m1,m2,m,4�C22�j1, j2, j� . �B18�

APPENDIX C: INTERFACIAL STRESSES

Since hydrostatic pressure does not affect the hydrody-
namics, we exclude the isotropic normal interfacial stresses

t̂ = t − n�t · n�
, �C1�

where the angular average of a quantity b is defined as

�b�
 

1

4�
	 b d
 . �C2�

The leading order term in the interfacial stresses expan-
sion �54� corresponds to a spherical drop with uniform sur-
factant coverage. Since the isotropic part is subtracted, ac-
cording to �6�, we have

t jmq
�0� = 0. �C3�

In this appendix we list only the expression for the expansion
terms of first and second perturbation order; the third-order
formulas are very cumbersome; these are available from the

authors upon request.
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1. Capillary stress

Substituting the expansions for the normal vector �B4�
and curvature �B8� into the definition of interfacial stress
�11� and recoupling the harmonics products yields the expan-
sion for the capillary stresses in Eq. �58�. This procedure
yields for the first-order term

tjmq
�1�,cap = �q2�− 2 + �j�j + 1��
f jm. �C4�

The general form for the second-order term is

tjmq
�2�,cap = �� f j1m1

f j2m2
��j1, j2, j,m1,m2,m,q�

� t̄ jmq
�2�,cap�j, j1, j2� , �C5�

where

t̄ jm0
�2�,cap = �j�j + 1��−1/2�2 − j2 − j2

2���j1, j2, j� ,

t̄ jm1
�2�,cap = �j�j + 1��−1/2�j2 + j2

2���j1, j2, j� , �C6�

t̄ jm2
�2�,cap = 4�1 − j2 − j2

2� .

2. Marangoni stress

Marangoni stresses �12� are more complicated to recast
into expansion of vector spherical harmonics because they
involve expanding and recoupling the product of normal vec-
tor, curvature, and surfactant concentration.

Marangoni stresses consist of a normal part, proportional
to curvature, and tangential part, which includes the surface
gradients of surfactant concentration

tmar = tn
mar + tt

mar, �C7�

where

tn
mar = − ��H − ��H�
�n ,

�C8�
tt
mar = �I − nn� · �� .

Let the definition of the angular surfactant concentration �26�
be rewritten as

��r� = �
�
�h�r,
� , �C9�

where

h�r,
� =
r̂ · n

r2 �C10�

is in fact the inverse of the Jacobian �27�. In this notation,
taking the gradient of the above equation results in

�� = �


dh�r,
�
dr

+
1

r
�
��
�
�h�r,
�� . �C11�

After lengthy algebra, performed by MATHEMATICA, which
involves expanding and recoupling of harmonics products,

we obtain for the first-order Marangoni stress expansion term
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t̄ jm2
�1�,mar = − �2gjm + �− 6 + j�j + 1��f jm
 ,

t̄ jm1
�1�,mar = 0, �C12�

t̄ jm0
�1�,mar = �j�j + 1��1/2�gjm − 2 f jm� .

The general form for the second-order term is

tjmq
�2�,mar = �� ��j1, j2, j,m1,m2,m,q�t̄ jmq

�2�,mar�j, j1, j2� , �C13�

where

tjm2
�2�,mar = f j2m2

��− 24 + 6j2�j2 + 1� + ��j2, j1, j��f j1m1

− �− 12 + ��j2, j1, j��gj1m1

 ,

tjm1
�2�,mar = f j2m2

�j�j + 1��−1/2��j1, j2, j�

��− �j2 + j2
2�f j1m1

+ 3gj1m1
� , �C14�

tjm0
�2�,mar = f j2m2

�j�j + 1��−1/2

���−
1

2
�j + j2���j1, j, j2� + �2 + j2 + j2

2���j1, j2, j��
�f j1m1

− 3��j1, j2, j�gj1m1� .

and the summation is defined according to Eq. �B7�.

APPENDIX D: DROP SHAPE AND SURFACTANT
DISTRIBUTION EVOLUTION COEFFICIENTS

To avoid lengthy expressions, here we list the expansion
terms for the rescaled evolution equations �61� and �62�. Us-
ing the rules from Appendix F these are easily transformed
into the expansion for the actual quantities.

The leading order term in the evolution equations de-
scribes the distortion of drop shape and surfactant distribu-
tion by the extensional component of the flow:

Sjm
F,�0� = �2m� j24� �

30
,

�D1�

Sjm
�,�0� = �2m� j22�6�

5
.

The rotational component of the flow, if present, tends to
misalign the deformed shape and surfactant distribution
away from the extensional axes of the flow, thus producing
an effectively restoring effect that appears at the next order:

Sjm
F,�1� = i�

m

2
f jm,

�D2�

Sjm
�,�1� = i�

m

2
gjm.

The axisymmetric extensional flow u�= �− 1
2x ,− 1

2 y ,z� is
given by �2m=�m0�1/ 2�6� and no rotational part, �=0;
hence, m=0 always. Simple shear flow u�= �y ,0 ,0� is given

by �2m= �i/2�sign�m���m�2 and �=1. These are the only non-
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zero contributions generated by the imposed flow. The rest of
the perturbation expansion terms correspond to the interfa-
cial stress-driven relaxation. The first-order terms are

Kjm
�,�1� = K̄jm,1

� �j�f jm, � = F,� ,

�D3�
Mjm

�,�1� = M̄ jm,f
� �j�f jm + M̄ jm,g

� �j�gjm,

where the shape evolution coefficients are

K̄jm,1
F = 2d�j�j�1 − j2��j + 2� ,

M̄ jm,f
F = 2d�j�j�j + 1��− 3 + j�j + 1�� , �D4�

M̄ jm,g
F = d�j�j�j + 1� ,

and for the surfactant evolution coefficients are

K̄jm,1
� = 3d�j�j�1 − j2��j + 2� ,

M̄ jm,f
� = − d�j�j�j + 1��12 − 7j�j + 1�� , �D5�

M̄ jm,g
� = − d�j�j�j + 1��− 3 + 2j�j + 1�� ,

and

d�j� = ��2j + 1��2j − 1��2j + 3��−1. �D6�

The second-order terms have the general form

Ajm
�2� = �� ��j1, j2, j,m1,m2,m��Ā1�j1, j2, j�f j1m1

f j2,m2

+ Ā2�j1, j2, j�f j1m1
gj2,m2

+ Ā3�j1, j2, j�gj1m1
f j2,m2

+ Ā4�j1, j2, j�gj1m1
gj2,m2

� , �D7�

where A stands for KF ,MF ,K� ,M� and the summation �� is
defined by �B7�:

K̄1
F = d�j1��− 2 + j1 + j1

2��3��j1, j, j2� + 2j1�j1 + 1��

+ d�j��3�− 2 + j2 + j2
2���j1, j2, j�

+ 2�j + j2��− 2 + j1 + j1
2�� ,

�D8�
K̄i

F = 0, i = 2,3,4,

K̄1
� = d�j��12�j + j2��j1 + j1

2 − 1� − �3 + 2j + 2j2�

��2j2�j2 + 1�2 − ��j2, j1, j��2 + 2j + 2j2 − j2 − j2
2��


+ d�j1��− 2 + j1 + j1
2��3 + 2j1 + 2j1

2���j1, j2, j� ,

K̄2
� = 3d�j1��2 − j1 − j1

2���j1, j2, j� , �D9�

K̄i
� = 0, i = 3,4,

M̄1
F = − 3

2d�j��2j�j + 1��− 2 + 3��j1,1, j�� − ��j2, j1, j��− 4

+ j + j2 + 2j2 + 2j2
2��

+ d�j1����j1, j, j2��12 − 7j1 − 7j2� + 6�j1 + j2�2� ,
1 1
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M̄2
F = 2d�j��j + j2����j1, j2, j� − 12� ,

M̄3
F = d�j1����j1, j2, j��3 − 2j1 − 2j1

2� − 4j1 − 4j1
2� + d�j�

��12j + 12j2 + ��j1, j2, j��3 + 2j + 2j2�� ,

M̄4
F = 0, �D10�

M̄1
� = 1

2d�j�c1 − d�j1���j1, j2, j�

��− 12 − 5j1 + 11j1
2 + 12j1

3 + 2j1
4� , �D11a�

where

c1 = 10j5 − 2j6 + 4j3�− 22 + 9j1 + 9j1
2 − 5j2 − 5j2

2�

+ j4�− 19 + 10j1 + 10j1
2 − 2j2 − 2j2

2� − 6j2�1 + j2�

��j1 + j1
2 − j2�1 + j2�� + j2�15 − 27j2 − 23j2

2 + 8j2
3 + 4j2

4

+ �j1 + j1
2��11 − 4j2 − 4j2

2�� + j�72 + 3j2 + 7j2
2 + 8j2

3

+ 4j2
4 − �j1 + j1

2��27 + 4j2 + 4j2
2�� , �D11b�

M̄2
� = d�j1��− 12 + 7j1 + 7j1

2���j1, j2, j�

+ 3d�j�j�j + 1��− 12 + ��j1, j2, j�� , �D12�

M̄3
� = d�j1��1 + j1

2��− 3 + 4j1���j1, j2, j� + d�j1�c3, �D13a�

where

c3 = j4 − 4j5 + 2j�9 + 2j1 + 2j1
2 − 2j2 − 2j2

2� − 3j2�− 10

+ j1 + j1
2 − j2 − j2

2� + j3�17 − 4j1 − 4j1
2 + 4j2 + 4j2

2�

+ 6�j1 + j1
2 − j2�1 + j2�� , �D13b�

M̄4
� = − d�j1��− 3 + 2j1 + 2j1

2���j1, j2, j� . �D14�

Expressions for the third-order terms become rather cumber-
some. These are available upon request from the authors.

APPENDIX E: VELOCITY FIELDS

Disturbance flow field is generated only by the interfa-
cial stresses, which “switch on” only after deformation is
inflicted by the incident flow. Therefore, at the leading order
there is no disturbance velocity field �47�, and

cjmq
�0� = 0. �E1�

The first-order perturbation solution for the velocity field is

cjmq
�1� = �f jmC̄jmq,1 + Ma f jmC̄jmq,2 + Ma gjmC̄jmq,3,

q = 0,2, �E2�

cjm1
�1� = 0,

where

C̄jm0,1 = 1
2 �j2 − 1��j + 2��2j + 1� ,

¯
Cjm2,1 = j�j − 1��j + 2� , �E3a�
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C̄jm0,2 = − 1
2 j�j + 1��j + 3��2j + 1� ,

C̄jm2,2 = − j�j − 1��j + 4� , �E3b�

C̄jm0,3 = − 1
2 �j + 1�2�2j + 1� ,

C̄jm2,3 = − j�j − 1� . �E3c�

The second-order velocity fields are

cjmq
�2� = �� ��j1, j2, j,m1,m2,m� � ��f j1m1

f j2m2
Ĉjmq,1

+ Ma f j1m1
f j2m2

Ĉjmq,2 + Ma f j1m1
gj2m2

Ĉjmq,3

+ Ma gj1m1
f j2m2

Ĉjmq,4� , �E4�

where the summation is according to Eq. �B7�,
��j1 , j2 , j ,m1 ,m2 ,m� is defined by �A11�, and

Ĉjm0,1 = 2j − 2j2 + 2j1 − 2j j1 + 2j2j1 + 2j1
2 − 2j j1

2 + 2j2j1
2

− 2j2 − j j2 − j2j2 − j1j2 − j1
2j2 − j2

2 − j j2
2 − j2j2

2

− j1j2
2 − j1

2j2
2 + 2j2

3 + j2
4, �E5a�

Ĉjm2,1 =
2j + 1

2j
�− 2j − 4j2 − 2j3 + 6j1 + 4j j1 + 4j2j1

+ 2j3j1 + 6j1
2 + 4j j1

2 + 4j2j1
2 + 2j3j1

2 − 6j2 − 5j j2

− 4j2j2 − j3j2 − 3j1j2 − j j1j2 − 3j1
2j2 − j j1

2j2 − 3j2
2

− 4j j2
2 − 4j2j2

2 − j3j2
2 − 3j1j2

2 − j j1j2
2 − 3j1

2j2
2

− j j1
2j2

2 + 6j2
3 + 2j j2

3 + 3j2
4 + j j2

4� , �E5b�

Ĉjm1,1 = �j2 + j2
2��j + j2�1/2, �E5c�

Ĉjm0,2 =
2j + 1

4j
�9j2 + 11j3 + 3j4 + j5 − 24j1 − 21j j1

− 10j2j1 − 5j3j1 − 24j1
2 − 21j j1

2 − 10j2j1
2 − 5j3j1

2

+ 24j2 + 21j j2 + 6j2j2 + j3j2 + 6j1j2 + 2j j1j2

+ 6j1
2j2 + 2j j1

2j2 + 18j2
2 + 19j j2

2 + 6j2j2
2 + j3j2

2

+ 6j1j2
2 + 2j j1j2

2 + 6j1
2j2

2 + 2j j1
2j2

2 − 12j2
3 − 4j j2

3

− 6j2
4 − 2j j2

4� , �E5d�

Ĉjm2,2 = 1
2 �− 24j + 23j2 + j4 + 5j j1 − 5j2j1 + 5j j1

2 − 5j2j1
2

+ 3j j2 + j2j2 + 2j1j2 + 2j1
2j2 − 2j2

2 + 3j j2
2 + j2j2

2

+ 2j1j2
2 + 2j1

2j2
2 − 4j2

3 − 2j2
4� , �E5e�

Ĉjm1,2 = �4 + 2j − j2 − j2
2��j + j2�1/2, �E5f�

Ĉjm0,3 = − j�− 12 + j + j2 + j1 + j1
2 − j2 − j2

2� , �E5g�

Ĉjm2,3 = − 1
2 �1 + 3j + 2j2��− 12 + j + j2 + j1 + j1

2 − j2 − j2
2� ,
�E5h�
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Ĉjm1,3 = 0, �E5i�

Ĉjm0,4 = − 6j − 5j2 + j3 − 2j1 + j j1 − 2j1
2 + j j1

2 + 2j2 − j j2

+ 2j2
2 − j j2

2, �E5j�

Ĉjm1,4 = 1
2 �3 + 7j + 2j2��− 4 − 3j + j2 + j1 + j1

2 − j2 − j2
2� ,

�E5k�

Ĉjm2,4 = �− j + 1��j + j2�1/2. �E5l�

APPENDIX F: TRANSFORMATION FROM RESCALED
TO ACTUAL QUANTITIES

Herein, we revert to using � for the rescaled variables.
Substituting �16� and �17� into �61� and �62�, which describe

the evolution of the rescaled variables f̃ and g̃, and noting
that g̃
g leads to

Fjm
�p� = �Sjm

F,�p�� f

�
,g� +

�

�
Kjm

F,�p�� f

�
,g� +

Ma

�2 Mjm
F,�p�� f

�
,g� ,

�F1�

Gjm
�p� = Sjm

�,�p�� f

�
,g� +

�

�2Kjm
�,�p�� f

�
,g� +

Ma

�3 Mjm
�,�p�� f

�
,g� .

In the above equations, the distinction between evolution
terms describing flow-induced distortion, S, capillary relax-
ation, K, and Marangoni stress-driven relaxation, M, is ex-
plicitly made. The volume correction �, calculated from
�15�, is given by

� = −
s2

2�S
+

Q

2
, �F2�

where

Q3 = 4 −
s3

�
+ �� s2

�
�3

+ � s3

�
− 4�2�1/2

, �F3�

s2 = �2�
l=2

jmax

�
m=−l

l

f lmf l−m, �F4�

and

s3 = �32���00,3�f� . �F5�

�00,3 is calculated from �B17�. For small deformations, �
can be expanded in the small parameter �:

� = 1 − �2 1

4�
f lmf l−m + ¯ . �F6�

After the �-containing terms are expanded in series of the
small parameter � and terms of the same order of � are
combined, we obtain the unrescaled evolution equations for
the actual perturbations in shape and angular surfactant dis-
tribution identical in form with Eqs. �61� and �62�.

The evolution coefficients in the rescaled evolution

equations and the regular ones are simply related. These re-
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lations for up to perturbation order 3 are �if not listed below
the coefficients in rescaled and unrescaled expansions are the
same�

Sjm
F,�2� = S̃jm

F,�2� −
�

4�
f j1m1

f j1−m1
S̃2m

F,�0�, �F7�

Kjm
F,�3� = K̃jm

F,�3� +
�

4�
f j1m1

f j1−m1
f jmK̄jm,1

F ,

Mjm
F,�3� = M̃ jm

F,�3� +
3�

4�
f j1m1

f j1−m1
f jmM̄ jm,f

F ,

Mjm
F,�3� = M̃ jm

F,�3� +
�

2�
f j1m1

f j1−m1
gjmM̄ jm,g

F , �F8�

Kjm
�,�3� = K̃jm

�,�3� +
�

2�
f j1m1

f j1−m1
f jmK̄jm,1

� ,

Mjm
�,�3� = M̃ jm

�,�3� +
�

�
f j1m1

f j1−m1
f jmM̄ jm,f

� ,

Mjm
�,�3� = M̃ jm

�,�3� +
3�

4�
f j1m1

f j1−m1
gjmM̄ jm,g

� , �F9�

where

� = � j3j� j1j2
�m1+m2,0�m3m2

, �F10�

and the rescaled evolutions coefficients are listed in Sec. IV.
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