
Chapter 9

Barotropic Waves

SUMMARY : The aim of this chapter is to describe an assortment of wavesthat can be
supported by an inviscid, homogeneous �uid in rotation and to analyze numerical grid ar-
rangements that facilitate the simulation of wave propagation, in particular for the prediction
of tides and storm surges.

9.1 Linear wave dynamics

Chie�y because linear equations are most amenable to methods of solution, it is wise to gain
insight into geophysical �uid dynamics by elucidating the possible linear processes and inves-
tigating their properties before exploring more intricate, nonlinear dynamics. The governing
equations of the previous section are essentially nonlinear; consequently, their linearization
can proceed only by imposing restrictions on the �ows under consideration.

The Coriolis acceleration terms present in the momentum equations [(4.21a) and (4.21b)]
are, by nature, linear and need not be subjected to any approximation. This situation is
extremely fortunate because these are the central terms of geophysical �uid dynamics. In
contrast, the so-called advective terms (or convective terms) are quadratic and undesirable at
this moment. Hence, our considerations will be restricted to low-Rossby-number situations:

Ro =
U


 L
� 1: (9.1)

This is usually accomplished by restricting the attention to relatively weak �ows (smallU),
large scales (largeL ), or, in the laboratory, fast rotation (large
 ). The terms expressing the
local time rate of change of the velocity (@u=@tand@v=@t) are linear and are retained here
in order to permit the investigation of unsteady �ows. Thus,the temporal Rossby number is
assumed to be on the order of unity:

RoT =
1


 T
� 1: (9.2)
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Contrasting conditions (9.1) and (9.2), we conclude that we are about to consider slow �ow
�elds that evolve relatively fast. Aren't we asking for the impossible? Not at all, for rapidly
moving disturbances do not necessarily require large velocities. In other words, information
may travel faster than material particles, and when this is the case, the �ow takes the aspect
of a wave �eld. A typical example is the spreading of concentric ripples on the surface of a
pond after the throwing of a stone; energy radiates but thereis no appreciable water movement
across the pond. In keeping with the foregoing quantities, ascaleC for the wave speed (or
celerity) can be de�ned as the velocity of a signal covering the distanceL of the �ow during
the nominal evolution timeT, and, by virtue of restrictions (9.1) and (9.2), it can be compared
to the �ow velocity:

C =
L
T

� 
 L � U: (9.3)

Thus, our present objective is to consider wave phenomena.
To shed the best possible light on the mechanisms of the basicwave processes typical in

geophysical �ows, we further restrict our attention to homogeneous and inviscid �ows, for
which the shallow-water model (section7.3) is adequate. With all the preceding restrictions,
the horizontal momentum equations (7.9a) and (7.9b) reduce to

@u
@t

� fv = � g
@�
@x

(9.4a)

@v
@t

+ fu = � g
@�
@y

; (9.4b)

wheref is the Coriolis parameter,g the gravitational acceleration,u andv are the veloc-
ity components in thex– andy–directions, respectively, and� is the surface displacement
(equal to� = h � H , the total �uid depthh minus the mean �uid thicknessH ). The inde-
pendent variables arex, y andt; the vertical coordinate is absent, for the �ow is vertically
homogeneous (Section7.3).

In terms of surface height,� , the continuity equation (7.14) can be expanded in several
groups of terms:
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if the mean depthH is constant (�at bottom). Introducing the scale� H for the vertical
displacement� of the surface, we note that the four groups of terms in the preceding equation
are, sequentially, on the order of

� H
T

; U
� H
L

; H
U
L

; � H
U
L

:

According to (9.3), L=T is much larger thanU, and the second and fourth groups of terms
may be neglected compared with the �rst term, leaving us withthe linearized equation
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�
= 0 ; (9.5)
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the balance of which requires� H /T to be on the order ofUH=L or, again by virtue of (9.3),

� H � H: (9.6)

We are thus restricted to waves of small amplitudes.
The system of equations (9.4a) through (9.5) governs the linear wave dynamics of invis-

cid, homogeneous �uids under rotation. For the sake of simple notation, we will perform the
mathematical derivations only for positive values of the Coriolis parameterf and then state
the conclusions for both positive and negative values off . The derivations with negative
values off are left as exercises. Before proceeding with the separate studies of geophysical
�uid waves, the student or reader not familiar with the concepts of phase speed, wavenumber
vector, dispersion relation, and group velocity is directed to Appendix B. A comprehensive
account of geophysical waves can be found in the book by LeBlond and Mysak (1978), with
additional considerations on nonlinearities in Pedlosky (2003).

9.2 The Kelvin wave

The Kelvin wave is a traveling disturbance that requires thesupport of a lateral boundary.
Therefore, it most often occurs in the ocean where it can travel along coastlines. For conve-
nience, we use oceanic terminology such as coast and offshore.

As a simple model, consider a layer of �uid bounded below by a horizontal bottom, above
by a free surface, and on one side (say, they–axis) by a vertical wall (Figure9-1). Along this
wall (x = 0 , the coast), the normal velocity must vanish (u = 0 ), but the absence of viscosity
allows a non-zero tangential velocity.

As he recounted in his presentation to the Royal Society of Edinburgh in 1879, Sir
William Thomson (later to become Lord Kelvin) thought that the vanishing of the veloc-
ity component normal to the wall suggested the possibility that it be zero everywhere. So, let
us state, in anticipation,

u = 0 (9.7)

throughout the domain and investigate the consequences. Although Equation (9.4a) contains
a remaining derivative with respect tox, Equations (9.4b) and (9.5) contain only derivatives
with respect toy and time. Elimination of the surface elevation leads to a single equation for
the alongshore velocity:

@2v
@t2

= c2 @2v
@y2

; (9.8)

where

c =
p

gH (9.9)

is identi�ed as the speed of surface gravity waves in nonrotating shallow waters.
The preceding equation governs the propagation of one-dimensional nondispersive waves

and possesses the general solution
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Figure 9-1 Upwelling and downwelling Kelvin waves. In the Northern Hemisphere, both waves travel
with the coast on their right, but the accompanying currentsdiffer. Geostrophic equilibrium in thex–
momentum equation leads to a velocityv that is maximum at the bulge and directed as the geostrophic
equilibrium requires. Because of the different geostrophic velocities at the bulge and further away,
convergence and divergence patterns create a lifting or lowering of the surface. The lifting and lowering
is such that the wave propagates towards negativey in either case (positive or negative bulge).

v = V1(x; y + ct) + V2(x; y � ct); (9.10)

which consists of two waves, one traveling toward decreasing y and the other in the opposite
direction. Returning to either (9.4b) or (9.5) whereu is set to zero, we easily determine the
surface displacement:

� = �

s
H
g

V1(x; y + ct) +

s
H
g

V2(x; y � ct): (9.11)

(Any additive constant can be eliminated by a proper rede�nition of the mean depthH .) The
structure of the functionsV1 andV2 is then determined by the use of the remaining equation,
i.e., (9.4a):

@V1
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or

V1 = V10(y + ct) e� x=R ; V2 = V20(y � ct) e+ x=R ;

where the lengthR, de�ned as

R =
p

gH
f

=
c
f

; (9.12)

combines all three constants of the problem. Within a numerical factor, it is the distance
covered by a wave, such as the present one, traveling at the speedc during one inertial period
(2�=f ). For reasons that will become apparent later, this quantity is called theRossby radius
of deformation, or, more simply, the radius of deformation.
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Figure 9-2 Cotidal lines (dashed) with time in lunar hours for the M2 tide in the English Channel
showing the eastward progression of the tide from the North Atlantic Ocean. Lines of equal tidal range
(solid, with value in meters) reveal larger amplitudes along the French coast, namely to the right of the
wave progression in accordance with Kelvin waves. (From Proudman, 1953, as adapted by Gill, 1982.)

Of the two independent solutions, the second increases exponentially with distance from
shore and is physically un�t. This leaves the other as the most general solution:

u = 0 (9.13a)

v =
p

gH F (y + ct) e� x=R (9.13b)

� = � H F (y + ct) e� x=R ; (9.13c)

whereF is an arbitrary function of its variable.
Because of the exponential decay away from the boundary, theKelvin wave is said to be

trapped. Without the boundary, it is unbounded at large distances and thus cannot exist; the
lengthR is a measure of the trapping distance. In the longshore direction, the wave travels
without distortion at the speed of surface gravity waves. Inthe Northern Hemisphere (f > 0,
as in the preceding analysis), the wave travels with the coast on its right; in the Southern
Hemisphere, with the coast on its left. Note that, although the direction of wave propagation
is unique, the sign of the longshore velocity is arbitrary: An upwelling wave (i.e., a surface
bulge with� > 0) has a current �owing in the direction of the wave, whereas a downwelling
wave (i.e., a surface trough with� < 0) is accompanied by a current �owing in the direction
opposite to that of the wave (Figure9-1).

In the limit of no rotation (f ! 0), the trapping distance increases without bound and the
wave reduces to a simple gravity wave with crests and troughsoriented perpendicularly to
the coast.

Surface Kelvin waves (as described previously, and to be distinguished from internal
Kelvin waves, which require a strati�cation, see the end of Chapter13) are generated by the
ocean tides and by local wind effects in coastal areas. For example, a storm off the northeast
coast of Great Britain can send a Kelvin wave that follows theshores of the North Sea in a
counterclockwise direction and eventually reaches the west coast of Norway. Traveling in
approximately 40 m of water and over a distance of 2200 km, it accomplishes its journey in
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about 31 h.
The decay of the Kelvin-wave amplitude away from the coast isclearly manifested in the

English Channel. The North Atlantic tide enters the Channelfrom the west and travels east-
ward toward the North Sea (Figure9-2). Being essentially a surface wave in a rotating �uid
bounded by a coast, the tide assumes the character of a Kelvinwave and propagates while
leaning against a coast on its right, namely, France. This explains why tides are noticeably
higher along the French coast than along the British coast a few tens of kilometers across
(Figure9-2).

9.3 Inertia-gravity waves (Poincaŕe waves)

Let us now do away with the lateral boundary and relax the stipulationu = 0 . The system of
equations (9.4a) through (9.5) is kept in its entirety. Withf constant and in the presence of a
�at bottom, all coef�cients are constant, and a Fourier-mode solution can be sought. Withu,
v, and� taken as constant factors times a periodic function

0

@
�
u
v

1

A = <

0

@
A
U
V

1

A ei ( kx x + ky y � !t ) (9.14)

where the symbol< indicates the real part of what follows,kx andky are the wavenumbers in
thex– andy–directions, respectively, and! is a frequency, the system of equations becomes
algebraic:

� i !U � fV = � i gkx A (9.15a)

� i !V + fU = � i gky A (9.15b)

� i !A + H (i kx U + i ky V ) = 0 : (9.15c)

This system admits the trivial solutionu = v = � = 0 unless its determinant vanishes. Thus
waves occur only when the following condition is met:

! [! 2 � f 2 � gH (k2
x + k2

y )] = 0 : (9.16)

This condition, called thedispersion relation, provides the wave frequency in terms of the
wavenumber magnitudek = ( k2

x + k2
y )1=2 and the constants of the problem. The �rst root,

! = 0 , corresponds to a steady geostrophic state. Returning to (9.4a) through (9.5) with
the time derivatives set to zero, we recognize the equationsgoverning the geostrophic �ow
described in Section7.1. In other words, geostrophic �ows can be interpreted as arrested
waves of any wavelength. If the bottom were not �at, these “waves” would cease to exist and
be replaced by Taylor columns.

The remaining two roots,

! =
p

f 2 + gH k2 (9.17)
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Figure 9-3 Recapitulation of the dis-
persion relation of Kelvin and Poincaré
waves on thef -plane and on a �at
bottom. While Poincaré waves (gray
shades) can travel in all directions and
occupy therefore a continuous spec-
trum in terms ofky , the Kelvin wave
(diagonal line) propagates only along a
boundary.

and its opposite, correspond to bona �de traveling waves, called Poincaŕe waves, whose
frequency is always superinertial. In the limit of no rotation (f = 0 ), the frequency is! =
k
p

gH and the phase speed isc = !=k =
p

gH. The waves become classical shallow-
water gravity waves. The same limit also occurs at large wavenumbers [k2 � f 2=gH, i.e.,
wavelengths much shorter than the deformation radius de�ned in (9.12)]. This is not too
surprising, since such waves are too short and too fast to feel the rotation of the earth.

At the opposite extreme of low wavenumbers (k2 � f 2=gH, i.e., wavelengths much
longer than the deformation radius), the rotation effect dominates, yielding! ' f . At this
limit, the �ow pattern is virtually laterally uniform, and all �uid particles move in unison,
each describing a circular inertial oscillation, as described in Section2.3. For intermediate
wavenumbers, the frequency (Figure9-3) is always greater thanf , and the waves are said to
besuperinertial. Since Poincaré waves exhibit a mixed behavior between gravity waves and
inertial oscillations, they are often calledinertia-gravity waves.

Because the phase speedc = !=k depends on the wavenumber, wave components of
different wavelengths travel at different speeds, and the wave is said to bedispersive. This is
in contrast with the nondispersive Kelvin wave, the signal of which travels without distortion,
irrespective of its pro�le. See Appendix B for additional information on these notions.

Seiches, tides and tsunamis are examples of barotropic gravity waves. Aseicheis a stand-
ing wave, formed by the superposition of two waves of equal wavelength and propagating in
opposite directions due to re�ection on lateral boundaries. Seiches occur in con�ned water
bodies, such as lakes, gulfs and semi-enclosed seas. In the Adriatic Sea, the untimely super-
position of a wind-generated seiche with high tide can cause�ooding in Venice (Robinsonet
al., 1973).

A tsunamiis a wave triggered by an underwater earthquake. With wavelengths ranging
from tens to hundreds of kilometers, tsunamis are barotropic waves, but their relatively high
frequency (period of a few minutes) makes them only slightlyaffected by the Coriolis force.
What makes tsunamis disastrous is the gradual ampli�cationof their amplitude as they enter
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shallower waters, so that what may begin as an innocuous 1m wave in the middle of the ocean,
which a ship hardly notices, can turn into a catastrophic multi-meter surge on the beach.
Disastrous tsunamis occurred in the Paci�c Ocean on 22 May 1960 and in the Indian Ocean
on 26 December 2004. Tsunami propagation is relatively easyto forecast with computer
models. The key to an effective warning system is the early detection of the originating
earthquake, to track the rapid propagation (at speed of

p
gH) of the tsunami from point of

origin to the coastline on time to issue a warning before the high wave strikes.
Before concluding this section, a note is in order to warn about the possibility of violating

the hydrostatic assumption. Indeed, at short wavelengths (on the order of the �uid depth or
shorter), the frequency is high (period much shorter than2�=f ), and the vertical acceleration
(equal to@2�=@t2 at the surface) becomes comparable to the gravitational accelerationg.
When this is the case, the hydrostatic approximation breaksdown, the assumption of vertical
rigidity may no longer be invoked, and the problem becomes three-dimensional. For a study
of non-hydrostatic gravity waves, the reader is referred toSection 10 of LeBlond and Mysak
(1978) and Lecture 3 of Pedlosky (2003).

9.4 Planetary waves (Rossby waves)

Kelvin and Poincaré waves are relatively fast waves, and wemay wonder whether rotating,
homogeneous �uids could not support another breed of slowerwaves. Could it be, for ex-
ample, that the steady geostrophic �ows, those corresponding to the zero frequency solution
found in the preceding section, may develop a slow evolution(frequency slightly above zero)
when the system is modi�ed somewhat? The answer is yes, and one such class consists of
planetary waves, in which the time evolution originates in the weak but importantplanetary
effect.

As we may recall from Section2.5, on a spherical earth (or planet or star, in general), the
Coriolis parameter,f , is proportional to the rotation rate,
 , times the sine of the latitude,' :

f = 2
 sin ':

Large wave formations such as alternating cyclones and anticyclones contributing to our daily
weather and, to a lesser extent, Gulf Stream meanders span several degrees of latitude; for
them, it is necessary to consider the meridional change in the Coriolis parameter. If the co-
ordinatey is directed northward and is measured from a reference latitude' 0 (say, a latitude
somewhere in the middle of the wave under consideration), then ' = ' 0 + y=a, wherea is
the earth's radius (6371 km). Consideringy=aas a small perturbation, the Coriolis parameter
can be expanded in a Taylor series:

f = 2
 sin ' 0 + 2

y
a

cos' 0 + ::: (9.18)

Retaining only the �rst two terms, we write

f = f 0 + � 0y; (9.19)



9.4. PLANETARY WAVES 257

wheref 0 = 2
 sin ' 0 is the reference Coriolis parameter and� 0 = 2(
 =a) cos' 0 is the
so-calledbeta parameter. Typical midlatitude values on Earth aref 0 = 8 � 10� 5 s� 1 and
� 0 = 2 � 10� 11 m� 1s� 1. The Cartesian framework where the beta term is not retainedis
called thef -plane, and that where it is retained is called thebeta plane. The next step in order
of accuracy is to retain the full spherical geometry (which we avoid throughout this book).
Rigorous justi�cations of the beta-plane approximation can be found in Veronis (1963, 1981),
Pedlosky (1987), and Verkley (1990).

Note that the beta-plane representation is validated at midlatitudes only if the� 0y term
is small compared to the leadingf 0 term. For the motion's meridional length scaleL , this
implies

� =
� 0L
f 0

� 1; (9.20)

where the dimensionless ratio� can be called theplanetary number.
The governing equations, having become

@u
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� (f 0 + � 0y)v = � g
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(9.21a)
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(9.21b)
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�
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+
@v
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�
= 0 ; (9.21c)

are now mixtures of small and large terms. The larger ones (f 0, g, andH terms) comprise
the otherwise steady,f -plane geostrophic dynamics; the smaller ones (time derivatives and
� 0 terms) come as perturbations, which, although small, will govern the wave evolution.
In �rst approximation, the large terms dominate, and thusu ' � (g=f0)@�=@yand v '
+( g=f0)@�=@x. Use of this �rst approximation in the small terms of (9.21a) and (9.21b)
yields
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(9.22)
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: (9.23)

These equations are trivial to solve with respect tou andv:

u = �
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(9.24)
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f 2

0
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: (9.25)

These last expressions can be interpreted as consisting of the leading and �rst-correction
terms in a regular perturbation series of the velocity �eld.We identify the �rst term of each
expansion as the geostrophic velocity. By contrast, the next and smaller terms are called
ageostrophic.
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Substitution in continuity equation (9.21c) leads to a single equation for the surface dis-
placement:

@�
@t

� R2 @
@t

r 2� � � 0R2 @�
@x

= 0 ; (9.26)

wherer 2 is the two-dimensional Laplace operator andR =
p

gH=f 0 is the deformation
radius, de�ned in (9.12) but now suitably amended to be a constant. Unlike the original set
of equations, this last equation has constant coef�cients and a solution of the Fourier type,
cos(kx x + ky y � !t ), can be sought. The dispersion relation follows:

! = � � 0R2 kx

1 + R2 (k2
x + k2

y )
; (9.27)

providing the frequency! as a function of the wavenumber componentskx andky . The
waves are calledplanetary wavesor Rossby waves, in honor of Carl-Gustaf Rossby, who
�rst proposed this wave theory to explain the systematic movement of midlatitude weather
patterns. We note immediately that if the beta corrections had not been retained (� 0 = 0 ), the
frequency would have been nil. This is the! = 0 solution of Section9.3, which corresponds
to a steady geostrophic �ow on thef -plane. The absence of the other two roots is explained
by our approximation. Indeed, treating the time derivatives as small terms (i.e., having in
effect assumed a very small temporal Rossby number,RoT � 1), we have retained only the
low frequency, the one much less thanf 0. In the parlance of wave dynamics, this is called
�ltering .

That the frequency given by (9.27) is indeed small can be veri�ed easily. WithL (�
1=kx � 1=ky ) as a measure of the wavelength, two cases can arise: eitherL <

� R or L >
� R;

the frequency scale is then given, respectively by

Shorter waves: L . R; ! � � 0L (9.28)

Longer waves: L & R; ! �
� 0R2

L
. � 0L: (9.29)

In either case, our premise (9.20) that� 0L is much less thanf 0 implies that! is much smaller
thanf 0 (subinertial wave), as we anticipated.

Let us now explore other properties of planetary waves. First and foremost, the zonal
phase speed

cx =
!
kx

=
� � 0R2

1 + R2 (k2
x + k2

y )
(9.30)

is always negative, implying a phase propagation to the west(Figure 9-4). The sign of
the meridional phase speedcy = !=k y is undetermined, since the wavenumberky may
have either sign. Thus, planetary waves can propagate only northwestward, westward, or
southwestward. Second, very long waves (1=kx and1=ky both much larger thanR) propagate
always westward and at the speed

c = � � 0R2; (9.31)

which is the largest wave speed allowed.
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Figure 9-4 Dispersion relation of planetary (Rossby) waves. The frequency ! is plotted against the
zonal wavenumberkx at constant meridional wavenumberky . As the slope of the curve reverses, so
does the direction of zonal propagation of energy.

Lines of constant frequency! in the (kx , ky ) wavenumber space are circles de�ned by

�
kx +

� 0

2!

� 2

+ k2
y =

�
� 2

0

4! 2 �
1

R2

�
; (9.32)

and are illustrated in Figure9-5. Such circles exist only if their radius is a real number —
that is, if � 2

0 > 4! 2=R2. This implies the existence of a maximum frequency

j! jmax =
� 0R

2
; (9.33)

beyond which planetary waves do not exist.
The group velocity, at which the energy of a wave packet propagates, de�ned as the vector

(@!=@kx , @!=@ky ), is the gradient of the function! in the (kx , ky ) wavenumber plane (see
Appendix B). It is thus perpendicular to the circles of constant! . A little algebra reveals that
the group-velocity vector is directed inward, toward the center of the circle. Therefore, long
waves (smallkx andky , points near the origin in Figure9-5) have westward group velocities,
whereas energy is carried eastward by the shorter waves (larger kx andky , points on the
opposite side of the circle). This dichotomy is also apparent in Figure9-4, which exhibits
reversals in slope (@!=@kx changing sign).

9.5 Topographic waves

Just as small variations in the Coriolis parameter can turn asteady geostrophic �ow into
slowly moving planetary waves, so can a weak bottom irregularity. Admittedly, topographic
variations can come in a great variety of sizes and shapes, but for the sake of illustrating
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Figure 9-5 Geometric representation
of the planetary-wave dispersion rela-
tion. Each circle corresponds to a �xed
frequency, with frequency increasing
with decreasing radius. The group ve-
locity of the (kx , ky ) wave is a vector
perpendicular to the circle at point (kx ,
ky ) and directed toward its center.

the wave process in its simplest form, we limit ourselves here to the case of a weak and
uniform bottom slope. We also return to the use of a constant Coriolis parameter. This latter
choice allows us to choose convenient directions for the reference axes, and, in anticipation
of an analogy with planetary waves, we align they–axis with the direction of the topographic
gradient. We thus express the depth of the �uid at rest as:

H = H0 + � 0y; (9.34)

whereH0 is a mean reference depth and� 0 is the bottom slope, which is required to be gentle
so that

� =
� 0L
H0

� 1; (9.35)

whereL is the horizontal length scale of the motion. The topographic parameter� plays a
role similar to the planetary number, de�ned in (9.20).

The bottom slope gives rise to new terms in the continuity equation. Starting with the
continuity equation (7.14) for shallow water and expressing the instantaneous �uid layer
depth as (Figure9-6)

h(x; y; t ) = H0 + � 0y + � (x; y; t ); (9.36)

we obtain
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�
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@x

+
@v
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�
+ � 0v = 0 :

Once again, we strike out the nonlinear terms by invoking a very small Rossby number (much
smaller than the temporal Rossby number) for the sake of linear dynamics. The term� 0y can
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Figure 9-6 A layer of homogeneous
�uid over a sloping bottom and the at-
tending notation.

also be dropped next toH0 by virtue of (9.35). With the momentum equations (9.4a) and
(9.4b), our present set of equations is

@u
@t

� fv = � g
@�
@x

(9.37a)

@v
@t

+ fu = � g
@�
@y

(9.37b)

@�
@t

+ H0

�
@u
@x

+
@v
@y

�
+ � 0v = 0 : (9.37c)

In analogy with the system of equations governing planetarywaves, the preceding set
contains both small and large terms. The large ones (terms includingf , g, andH0) comprise
the otherwise steady geostrophic dynamics, which correspond to a zero frequency. But, in
the presence of the small� 0 term in the last equation, the geostrophic �ow cannot remain
steady, and the time-derivative terms come into play. We naturally expect them to be small
and, compared to the large terms, on the order of� . In other words, the temporal Rossby
number,RoT = 1 =
 T , is expected to be comparable to� , leading to wave frequencies

! �
1
T

� � 
 � �f � f

that are very subinertial, just as in the case of planetary waves, for which! � �f 0.
Capitalizing on the smallness of the time-derivative terms, we take in �rst approximation

the large geostrophic terms:u ' � (g=f )@�=@y, v ' +( g=f )@�=@x. Substitution of these
expressions in the small time derivatives yields, to the next degree of approximation:

u = �
g
f

@�
@y

�
g
f 2

@2�
@x@t

(9.38a)

v = +
g
f

@�
@x

�
g
f 2

@2�
@y@t

: (9.38b)
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The relative error is only on the order of� 2. Replacement of the velocity components,u and
v, by their last expressions (9.38a) and (9.38b) in the continuity equation (9.37c) provides a
single equation for the surface displacement� , which to the leading order is

@�
@t

� R2 @
@t

r 2� +
� 0g
f

@�
@x

= 0 : (9.39)

(The ageostrophic component ofv is dropped from the� 0v term for being on the order of
� 2, whereas all other terms are on the order of� .) Note the analogy with equation (9.26) that
governs the planetary waves: It is identical, except for thesubstitution of� 0g=f for � � 0R2.
Here,the deformation radius is de�ned as

R =
p

gH0

f
; (9.40)

that is, the closest constant to the original de�nition (9.12). A wave solution of the type
cos(kx x + ky y � !t ) immediately provides the dispersion relation:

! =
� 0g
f

kx

1 + R2 (k2
x + k2

y )
; (9.41)

the topographic analogue of (9.27). Again, we note that if the additional ingredient, here
the bottom slope� 0, had not been present, the frequency would have been nil, andthe �ow
would have been steady and geostrophic. Because they owe their existence to the bottom
slope, these waves are calledtopographic waves.

The discussion of their direction of propagation, phase speed, and maximum possible
frequency follows that of planetary waves. The phase speed in thex–direction — that is,
along the isobaths — is given by

cx =
!
kx

=
� 0g
f

1
1 + R2 (k2

x + k2
y )

(9.42)

and has the sign of� 0f . Thus, topographic waves propagate in the Northern Hemisphere
with the shallower side on their right. Because planetary waves propagate westward,i.e., with
the north to their right, the analogy between the two kinds ofwaves is “shallow–north” and
“deep–south”. (In the Southern Hemisphere, topographic waves propagate with the shallower
side on their left, and the analogy is “shallow–south”, “deep–north”.)

The phase speed of topographic waves varies with the wavenumber; they are thus disper-
sive. The maximum possible wave speed along the isobaths is

c =
� 0g
f

; (9.43)

which is the speed of the very long waves (k2
x + k2

y ! 0). With (9.41) cast in the form

�
kx �

� 0g
2f !R 2

� 2

+ k2
y =

�
� 2

0g2

4f 2R4! 2 �
1

R2

�
; (9.44)

we note that there exists a maximum frequency:

j! jmax =
j� 0jg
2jf jR

: (9.45)
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The implication is that a forcing at a frequency higher than the preceding threshold cannot
generate topographic waves. The forcing then generates either a disturbance that is unable
to propagate or higher-frequency waves, such as inertia-gravity waves. However, such a
situation is rare because, unless the bottom slope is very weak, the maximum frequency
given by (9.45) approaches or exceeds the inertial frequencyf , and the theory fails before
(9.45) can be applied.

As an example, let us take the West Florida Shelf, which is in the eastern Gulf of Mexico.
There the ocean depth increases gradually offshore to 200 m over 200 km (� 0 = 10 � 3) and
the latitude (27� N) yields f = 6 :6 � 10� 5 s� 1. Using an average depthH0 = 100 m, we
obtainR = 475 km and! max = 1 :6 � 10� 4 s� 1. This maximum frequency, corresponding
to a minimum period of 11 min, is larger thanf , violates the condition of subinertial motions
and is thus meaningless. The wave theory, however, applies to waves whose frequencies are
much less than the maximum value. For example, a wavelength of 150 km along the isobaths
(kx = 4 :2 � 10� 5 m� 1, ky = 0) yields! = 1 :6 � 10� 5 s� 1 (period of 4.6 days) and a wave
speed ofcx = 0.38 m/s.

Where the topographic slope is con�ned between a coastal wall and a �at-bottom abyss,
such as for a continental shelf, topographic waves can be trapped, not unlike the Kelvin
wave. Mathematically, the solution is not periodic in the offshore, cross-isobath direction
but assumes one of several possible pro�les (eigenmodes). Each mode has a corresponding
frequency (eigenvalue). Such waves are calledcontinental shelf waves. The interested reader
can �nd an exposition of these waves in LeBlond and Mysak (1978) and Gill (1982, pages
408–415).

9.6 Analogy between planetary and topographic waves

We have already discussed some of the mathematical similarities between the two kinds of
low-frequency waves. The object of this section is to go to the root of the analogy and to
compare the physical processes at work in both kinds of waves.

Let us turn to the quantity called potential vorticity and de�ned in (7.25). On the beta
plane and over a sloping bottom (oriented meridionally for convenience), the expression of
the potential vorticity becomes

q =
f 0 + � 0y + @v=@x� @u=@y

H0 + � 0y + �
: (9.46)

Our assumptions of a small beta effect and a small Rossby number imply that the numerator is
dominated byf 0, all other terms being comparatively very small. Likewise,H0 is the leading
term in the denominator because both bottom slope and surface displacements are weak. A
Taylor expansion of the fraction yields

q =
1

H0

�
f 0 + � 0y �

� 0f 0

H0
y +

@v
@x

�
@u
@y

�
f 0

H0
�
�

: (9.47)

In this form, it is immediately apparent that the planetary and topographic terms (� 0 and
� 0 terms, respectively) play identical roles. The analogy between the coef�cients� 0 and
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Figure 9-7 Comparison of the physical mechanisms that propel planetary and topographic waves.
Displaced �uid parcels react to their new location by developing either clockwise or counterclockwise
vorticity. Intermediate parcels are entrained by neighboring vortices, and the wave progresses forward.

� � 0f 0=H0 is identical to the one noted earlier between� � 0R2 of (9.20) and � 0g=f of
(9.35), since nowR = ( gH0)1=2=f 0. The physical signi�cance is the following: Just as the
planetary effect imposes a potential-vorticity gradient,with higher values toward the north, so
the topographic effect, too, imposes a potential-vorticity gradient, with higher values toward
the shallower side.

The presence of an ambient gradient of potential vorticity is what provides thebouncing
effect necessary to the existence of the waves. Indeed, consider Figure9-7, where the �rst
panel represents a north-hemispheric �uid (seen from the top) at rest in a potential-vorticity
gradient, and think of the �uid as consisting of bands taggedby various potential-vorticity
values. The next two panels show the same �uid bands after a wavy disturbance has been
applied, in the presence of either the planetary or the topographic effect.

Under the planetary effect (middle panel), �uid parcels caught in crests have been dis-
placed northward and have seen their ambient vorticity,f 0 + � 0y, increase. To compensate
and conserve their initial potential vorticity, they must develop some negative relative vor-
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ticity, that is, a clockwise spin. This is indicated by curved arrows. Similarly, �uid parcels
in troughs have been displaced southward, and the decrease of their ambient vorticity is met
with an increase of relative vorticity, that is, a counterclockwise spin. Focus now on those
intermediate parcels that have not been displaced so far. They are sandwiched between two
counterrotating vortex patches, and, like an unfortunate �nger caught between two gears or
the newspaper zipping through the rolling press, they are entrained by the swirling motions
and begin to move in the meridional direction. From left to right on the �gure, the displace-
ments are southward from crest to trough and northward from trough to crest. Southward dis-
placements set up new troughs whereas northward displacements generate new crests. The
net effect is a westward drift of the pattern. This explains why planetary waves propagate
westward.

In the third panel of Figure9-7, the preceding exercise is repeated in the case of an
ambient potential-vorticity gradient due to a topographicslope. In a crest, a �uid parcel is
moved into a shallower environment. The vertical squeezingcauses a widening of the parcel's
horizontal cross-section (see Section7.4), which in turn is accompanied by a decrease in
relative vorticity. Similarly, parcels in troughs undergovertical stretching, a lateral narrowing,
and an increase in relative vorticity. From there on, the story is identical to that of planetary
waves. The net effect is a propagation of the trough-crest pattern with the shallow side on the
right.

The analogy between the planetary and topographic effects has been found to be ex-
tremely useful in the design of laboratory experiments. A sloping bottom in rotating tanks
can substitute for the beta effect, which would otherwise beimpossible to model experimen-
tally. Caution must be exercised, however, for the substitution is acceptable so long as the
analogy holds. Three conditions must be met: absence of strati�cation, gentle slope, and slow
motion. If strati�cation is present, the sloping bottom affects preferentially the �uid motions
near the bottom, whereas the true beta effect operates evenly at all levels. And, if the slope
is not gentle and the motions are not weak, the expression of potential vorticity cannot be
linearized as in (9.47), and the analogy is invalidated.

9.7 Arakawa's grids

The preceding developments had for aim to explain the basic physical mechanisms respon-
sible for shallow-water wave propagation, by simplifying the governing equations down to
their simplest, yet meaningful ingredients. Numerical models help us do better in cases where
such simpli�cations are questionable or when it is necessary to calculate wave motions with
more accuracy. For the sake of clarity, broadly applicable numerical techniques will be illus-
trated on simpli�ed cases. The simplest situation arises with inertia-gravity waves, for which
the core mechanisms are rotation and gravity (see Section9.3). In a one-dimensional domain
of uniform �uid depthH , the linearized governing equations are



266 CHAPTER 9. BAROTROPIC WAVES
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A straightforward second-order central �nite differencing in space yields:

d~� i

dt
+ H

~ui +1 � ~ui � 1

2� x
= 0 (9.49a)

d~ui

dt
� f ~vi = � g

~� i +1 � ~� i � 1
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+ f ~ui = 0 : (9.49c)
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Figure 9-8 For variables~� and ~u de�ned at the same grid points (upper panel), the discretization of
inertia-gravity waves demands that approximations of spatial derivatives be made over distances2� x,
even if the underlying grid has a resolution of� x. However, if variables~� and ~u are de�ned on two
different grids (lower panel), shifted one with respect to the other by� x=2, the spatial derivatives can
conveniently be discretized over the grid spacing� x. The origin of each arrow indicates which variable
in�uences the time evolution of the node where the arrow ends.

When analyzing this second-order method (upper part of Figure 9-8), we observe that the
effective grid size is2� x in the sense that all derivatives are taken over this distance. This
is somehow unsatisfactory because the real grid size,i.e., the distance between adjacent grid
nodes is only� x. To improve the situation, we notice that the spatial derivatives of u are
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needed to calculate� , while the calculation ofu requires the gradients of� . The most natural
place to calculate a derivative of� is then at a point mid-way between two grid points of
� , since the gradient approximation there is of second order while using a step of only� x,
and the most natural position to calculate the velocityu is therefore at mid-distance between
� -grid nodes. Likewise, the most natural place to calculate the time evolution of� is at mid-
distance betweenu nodes. It appears therefore that locating grid nodes for� andu in an
interlaced fashion allows a second-order space differencing ofboth�elds over a distance� x
(lower part of Figure9-8). Formally, the discretization on such astaggered gridtakes the
form1:

d~� i

dt
+ H

~ui + 1=2 � ~ui � 1=2

� x
= 0 (9.50a)

d~ui + 1=2

dt
� f ~vi + 1=2 = � g

~� i +1 � ~� i

� x
(9.50b)

d~vi + 1=2

dt
+ f ~ui + 1=2 = 0 : (9.50c)

Thus, spatial differencing can be performed over a distance� x instead of2� x. Since
the scheme is centered in space, it is of second order, and itsdiscretization error is reduced
by a factor 4 without any additional calculation2. This advantage of a staggered grid over the
elementary collocated grid is a prime example of optimization of numerical methods at �xed
cost.
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Figure 9-9 Characteristicsx + ct and
x � ct of wave equation (9.51). In-
formation propagates along these lines
from two initial conditions and one
boundary condition on each side to set
in a unique way the value of the solu-
tion at any point(x; t ) of the domain.

But, as we will now show, the performance gain is not the sole advantage of the staggered-
grid approach. In the case of a negligible Coriolis force (f ! 0), elimination of velocity from
(9.48) leads to a single wave equation for� :

1We arbitrarily choose to place~� at integer grid indices and~u at half indices. We could have chosen the reverse.
2Both approaches use the same number of grid points to cover a given domain, and both schemes demand the

same number of operations.
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@2�
@t2

= c2 @2�
@x2

; (9.51)

wherec2 = gH. This equation is the archetype of a hyperbolic equation, which possesses a
general solution of the form

� = E1(x + ct) + E2(x � ct) ; (9.52)

where the functionsE1 andE2 are set by initial and boundary conditions. The general solu-
tion is therefore the combination of two signals, travelling in opposite directions at speeds� c
(Figure9-9). The lines of constantx + ct andx � ct de�ne the characteristics along which the
solution is propagated. Fort = 0 , it is then readily seen that two initial conditions are needed,
one for� and the other on its time derivative,i.e., the velocity �eld, before one can determine
the two functionsE1 andE2 at the conclusion of the �rst step. Later on, when characteris-
tics no longer originate from the initial conditions but have their root in the boundaries, the
solution becomes in�uenced �rst by the most proximate boundary condition and ultimately
by both. If the boundary is impermeable, the condition isu = 0 , which can be translated into
a zero-gradient condition on� . For discretization (9.50), the necessary numerical boundary
conditions are consistent with the analytical conditions,whereas the non-staggered version
(9.53) needs additional conditions to reach the near-boundary points. We have already learned
(Section4.7) how to deal with arti�cial conditions.

We now turn our attention to the remaining problem of the non-staggered grid, which is
the appearance of spurious, stationary and decoupled modeswithin the domain. To illustrate
the issue, we use a standard leapfrog time discretization with zero Coriolis force so that the
non-staggered discretization becomes:

~� n +1
i � ~� n � 1

i

2� t
= � H

~un
i +1 � ~un

i � 1

2� x
(9.53a)
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i +1 � ~� n

i � 1

2� x
: (9.53b)

For the grid-staggered version, we can also introduce a formof time-staggering by using a
forward-backward approach in time:

~� n +1
i � ~� n

i

� t
= � H

~un
i + 1=2 � ~un
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� x
(9.54a)

~un +1
i + 1=2 � ~un

i + 1=2

� t
= � g

~� n +1
i +1 � ~� n +1

i

� x
: (9.54b)

While it may �rst appear that we are dealing with an implicit scheme because of the presence
of ~� n +1 on the right of the second equation, it is noted that this quantity has just been cal-
culated when marching the preceding equation one step forward in time. The scheme is thus
explicit in the sense that we solve the �rst equation to get~� n +1 everywhere in the domain
and then use it immediately in the second equation to calculate ~un +1 without having to invert
any matrix.



9.7. ARAKAWA'S GRIDS 269

As for all forms of leap-frogging and staggering, we should be concerned by spurious
modes. These can be sought here rather simply by eliminatingthe discrete �eld~u from
each set of equations. This elimination can be performed by taking a �nite time difference
of the �rst equation and a �nite space difference of the second equation3. This is the direct
analogue of the mathematical differentiation used in eliminating the velocity between the two
governing equations (9.48) to obtain (9.51). For the non-staggered and staggered grids we
obtain respectively

~� n +2
i � 2~� n

i + ~� n � 2
i =

c2� t2

� x2

�
~� n

i +2 � 2~� n
i + ~� n

i � 2

�
(9.55)
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i + ~� n � 1
i =

c2� t2

� x2

�
~� n

i +1 � 2~� n
i + ~� n

i � 1

�
: (9.56)

These equations are straightforward second-order discretizations of the wave equation (9.51),
the �rst one with spatial and temporal steps twice as large asfor the second one. The CFL
criterion is jcj� t=� x � 1 in each case, since the propagation speeds of the hyperbolic
equation are� c and the corresponding characteristics must lie in the numerical domain of
dependence.

The discretization (9.55) shows that the non-staggered grid is prone to decoupled modes.
Indeed, for even values ofn andi , all grid indexes involved are even, and the evolution is
completely independent of that on points with odd values ofn or i , which are nonetheless
proximate in both time and space. In fact, there are four different solutions evolving inde-
pendently, with their only link being through the initial and boundary conditions (left panel
of Figure9-10). Although theoretically acceptable, such decoupled modes typically increase
their “distance” from one another in the course of the simulation and induce undesirable
space-time oscillations in the solution. Occasionally this can lead to stationary solutions that
are simply unphysical (Figure9-10), such as a solution with zero velocity and~� alternating
in space between two different constants. Solutions of thistype are clearly spurious. In con-
trast, the only stationary solution produced by the staggered equation (9.56) is the physical
one. This is a desirable property.

n

i

T
im

e

Space

Figure 9-10 Four different solutions,
each identi�ed by a different sym-
bol, evolve independently on the non-
staggered grid. The numerical domain
of dependence is shown as the shaded
region (left panel). A spurious station-
ary mode alternating between two con-
stants (right panel) is incompatible with
the original governing equations.

More generally, the spurious stationary solutions of a space discretization can be analyzed
in terms of the state-variable vectorx , space-discretization operatorD, and the semi-discrete
equation

3For the non-staggered version we make the following formal elimination: � x [(9.53a)n +1 - (9.53a)n � 1 ] -
� tH [(9.53b)i +1 - (9.53b)i � 1 ]
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dx
dt

+ D x = 0 (9.57)

so that spurious stationary modes can be found among the non-zero solutions of

D x = 0 : (9.58)

In the jargon of matrix calculation (linear algebra), spurious modes lie within thenull-space
of matrix D. In the case of the wave equation, the solution depicted in the right panel of
Figure9-10is certainly not a physically valid solution but satis�es (9.58).

All non-zero stationary solutions (members of the null-space), however, do not need to
be spurious, and a physically admissible non-zero stationary solution is possible in the pres-
ence of the Coriolis terms, namely the geostrophic equilibrium. In that case, the discretized
geostrophic equilibrium solution is also part of the null-space (9.58). It is therefore worth-
while sometimes to analyze the null-space of discretization operators for which the corre-
sponding physical stationary solutions are known.

Having found that staggering has advantages in one-dimension, we can now explore the
situation in two dimensions but immediately realize that there is no single way to generalize
the approach. Indeed, we have three state variables,u, v and� , which can each be calculated
on a different grid. The collocated version, the so-called A–grid model, is readily de�ned,
and discretization4 of equations (9.4a) through (9.5) with uniform �uid thickness leads to:

d~�
dt

= � H
~ui +1 � ~ui � 1

2� x
� H

~vj +1 � ~vj � 1

2� y
(9.59a)

d~u
dt

= + f ~v � g
~� i +1 � ~� i � 1

2� x
(9.59b)

d~v
dt

= � f ~u � g
~� j +1 � ~� j � 1

2� y
: (9.59c)

Clearly, a spurious stationary solution exists, again withzero velocity (~u = ~v = 0 ) and ~�
alternating between two constants on the spatial grid (Figure9-11).

j

i

Figure 9-11 A spurious stationary
~� mode alternating between two con-
stants (depicted by two different gray
levels) on the A–grid. This mode is
called for obvious reasons thechecker-
board mode.

Starting from the collocated grid we can distribute the variables with respect to one an-
other in different ways and create various staggered grids.These are named Arakawa's grids

4As before, we only write indices that differ fromi andj .
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A-grid B-grid

C-grid D-grid

~u location

~� location

~v location

E-grid

i

j

Figure 9-12 The �ve Arakawa grids. On the A–grid, the variables~� , ~u and ~v are collocated, and
staggered on other grids, called B–, C–, D– and E–grids. Notethat the E–grid (center) has a higher
grid-point density than the other grids for the same distance between adjacent nodes.

in honor of Akio Arakawa5, and bear the letters A, B, C, D and E depending on where the
state variables are located across the mesh (Figure9-12; Arakawa and Lamb, 1977). For the
linear system of equations considered here, it can be shown (e.g., Mesinger and Arakawa,
1976) that the E–Grid is a rotated B–grid, so that we do not need to analyze it further.

A two-dimensional staggered grid we already encountered isthe so-called C–grid (bottom
left of Figure9-12). For advection [recall Equation (6.58)] and the rigid-lid pressure formu-
lation [recall Equation (7.38)], we tacitly assumed that the velocityu was being calculated
halfway between pressure nodes(i + 1 ; j ) and(i; j ) andv halfway between nodes(i; j ) and
(i; j + 1) . In the present wave problem, this approach yields a straightforward second-order
discretization of both divergence and pressure-gradient terms

�
@u
@x

+
@v
@y

�

i;j
'

~ui + 1=2 � ~ui � 1=2

� x
+

~vj + 1=2 � ~vj � 1=2

� y
(9.60)

5See biography at the end of this Chapter.
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Figure 9-13 Discretization on the C–grid. The divergence
operator is discretized most naturally by (9.60) while pres-
sure gradients are calculated with (9.61).

exactly as in the advection and surface pressure problems (Figure9-13). But if we proceed
with the discretization of the Coriolis term, a problem arises for the C–grid because the
velocity components are not de�ned at the same points. The integration of thedu=dt equation
at theu grid node(i + 1 =2; j ) requires knowledge of the velocityv, which is only available
at node(i; j � 1=2). Therefore, an interpolation is necessary. The simplest scheme takes an
average of surrounding values:

vj i + 1=2;j '
~vj + 1=2 + ~vi +1 ;j + 1=2 + ~vj � 1=2 + ~vi +1 ;j � 1=2

4
; (9.62)

where the right-hand side can now be calculated from the available values of~v. Similar
averaging to estimate variables at locations where they arenot de�ned can be used to dis-
cretize the equations on the other staggered grids. For example, the B–grid is a grid where�
is de�ned on integer grid indices whereas velocity components are de�ned at corner points
(i � 1=2; j � 1=2). For this grid, the Coriolis term does not require any averaging, since both
velocity components are collocated, but the grid arrangement requires the derivative of� in
thex–direction at location(i +1 =2; j +1 =2). We approximate such a term by the appropriate
average

@�
@x

�
�
�
�
i + 1=2 ;j + 1=2

'
~� i +1 ;j +1 +~� i +1

2 � ~� j +1 +~�
2

� x
; (9.63)

and similarly for@u=@x, which is needed at(i; j ). The full spatial discretization on each
grid can be achieved in similar manner, and the derivation isleft as an exercise (Numerical
Exercise 9-2).

We can investigate the wave-propagation properties on the various grids by a Fourier
analysis, for which we take
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Table 9.1 DEFINITION OF THE PARAMETERS INVOLVED IN THE DISCRETE DISPERSION RELATION

FOR A–, B–, C–AND D–GRIDS WITH 2� x = kx � x AND 2� y = ky � y.
Grid � � x kx � x � y ky � y
A 1 sin 2� x sin 2� y

B 1 2 sin� x cos� y 2 sin� y cos� x

C cos� x cos� y 2 sin� x 2 sin� y

D cos� x cos� y 2 cos� x cos� y sin � x 2 cos� x cos� y sin � y

0

@
~�
~u
~v

1

A = <

0

@
A
U
V

1

A ei ( ik x � x + jk y � y � ~!t ) : (9.64)

Insertion of this type of solution in the various �nite-difference schemes and division by the
common exponential factor provide the following equations

� i ~!U � f �V = � i g� x kx A (9.65a)

� i ~!V + f �U = � i g� y ky A (9.65b)

� i ~!A + H (i � x kx U + i � y ky V ) = 0 ; (9.65c)

where the coef�cients� , � x and� y vary with the type of grid and are given in Table9.1.
As for the physical solution, a non-zero solution is only possible when the determinant of

the system vanishes, and this provides the dispersion relation of the discretized wave physics:

~! [~! 2 � � 2f 2 � gH (� 2
x k2

x + � 2
y k2

y )] = 0 ; (9.66)

which is the discrete analogue of (9.16).
For small wavenumber values (kx � x � 1 andky � y � 1), i.e., long, well resolved

waves, we recover the physical dispersion relation because� , � x and� y all tend towards
unity. For shorter waves, the numerical dispersion relation can be analyzed in detail through
the error estimate

! 2 � ~! 2

! 2 =
(1 � � 2) + R2

�
(1 � � 2

x )k2
x + (1 � � 2

y )k2
y

�

1 + R2
�
k2

x + k2
y

� � 0: (9.67)

Except for the simple statement~! 2 � ! 2, the analysis of the error is rather complex because
it involves �ve length scales6: R, 1=kx , 1=ky , � x and� y. For simplicity we take� x � � y
andkx � ky to reduce the problem. We then de�ne the length scaleL � 1=kx � 1=ky of the
wave under consideration. In this case� x � � y , and we can distinguish two situations:

Shorter waves: L . R; ! 2 �
gH
L 2 (9.68)

Longer waves: L & R; ! 2 � f 2: (9.69)

6Note how the discretization has added two length scales,� x and� y, to the discussion.
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The shorter waves are dominated by gravity and the relative error on! 2 behaves as

! 2 � ~! 2

gH=L2 � (1 � � 2
x ): (9.70)

If the wave is well resolved (� x � L ), the error tends towards zero for all four grids because
� x ! 1. For the barely resolved waves (� x � L ), the errors are largest for the discretizations
in which� x and� y depart most from unity. In this sense the A–, B– and D–grids have larger
errors than the C–grid (see Table9.1).

The longer waves are dominated by rotation, and the relativeerror on! 2 behaves as

! 2 � ~! 2

f 2 � (1 � � 2): (9.71)

Again, � should remain close to unity for all wavenumbers, so that theB–grid outperforms
both the C– and D–grids. For details on the errors, an exploration with abcdgrid.m in
parameter space provides relative errors �elds as those depicted in Figure9-14 for various
resolution levelsR=� x, etc. Errors can be further investigated through the analysis of the
group velocity behavior (Numerical Exercise 9-5) and in thecontext of generalized dynam-
ics, including planetary waves, with a clear distinction between zonal and meridional wave
behaviors (Dukowicz, 1995; Haidvogel and Beckmann, 1999).

Because the A–grid suffers from spurious modes, and the D–grid is always penalized in
terms of accuracy, the B– and C–grids are the most interesting ones among the four types.
Since wavelengths up to� x � L are to be resolved in a signi�cant way, the C–grid is the
better choice as long as� x � R, whereas forR � � x the B–grid should be preferred
on the ground that the error in (9.70) and (9.71) is less. This con�rms more detailed er-
ror analyses of the semi-discrete equations on staggered grids (e.g., Mesinger and Arakawa,
1976; Haidvogel and Beckman, 1999), although additional time discretization or boundary-
condition implementation can introduce stability problems (e.g., Beckers and Deleersnijder,
1993; Beckers, 1999). Also, time discretization further complicates the error analysis and
may sometimes inverse the error behavior (Beckers, 2002). Nevertheless, the choice of the
B–grid for larger grid spacing and the C–grid for �ner grid spacing is justi�ed by the fact that
for large grid spacing we only capture large-scale movements, which are nearly geostrophic.
Since the Coriolis force is dominant in this case, its discretization is crucial. Because the
B–grid does not require a spatial average of the velocity components, contrary to the C–grid,
its use should be advantageous. The pressure gradient, which is the other dominant force,
could arguably be better represented on the C–grid. If the grid is very �ne, averaging the
large-scale geostrophic equilibrium over four closely spaced nodes does not deteriorate the
geostrophic solution, whereas smaller-scale processes such as gravity waves and advection
are better captured by the C–grid.

From the preceding interpretation we can establish some general rules for staggering the
variables. Starting with the goal of placing variables on the grid so that dominant processes
are discretized in the best possible way, we can then afford to represent secondary processes
by less accurate discrete operators without affecting overall model accuracy. In practice,
however, dominant processes may change in time and space so that no single approach can
be guaranteed to work uniformly, but it should at least be tried. For example, if tracer advec-
tion is of primary interest, the C–grid can be generalized tothree-dimensions with vertical
velocities de�ned at the bottom and top of each grid cell. In that case, advection �uxes are
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Figure 9-14 For medium resolution compared to the deformation radius (R=� x = R=� y = 1 ), the
frequency error (9.67) is depicted as a function ofkx � x andky � y. Waves with wavenumber higher
thankx � x = �= 2 are not shown, and thex– andy–axes are labeled in percents of�= 2. The D–grid
clearly exhibits the worst behavior. The B–grid keeps the error low for well resolved waves, while the
C–grid creates lower errors for shorter waves.
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readily calculated using one of the advection schemes presented in Section6.6without need
for velocity interpolations. Similarly, if diffusion in a heterogeneous turbulent environment is
the main process at play, the de�nition of diffusion coef�cients between tracer nodes would
allow the direct discretization of turbulent �uxes withoutthe need of averaging the diffusion
coef�cients.

9.8 Numerical simulation of tides and storm surges

The two-dimensional equations (7.16) describing shallow-water dynamics are the central
equations from which storm-surge models of vertically mixed coastal seas have been devel-
oped. The prediction of rising sea level (surge) along a coast depends on remotely generated
waves that propagate from the stormy area toward the shore. Because shallow-water equa-
tions describe well the propagation of such waves, their prediction is indeed feasible, although
a few additional processes must be taken into account. Amongthese other processes are the
surface wind stress, through which waves are generated, andbottom friction, which causes
attenuation during travel. To include these last two stresses, we can start from the observation
that the shallow-water equations assume that the �ow is independent of the vertical coordi-
nate. If this is not the case, we can at least try to predict theevolution of the depth-averaged
velocity,

�u =
1
h

Z b+ h

b
u dz �v =

1
h

Z b+ h

b
v dz (9.72)

wherez = b is the bottom level andh the water depth. We can derive a governing equation
for �u by integrating vertically the three-dimensional governing equations including thex–
momentum equation:

@u
@t

=
@
@z

�
� E

@u
@z

�
+ F (u); (9.73)

where the termF (u) gathers all terms other than the time derivative and vertical diffusion.
We can then integrate vertically to obtain

1
h

Z b+ h

b

@u
@t

dz =
� x

� 0h
�

� x
b

� 0h
+ F (u); (9.74)

where boundary conditions similar to (4.34) have been used for the surface wind stress� and
bottom stress� b, respectively. Physically, these stresses appear here as body forces applied
to the layerh of �uid moving as a slab with the depth-averaged velocity (Figure9-15).

Two dif�culties arise, however, during the integration. The �rst is that the elevation of the
surface is time dependent and does not allow a simple permutation of the integration with the
time derivative in the left-hand side of (9.74)7. The second and more fundamental dif�culty
is due to the nonlinearities of the equations, which preventus from equating the average of
F (u) with F (�u), i.e.,

F (u) 6= F (�u) (9.75)

7This problem can be overcome by using Leibniz rule as done in Section 15.6.
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Figure 9-15 For a �uid column of vol-
umehS and moving with the average
velocity �u, Newton's second law in the
absence of lateral friction and pressure
force implicates the forces associated
with the surface stress� and bottom
friction: � 0hS d�u=dt = ( � � � b)S.

so that we cannot express the right-hand side of (9.74) as a function of only the average ve-
locity. The integrated equation then requires some form of parameterization. Hence, shallow-
water models include additional parameterization of the horizontal-diffusion type.

For simplicity, the governing equations are written as if depth averaging had not taken
place and the overbar (� ) operator is ignored. The outcome is that it is suf�cient to add
the�=(� 0h) and� � b=(� 0h) terms to the right-hand side of the two-dimensional momentum
equations (7.9a) and (7.9b), and then to include a parameterization of the nonlinear effects.
The wind-stress� appears as an externally imposed source term in the equations while the
bottom stress is depending on the �ow itself,i.e., � b = � b(u; v). A dif�culty arises here be-
cause the bottom stress depends on the velocity pro�le near the bottom whereas the governing
equations provide only the vertical average of the velocity. A parameterization is needed here,
too. The simplest version is linear bottom friction, in which the frictional term is made linear
in, and opposite to, velocity:

� x
b = � r� 0 u; � y

b = � r� 0 v; (9.76)

wherer is a coef�cient with dimensions of velocity (LT � 1). The linear formulation is partic-
ularly advantageous in analytical studies or with spectralmethods. They fail, however, to take
into account the turbulent nature of the bottom boundary layer, with stress better expressed
as a quadratic function of velocity (see Chapter14):

� x
b = � � 0Cd

p
u2 + v2 u; � y

b = � � 0Cd

p
u2 + v2 v; (9.77)

with a dimensionlessdrag coef�cientCd either constant or depending on the �ow itself.
Finally, the direct driving force associated with a moving disturbance of the atmospheric

pressurepatm (x; y; t ) can be easily taken into account by including it in the pressure boundary
condition at the surface (4.32), p = � 0g� + patm .

We can now estimate the wind-induced surge in a shallow sea byconsidering how the
storm piles up water near the coast (Figure9-16). This accumulation of water creates a sur-
face elevation (surge) and, consequently, an adverse pressure gradient. Eventually, this ad-
verse pressure gradient can grow strong enough to cancel thewind stress. When this balance
is reached, the sea surface slope caused by the wind stress isgoverned by

@�
@x

'
�

� 0gh
: (9.78)
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A

L

Wind stress

Bottom
Figure 9-16 The piling up of water by
a storm near a coast creates an adverse
pressure-gradient force, and an equilib-
rium can exist if it cancels the wind-
stress force.

This relation provides an estimate of the storm-surge amplitudeA as a function of the distance
L over which the wind blows:

A '
L�

� 0gh
: (9.79)

Note that the shallower the water, the stronger the effect. In other words, storm surges inten-
sify near the coast where the water is shallower.

Storm surges can become dramatic when superimposed to the tide, and it is therefore
important to know how to calculate tidal elevations, too. Tides are forced gravity waves
caused by the gravitational attraction of the moon and sun. The following development is
also valid for the atmosphere, but the velocities associated with atmospheric tides are much
smaller than the wind speed due to atmospheric disturbances. Tides, therefore, are generally
negligible in the atmosphere, while tidal currents in the ocean can be an order of magnitude
larger than other currents.

To quantify the net effect of the gravitational acceleration of the moon and sun, we have
to realize that the whole system is moving. Therefore Newton's law cannot simply be written
with respect to axes �xed at the earth center as we did in Chapter2. Instead, using Newton's
law in absolute axesI , J andK of the solar system, we can calculate the absolute acceleration
A of the �uid parcel and of the earthAe under the moon's attraction8:

� A = � 
 + � f (9.80)

M eAe = M e
 e: (9.81)

We regrouped under the force� f all forces acting on the �uid parcel other than the moon's
attraction. The gravitational forces9 � 
 andM e
 e involve the gravitational constantG =
6:67 � 10� 11 N m2/kg2, the earth's massM e = 5 :9736� 1024 kg, the moon's massM m =
7:349 � 1022 kg, the distanceDm � 385000 km between earth and moon, and the actual
distancedm of the point under consideration to the moon (Figure9-17). The two gravitational
accelerations are directed towards the center of the moon and of magnitude


 =
GM m

d2
m

; 
 e =
GM m

D 2
m

: (9.82)

8The sun's in�uence can be studied in an analogous way.
9It should be clear that for a �uid parcel, forces are per unit volume, whereas for the earth we speak about full

forces.
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Figure 9-17 The moon acts simultaneously on a �uid parcel lying on the earth's surface as well as on
the entire earth. The tidal force results from the mutual attraction between Earth and moon and from
the local gravitational attraction on Earth.

We are not so much interested in the movement of the earthper se, but we need its
acceleration to subtract it from the �uid parcel's absoluteacceleration, which isA = Ae +
d2r=dt2. The �uid's parcel's relative acceleration with respect tothe earth is thus

d2r
dt2 = f + ( 
 � 
 e): (9.83)

Without the astronomical force, the equation would have been d2r=dt2 = f , and so we note
that its effect is the addition of a so-calledtidal force(per unit volume):

� f t = � (
 � 
 e): (9.84)

We notice that this force is the difference between two almost identical forces. Its locally
vertical component is:

f " = 
 cos(� + � ) � 
 e cos�: (9.85)

The expression can be simpli�ed because the angle� is extremely small (Figure9-17, diagram
in lower right). By expandingcos(� + � ) and using

cos� ' 1; Dm sin� ' r sin �; (9.86)

we obtain

f " =
GM m

D 2
m

��
D 2

m

d2
m

� 1
�

cos� �
D 2

m

d2
m

r sin �
Dm

sin �
�

: (9.87)
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The use ofdm in the formulation of the tidal forcing is not very practical. (Can you tell
at any moment the precise distance of your position with respect to the moon?) So, we use
the identityr cos� + dm cos� = Dm and the smallness of� to obtain

dm ' Dm

�
1 �

r
Dm

cos�
�

: (9.88)

For the same reason that� is small, the ratior=D m is also considered small10, and we drop
higher-order terms inr=D m :

D 2
m

d2
m

' 1 + 2
r

Dm
cos�; (9.89)

so that the vertical component of the tidal force can be reduced to

f " '
GM m

D 3
m

r (3 cos2 � � 1): (9.90)

To compare its magnitude tog = GM e=r2 = 9 :81m/s2, the gravitational acceleration of
the earth on its surface, we form the ratio� = f " =gand �nd it to be on the order of

� �
r 3M m

D 3
m M e

� O (10� 7): (9.91)

It appears therefore that the tidal force associated with the moon is completely negligible, not
only compared to gravityg but also to any of the typical forces acting along the vertical. So
does it mean tidal forces are not responsible for the observed tides? Of course they are, but
not through the local vertical attraction as sometimes erroneously thought, but through the
horizontal component, which we now proceed to calculate.

The component of the tidal force along the local northward axis (j in Figure2-9) is, after
several simpli�cations similar to those made above,

f  ' �
GM m

D 3
m

3r cos� sin �: (9.92)

The order of magnitude of this force component is the same as that of the vertical one, but
since all horizontal forces are much smaller than gravity, the horizontal tidal force isnot
negligible and acts to make the �uid converge or diverge. Thespatial distribution of this
force along the earth's surface is such that it tends to create a bulge in the region of the earth
facing the moon and a second bulge at the diametricallyoppositeplace. The explanation is
that, for a point closer to the moon thanDm , the gravitational pull of the moon exceeds the
centrifugal force associated with the earth-moon co-rotation, while on the opposite side of
the earth the inverse is true; the centrifugal force of the earth-moon co-rotation exceeds the
gravitational pull of the moon. This is the essential mechanism of lunar tides Figure9-18).
Solar tides are similar, with the sun taking the place of the moon but being much larger and
much further away.

The angle� involved in our formula is constantly changing in time because of the terres-
trial rotation and lunar motion, and it must be determined through astronomical calculations

10In the case of the earth-moon system, its value is about 6400/385000� 0.017.
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f  

Figure 9-18 The movement of Earth and moon around their common center of mass creates a centrifu-
gal force that is weaker than the moon's gravitational attraction for earth points facing the moon. The
resulting horizontal tidal forcef  has a tendency to create a bulge toward the moon. On the earth's
face opposite to the moon, the centrifugal force is larger than the moon's gravitational attraction, and
the horizontal force creates a second bulge facing away fromthe moon. Since the earth rotates around
its own South–North axis, the two bulges move with respect tothe continents.

(e.g., Doodson, 1921). These calculations also take into accountvariations in the earth-moon
distanceDm , which induce slow modulations of the tidal force. Trigonometric calculations
reveal different periods of motion, the most noticeable onebeing due to the co-rotation of
the earth and moon, giving rise to an apparent rotation of themoon over a given point on
the earth every 24 h and 50 minutes (24 hours of terrestrial rotation plus a delay caused by
the moon rotating around the sun in the same direction). But,because there are two bulges
half an earth's circumference apart from each other (mathematically because of the product
cos� sin � in (9.92)), the period of the main lunar tide is only half of that,i.e., 12 h 25 minutes.

For practical purposes, it is worth noting that the tidal force can be derived from the so-
calledtidal potential(see Analytical Problem 9-8). In the local Cartesian coordinate system,
the tidal force can be expressed as

f t = �
�

@V
@x

;
@V
@y

;
@V
@z

�
with V = �

GM m

D 3
m

r 2

2
(3 cos2 � � 1): (9.93)

All we have to do then is to calculate the local tidal potential, take its local derivatives and
introduce these as tidal forces in the shallow-water equations.

The tidal potential can also be used to estimate tidal amplitudes. Since the tidal force,
i.e., the gradient of the potential, has a form similar to the pressure-gradient force associated
with the sea surface height, we can ask which distribution of� , denoted� e, would cancel the
tidal force so that no motion would result. Obviously, this is the case when

� e = �
V
g

=
GM m

D 3
m

r 2

2g
(3 cos2 � � 1)

= O
�

GM m

D 3
m

r 2

g

�
� 0:36m: (9.94)
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This de�nes the so-calledequilibrium tide, �rst derived by Isaac Newton. It would be the tidal
elevation if the �uid could follow the tidal force in order toremain in equilibrium with the
pressure gradient generated by the bulges. In reality, however, continents and topographic
features in the ocean do not allow sea water to stay at the equilibrium. Not only is the
equilibrium tide never reached, but the tidal potential is also in need of further adaptation to
take into account the solid-earth deformation due to tides and the self-attraction of tides (e.g.,
Hendershott, 1972).

In the same way as we de�ned the equilibrium tide, we can determine the sea surface
height that would exactly cancel the effect of an atmospheric pressure disturbancepatm :

� = �
patm

� 0g
; (9.95)

which can be used as a �rst approximation to estimate the effect of atmospheric pressure on
measurements of� and is called theinverse barometric response.

For actual tidal predictions we resort to numerical methods. For this, we gather all terms
previously mentioned in this chapter and add the componentsof the tidal force. The govern-
ing equations used in a shallow-water model to predict both tides and storm surges are:

@u
@t

+ u
@u
@x

+ v
@u
@y

� fv = �
1
� 0

@p
@x

+
� x

� 0h
�

� x
b

� 0h
�

@V
@x

+
1
h

@
@x

�
A

@hu
@x

�
+

1
h

@
@y

�
A

@hu
@y

�
(9.96a)

@v
@t

+ u
@v
@x

+ v
@v
@y

+ fu = �
1
� 0

@p
@y

+
� y

� 0h
�

� y
b

� 0h
�

@V
@y

+
1
h

@
@x

�
A

@hv
@x

�
+

1
h

@
@y

�
A

@hv
@y

�
(9.96b)

p = � 0g� + patm (9.96c)

together with (7.14) and (9.93). Note that the driving forces of wind and tide act very differ-
ently. While the wind-stress acts as a surface force and therefore appears with a factor1=h,
the tidal force is a body force acting over the whole water column. Consequently, the tidal
force is more important in the deeper parts of the ocean. Thismight surprise us since we are
used to observe the highest tides near the coasts, whereh is small! In most cases, tides are
generated in the deeper parts of the oceans, where the tidal force acts on a thick layer of water,
creates a pattern of convergence/divergence and locally modi�es the sea surface height. The
sea surface elevation is then propagated as a set of Kelvin and Poincaré waves into shelf seas
and coastal regions, where the reduced depth increases their amplitudes (Figure9-2).

Some shelf models can provide tidal predictions by imposingtidal elevations at distant
open boundaries and propagating the waves into the domain while discarding the local tidal
force. This is consistent with the idea that, in shallow seas, the wind stress is the dominant
local forcing. Indeed, in a 10000-m-deep basin the tidal force is equivalent to the surface
friction of a 75 m/s wind, while in a shallow sea of 100 m, a windof 7.5 m/s already matches
the local tidal force. An example of a tidal calculation in which the tides are imposed along
an open boundary is given in Figure9-19. In this �gure, we note in passing the presence of
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Figure 9-19 Tidal amplitudes (full lines) and phases (dotted lines) over the Northwestern European
continental shelf, generated by the moon. (Eric Delhez)

nodes where the tidal amplitude is nil and the phase unde�ned. Each such node, called anam-
phidromic point, is a place where the various wave components cancel each other (destructive
interference).

The numerical implementation of the model we have just developed is readily feasible
since we have already encountered all its ingredients: timestepping, advection, Coriolis
term, pressure gradient, diffusion, which were all treatedin detail in previous sections. The
only remaining term is that including the bottom stress, andfor it we suggest to discretize it
with the Patankar technique (to be discussed in Section14.6) if the quadratic relationship is
selected:

� x
b = � � 0Cd

p
(un )2 + ( vn )2 un +1 ; � y

b = � � 0Cd

p
(un )2 + ( vn )2 vn +1 : (9.97)

Since several methods are available for each process, the combination of the various pro-
cesses leads to a very wide array of possible numerical implementations, all at relatively low
cost with two spatial dimensions. This explains the large number of two-dimensional numer-
ical models that were developed relatively early in geophysical �uid modeling (e.g., Nihoul,
1975; Backhaus, 1983; Heaps, 1987).
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Analytical Problems

9-1. Prove that Kelvin waves propagate with the coast on their left in the Southern Hemi-
sphere.

9-2. The Yellow Sea between China and Korea (mean latitude: 37� N) has an average depth
of 50 m and a coastal perimeter of 2600 km. How long does it takefor a Kelvin wave
to go around the shores of the Yellow Sea?

9-3. Prove that at extremely large wavelengths, inertia-gravity waves degenerate into a �ow
�eld where particles describe circular inertial oscillations.

9-4. An oceanic channel is modeled by a �at-bottom strip of ocean between two vertical
walls. Assume that the �uid is homogeneous and inviscid, andthat the Coriolis param-
eter is constant. Describe all waves that can propagate along such a channel.

9-5. Consider planetary waves forced by the seasonal variationsof the annual cycle. For
f 0 = 8 � 10� 5 s� 1, � 0 = 2 � 10� 11 m� 1s� 1, R = 1000 km, what is the range of
admissible zonal wavelengths?

9-6. Because the Coriolis parameter vanishes along the equator,it is usual in the study of
tropical processes to write

f = � 0y;

wherey is the distance measured from the equator (positive northward). The linear
wave equations then take the form
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(9.98)
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�
= 0 ; (9.100)

whereu and v are the zonal and meridional velocity components,� is the surface
displacement,g is gravity, andH is the ocean depth at rest. Explore the possibility of
a wave traveling zonally with no meridional velocity. At which speed does this wave
travel and in which direction? Is it trapped along the equator? If so, what is the trapping
distance? Does this wave bear any resemblance to a mid-latitude wave (f 0 not zero)?
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9-7. Seek wave solutions to the nonhydrostatic system of equations with nonstrictly vertical
rotation vector:

@u
@t

� fv + f � w = �
1
� 0

@p
@x

(9.101a)

@v
@t

+ fu = �
1
� 0

@p
@y

(9.101b)

@w
@t

� f � u = �
1
� 0

@p
@z

(9.101c)

@u
@x

+
@v
@y

+
@w
@z

= 0 : (9.101d)

The �uid is homogeneous (� = 0 ), inviscid (� = 0 ) and in�nitely deep. Consider in
particular the equivalent of the Kelvin wave (u = 0 at x = 0 ) and Poincaré waves.

9-8. Prove by using a local polar coordinate system that tidal forces derive from the tidal
potential (9.93).

9-9. Estimate the average travel time for a gravity wave to circlethe earth along the equator,
assuming that there are no continents and that the average depth of the ocean is 3800 m.
Compare to the tidal period.

9-10. Based on the mass of the sun and its distance to the earth, how intense do you expect
solar tides to be compared to lunar tides? At what period do the combined forces give
rise to the strongest tides?

9-11. Knowing that a hurricane approaching Florida has a diameterof 100 km and wind-
speedsU of 150 km/h, which storm surge height do you expect in a 10-m-deep coastal
sea? Use the following wind-stress formula:� = 10 � 6� 0U2.

9-12. Assuming the earthquake near Indonesia's Sumatra Island on26 December 2004 gen-
erated a surface wave (tsunami) by an upward motion of the sea�oor during 10 min-
utes, estimate the wavelength of the wave. For simplicity, assume a uniform depth
h = 4 km. Estimate also the time available between the detection of the earthquake
and the moment the tsunami reaches a coastline 4000 km away. If instead of a uniform
depth, you use the depth pro�leh(x) provided insumatra.m , how would you esti-
mate the travel time? Investigate under which conditions you can use the local wave
speed of gravity waves over uneven topography. (Hint: Compare the wavelength to the
length scale of topographic variations.)

9-13. In order to avoid the problem in Section9.5 of an in�nitely deep layer at large dis-
tances, assume now that the �ow takes place in a channel of width L . How are the
topographic waves modi�ed by the presence of the lateral boundaries?

9-14. Consider an inertia-gravity wave of wavelength� = 2 �=k on thef -plane and align
the x–axis with the direction of propagation (i.e., kx = k andky = 0 ). Write the
partial-differential equations and solve them foru and� proportional tocos(kx � !t )
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andv proportional tosin(kx � !t ). Then calculate the kinetic and potential energies
per unit horizontal area, de�ned as

KE =
1
�

Z �

0

1
2

� 0(u2 + v2)H dx (9.102a)

P E =
1
�

Z �

0

1
2

� 0g� 2 dx; (9.102b)

each in terms of the amplitude of� and show that the kinetic energy is always greater
than the potential energy, except in the casef = 0 (pure gravity waves), in which case
there is equipartition of energy.

9-15. Take a hurricance or typhoon from last summer season and notethe pressure anomaly
in its eye as it approached the coast. Determine the inverse barometric response at that
time.

Numerical Exercises

9-1. Establish the numerical stability condition of schemes (9.53) and (9.54). Can you pro-
vide an interpretation for the parameterc� t=� x? Compare to the CFL criterion.

9-2. Spell out the spatial discretization on the B–, C– and D–grids of Equations (9.4a)
through (9.5).

9-3. Implement the C–grid in Matlab for equations (9.4a) through (9.5) with a variable �uid
thickness given on a grid at the same location as� . Use a time discretization as in (9.54)
and a fractional-step approach for the Coriolis term. Then use your code to simulate a
pure Kelvin wave for different values of� x=R andk2

x R2 by initializing with the exact
solution. (Hint: Use a periodic domain in thex–direction and a second impermeable
boundary in they–direction, to be justi�ed, aty = 10R. Start fromshallow.m .)

9-4. Analyze the way geostrophic equilibrium is represented in discrete Fourier modes on
the B– and C–grids.

9-5. Investigate group-velocity errors for the different Arakawa grids using the numerical
dispersion relation given in (9.66). Use� x = � y and distinguish two types of waves:
kx 6= 0 , ky = 0 andkx = ky . Vary the resolution by takingR=� x = 0 :2; 1; 5, where
R is the deformation radius.

9-6. Design the ideal staggering strategy for a model in which theeddy viscosity� E is cho-
sen proportional toj@u=@zjl2

m , wherelm is a speci�ed mixing length and velocityu
is determined numerically from a governing equation that includes vertical turbulent
diffusion.
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9-7. Assume you need to calculate the vertical component of relative vorticity from a discrete
velocity �eld provided on the two-dimensional C–grid. Where is the most natural node
to calculate the relative vorticity? Can you see an advantage to using a D–grid here?

9-8. Can you think of possibilities to include bottom topographic variations as those inducing
tsunamis in shallow-water equations?

9-9. Take the variable depth implementation of Numerical Exercise 9-3 and apply it to the
following topography

h = H0 + � H

"

1 + tanh

 
x � L

2

D

!#

with H0 = 50 m, D = L=8 and� H = 5 H0. Use a solid wall atx = 0 andx =
L = 100 km and periodic boundary conditions in they–direction across a domain of
length5L . Start with zero velocities and a Gaussian sea surface elevation of width
L=4 and height of 1 m in the center of the basin. Use linear bottom friction with
friction coef�cient r = 10 � 4 m/s. Trace the evolution of the sea surface elevation for
f = 10 � 4 s� 1.

9-10. Perform a storm-surge simulation with the implementation of Numerical Exercise 9-3
by using a uniform wind stress over a square basin with a uniform topography and then
with the topography given in Numerical Exercise 9-9. Use thequadratic law (9.77) for
bottom friction.



William Thomson, Lord Kelvin
1824 – 1907

(Standing at right, in laboratory of Lord Rayleigh, left)

Named professor of natural philosophy at the University of Glasgow, Scotland, at age 22,
William Thomson became quickly regarded as the leading inventor and scientist of his time.
In 1892, he was named Baron Kelvin of Largs for his technological and theoretical contri-
butions leading to the successful laying of a transatlanticcable. A friend of James P. Joule,
he helped establish a �rm theory of thermodynamics and �rst de�ned the absolute scale of
temperature. He also made major contributions to the study of heat engines. With Hermann
von Helmholtz, he estimated the ages of the earth and sun, andventured into �uid mechan-
ics. His theory of the so-called Kelvin wave was published in1879 (under the name William
Thomson). His more than 300 original papers left hardly any aspect of science untouched.
He is quoted as saying that he could understand nothing of which he could not make a model.
(Photo by A.G. Webster)
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Akio Arakawa
1927 –

Akio Arakawa entered the Japanese Meteorological Agency in1950 and received his doctor-
ate at the University of Tokyo in 1961. He then went to the University of California in Los
Angeles (UCLA) to pursue research, at a time when the atmospheric-circulation computer
models could reproduce weather-like motion but not for long. Beyond a two-week simula-
tion the computed patterns no longer looked like weather, and Arakawa's work demonstrated
that the problem lied in the arti�cial generation of energy by inadequate numerical proce-
dures. He also found the remedy. This remedy consisted of enforcing conservation of energy
and of enstrophy (the square of vorticity) at the grid level.

The grids, which he proposed and later came to bear his name, were developed in the
context of a study (Arakawa and Lamb, 1977) on the effects of grid topology on the dispersion
of inertia-gravity waves. Arakawa's legacy to the science of weather prediction by computer
modeling is signi�cant and enduring. (Photo credit: Akio Arakawa)
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