Chapter 9

Barotropic Waves

SUMMARY : The aim of this chapter is to describe an assortment of wHwescan be
supported by an inviscid, homogeneous uid in rotation aménalyze numerical grid ar-
rangements that facilitate the simulation of wave propagain particular for the prediction
of tides and storm surges.

9.1 Linear wave dynamics

Chie y because linear equations are most amenable to mstbiogblution, it is wise to gain
insightinto geophysical uid dynamics by elucidating thesgible linear processes and inves-
tigating their properties before exploring more intricatenlinear dynamics. The governing
equations of the previous section are essentially nontiremasequently, their linearization
can proceed only by imposing restrictions on the ows undersideration.

The Coriolis acceleration terms present in the momenturatéans [E213 and E2T1hH)]
are, by nature, linear and need not be subjected to any apmtan. This situation is
extremely fortunate because these are the central termsophgsical uid dynamics. In
contrast, the so-called advective terms (or convectivasgare quadratic and undesirable at
this moment. Hence, our considerations will be restricteldw-Rossby-number situations:

U
Ro = 3 L (9.2
This is usually accomplished by restricting the attentmnefatively weak ows (smallJ),
large scales (largk), or, in the laboratory, fast rotation (largg. The terms expressing the
local time rate of change of the velocitg(u=@and @ v=@are linear and are retained here
in order to permit the investigation of unsteady ows. Thti& temporal Rossby number is
assumed to be on the order of unity:

Ror = 1 (92)
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250 CHAPTER 9. BAROTROPIC WAVES

Contrasting condition9) and [82), we conclude that we are about to consider slow ow
elds that evolve relatively fast. Aren't we asking for thepossible? Not at all, for rapidly
moving disturbances do not necessarily require large itedec In other words, information
may travel faster than material particles, and when thikéschse, the ow takes the aspect
of a wave eld. A typical example is the spreading of concentipples on the surface of a
pond after the throwing of a stone; energy radiates but tkere appreciable water movement
across the pond. In keeping with the foregoing quantities;adeC for the wave speed (or
celerity) can be de ned as the velocity of a signal coverimg distancé. of the ow during
the nominal evolution tim& , and, by virtue of restriction(J) and [8.2), it can be compared
to the ow velocity:

C=~= LU (9.3)

Thus, our present objective is to consider wave phenomena.

To shed the best possible light on the mechanisms of the basie processes typical in
geophysical ows, we further restrict our attention to haggaeous and inviscid ows, for
which the shallow-water model (secti@@) is adequate. With all the preceding restrictions,
the horizontal momentum equatioi693d and [Z.90) reduce to

@u @

_@t fv g _@x (9.4a)
@v _ @ |

G = gy (9.4b)

wheref is the Coriolis parameteg the gravitational acceleration, andv are the veloc-
ity components in the— andy—directions, respectively, andis the surface displacement
(equalto = h H, the total uid depthh minus the mean uid thicknesd). The inde-
pendent variables arvg y andt; the vertical coordinate is absent, for the ow is vertigall
homogeneous (Secti@hd).

In terms of surface height, the continuity equatiorff{I9 can be expanded in several
groups of terms:

@+ UQ'FV@ + H QU+ @V + @U_{_ @V
@t @x @y @x @y @x @y
if the mean deptiH is constant ( at bottom). Introducing the scaleH for the vertical
displacement of the surface, we note that the four groups of terms in thequtiag equation
are, sequentially, on the order of
H H U U
T YT HD AT
According to B3, L=T is much larger thatJ, and the second and fourth groups of terms
may be neglected compared with the rst term, leaving us Withlinearized equation
@ @u @v
— +H =+ = =0; 9.5
@t @x @y (5.5)
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the balance of which requiresH /T to be on the order df H=L or, again by virtue of@.3),

H  H: (9.6)

We are thus restricted to waves of small amplitudes.

The system of equation8#43 through governs the linear wave dynamics of invis-
cid, homogeneous uids under rotation. For the sake of sinmgitation, we will perform the
mathematical derivations only for positive values of thei@ls parametef and then state
the conclusions for both positive and negative value§ .ofThe derivations with negative
values off are left as exercises. Before proceeding with the sepattadées of geophysical
uid waves, the student or reader not familiar with the cquiseof phase speed, wavenumber
vector, dispersion relation, and group velocity is dirddi® Appendix B. A comprehensive
account of geophysical waves can be found in the book by LreBémd Mysak (1978), with
additional considerations on nonlinearities in Pedlo2603).

9.2 The Kelvin wave

The Kelvin wave is a traveling disturbance that requiressingport of a lateral boundary.
Therefore, it most often occurs in the ocean where it caret@ong coastlines. For conve-
nience, we use oceanic terminology such as coast and offshor

As a simple model, consider a layer of uid bounded below by&zontal bottom, above
by a free surface, and on one side (say,thaxis) by a vertical wall (FigufB=J). Along this
wall (x = 0, the coast), the normal velocity must vanish«0), but the absence of viscosity
allows a non-zero tangential velocity.

As he recounted in his presentation to the Royal Society ohlitolgh in 1879, Sir
William Thomson (later to become Lord Kelvin) thought thhe tvanishing of the veloc-
ity component normal to the wall suggested the possibitisit it be zero everywhere. So, let
us state, in anticipation,

u=0 (9.7)

throughout the domain and investigate the consequenc#muh Equatiorfd.43 contains
a remaining derivative with respect x¢ Equationsf@.Zl) and [8.5) contain only derivatives
with respect toy and time. Elimination of the surface elevation leads to glsiequation for
the alongshore velocity:

@v _ ,@v .
- ¢ @7 (9.8)
where
c= " gH (9.9)

is identi ed as the speed of surface gravity waves in noriogeshallow waters.
The preceding equation governs the propagation of onefdifoeal nondispersive waves
and possesses the general solution
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Figure 9-1 Upwelling and downwelling Kelvin waves. In the Northern Hephere, both waves travel
with the coast on their right, but the accompanying curreifter. Geostrophic equilibrium in the—
momentum equation leads to a veloaityhat is maximum at the bulge and directed as the geostrophic
equilibrium requires. Because of the different geostrophalocities at the bulge and further away,
convergence and divergence patterns create a lifting ariogy of the surface. The lifting and lowering

is such that the wave propagates towards neggtimesither case (positive or negative bulge).

v = Vi(x; y+ct) + Vo(x;y ct); (9.10)

which consists of two waves, one traveling toward decrepsiand the other in the opposite
direction. Returning to eitheB{4R) or @3 whereu is set to zero, we easily determine the
surface displacement:

s s

= %Vl(x; y + ct) + %Vg(x; y ct): (9.12)

(Any additive constant can be eliminated by a proper red@niof the mean deptH .) The
structure of the functiong; andV, is then determined by the use of the remaining equation,

i.e, @43:

ev_ f . @y_ _ f
ox”  PgE ' ex” T g ”

or

Vi = Vig(y+che RV = Vao(y ct) R,

where the lengtir, de ned as

p_
gH o
—_— - 9.12
: ; (9.12)
combines all three constants of the problem. Within a nucaéfactor, it is the distance
covered by a wave, such as the present one, traveling atéleesguring one inertial period
(2 =f ). For reasons that will become apparent later, this quaistitalled theRossby radius

of deformationor, more simply, the radius of deformation.
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ATLANTIC
OCEAN

Figure 9-2 Caotidal lines (dashed) with time in lunar hours for the M2etich the English Channel

showing the eastward progression of the tide from the Nottantic Ocean. Lines of equal tidal range
(solid, with value in meters) reveal larger amplitudes gltme French coast, namely to the right of the
wave progression in accordance with Kelvin waves. (Fronuéman, 1953, as adapted by Gill, 1982.)

Of the two independent solutions, the second increasesexpially with distance from
shore and is physically un t. This leaves the other as thetmgeseral solution:

= % (9.13a)
=  gHF(y+ct)e <R (9.13b)
= HF (y+ct)e ©R; (9.13c)

whereF is an arbitrary function of its variable.

Because of the exponential decay away from the boundariKéheén wave is said to be
trapped. Without the boundary, it is unbounded at largeadists and thus cannot exist; the
lengthR is a measure of the trapping distance. In the longshoretiiredhe wave travels
without distortion at the speed of surface gravity wavegsh&Northern Hemispheré ¢ 0,
as in the preceding analysis), the wave travels with thetamagts right; in the Southern
Hemisphere, with the coast on its left. Note that, althoughdirection of wave propagation
is unique, the sign of the longshore velocity is arbitraryr épwelling wave i(e., a surface
bulge with > 0) has a current owing in the direction of the wave, wherea®aiawelling
wave {.e. a surface trough with< 0) is accompanied by a current owing in the direction
opposite to that of the wave (Figugel).

In the limit of no rotation{ ! 0), the trapping distance increases without bound and the
wave reduces to a simple gravity wave with crests and troogksted perpendicularly to
the coast.

Surface Kelvin waves (as described previously, and to bendisished from internal
Kelvin waves, which require a strati cation, see the end bbftelld) are generated by the
ocean tides and by local wind effects in coastal areas. Fample, a storm off the northeast
coast of Great Britain can send a Kelvin wave that followsgheres of the North Sea in a
counterclockwise direction and eventually reaches thd ws@sst of Norway. Traveling in
approximately 40 m of water and over a distance of 2200 kngdbmplishes its journey in
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about 31 h.

The decay of the Kelvin-wave amplitude away from the coaslgarly manifested in the
English Channel. The North Atlantic tide enters the Chaffiroeh the west and travels east-
ward toward the North Sea (Figuged). Being essentially a surface wave in a rotating uid
bounded by a coast, the tide assumes the character of a Kedwie and propagates while
leaning against a coast on its right, namely, France. Thita@s why tides are noticeably
higher along the French coast than along the British coasweaténs of kilometers across

(Figurelg=3).

9.3 Inertia-gravity waves (Poincag waves)

Let us now do away with the lateral boundary and relax theiktpnu = 0. The system of
equationsf@.43 through is kept in its entirety. Wit constant and in the presence of a
at bottom, all coef cients are constant, and a Fourier-re@blution can be sought. With

v, and taken as constant factors times a periodic function

01 0,1
@UA = < @UA glloxtkyy 1) (9.14)
Vv \

where the symbot indicates the real part of what follows, andk, are the wavenumbersin
thex— andy—directions, respectively, andis a frequency, the system of equations becomes
algebraic:

iy fv = i gke A (9.15a)
iv + fu = igk/A (9.15b)
ilA + H (kU +ikyV) = 0: (9.15¢)
This system admits the trivial solutian= v = = 0 unless its determinant vanishes. Thus
waves occur only when the following condition is met:
Lp? f2 gH (ki + k)] = 0: (9.16)

This condition, called thelispersion relation provides the wave frequency in terms of the
wavenumber magnitude = (kZ + k7)'=? and the constants of the problem. The rst root,
I = 0, corresponds to a steady geostrophic state. Returnir@.4d (through with
the time derivatives set to zero, we recognize the equatiomerning the geostrophic ow
described in Sectioffl In other words, geostrophic ows can be interpreted asshece
waves of any wavelength. If the bottom were not at, theseVes! would cease to exist and
be replaced by Taylor columns.

The remaining two roots,

O —
I = f2+ gHK2 (9.17)
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1=f

Poincaré

3 2 1 1 5 3 kyR Figure 9-3 Recapitulation of the dis-
persion relation of Kelvin and Poincaré
waves on thef -plane and on a at
bottom. While Poincaré waves (gray
shades) can travel in all directions and
occupy therefore a continuous spec-
2 trum in terms ofky, the Kelvin wave
(diagonal line) propagates only along a
boundary.

and its opposite, correspond to bona de traveling waveieddoincaie waves whose
frﬁtwncy is always superinertial. In the IiBﬂt_of no robatif = 0), the frequency i$ =

k' gH and the phase speedds= !=k = " gH. The waves become classical shallow-
water gravity waves. The same limit also occurs at large wandersk®>  f ?=gH, i.e,,
wavelengths much shorter than the deformation radius deine@@I2)]. This is not too
surprising, since such waves are too short and too fast kéhfeeotation of the earth.

At the opposite extreme of low wavenumbekg ( f ?=gH, i.e., wavelengths much
longer than the deformation radius), the rotation effechihates, yielding ' f. At this
limit, the ow pattern is virtually laterally uniform, andllauid particles move in unison,
each describing a circular inertial oscillation, as désauliin Sectiofd For intermediate
wavenumbers, the frequency (FiglEg) is always greater thain, and the waves are said to
besuperinertial Since Poincaré waves exhibit a mixed behavior betweeritgraaves and
inertial oscillations, they are often call@tertia-gravity waves

Because the phase speed !=k depends on the wavenumber, wave components of
different wavelengths travel at different speeds, and taeaws said to beispersive This is
in contrast with the nondispersive Kelvin wave, the sigriavlich travels without distortion,
irrespective of its pro le. See Appendix B for additionafémmation on these notions.

Seiches, tides and tsunamis are examples of barotropiitygveaves. Aseichds a stand-
ing wave, formed by the superposition of two waves of equalkehlength and propagating in
opposite directions due to re ection on lateral boundarigsiches occur in con ned water
bodies, such as lakes, gulfs and semi-enclosed seas. Irttiegié Sea, the untimely super-
position of a wind-generated seiche with high tide can causging in Venice (Robinsoret
al., 1973).

A tsunamiis a wave triggered by an underwater earthquake. With wag#hs ranging
from tens to hundreds of kilometers, tsunamis are baratnwpies, but their relatively high
frequency (period of a few minutes) makes them only slighffgcted by the Coriolis force.
What makes tsunamis disastrous is the gradual ampli caifdheir amplitude as they enter
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shallower waters, so that what may begin as an innocuous immiwéhe middle of the ocean,
which a ship hardly notices, can turn into a catastrophictirmuter surge on the beach.
Disastrous tsunamis occurred in the Paci ¢ Ocean on 22 M&0Xhd in the Indian Ocean
on 26 December 2004. Tsunami propagation is relatively saggrecast with computer
models. The key to an effective warning system(? the eartgafien of the originating
earthquake, to track the rapid propagation (at speedgif) of the tsunami from point of
origin to the coastline on time to issue a warning before figh tvave strikes.

Before concluding this section, a note is in order to warruabite possibility of violating
the hydrostatic assumption. Indeed, at short wavelengthshe order of the uid depth or
shorter), the frequency is high (period much shorter thafi ), and the vertical acceleration
(equal to@ =@¢% at the surface) becomes comparable to the gravitationalerationg.
When this is the case, the hydrostatic approximation brdaks, the assumption of vertical
rigidity may no longer be invoked, and the problem becomesetidimensional. For a study
of non-hydrostatic gravity waves, the reader is referre8dotion 10 of LeBlond and Mysak
(1978) and Lecture 3 of Pedlosky (2003).

9.4 Planetary waves (Rossby waves)

Kelvin and Poincaré waves are relatively fast waves, andnag wonder whether rotating,
homogeneous uids could not support another breed of slowaes. Could it be, for ex-
ample, that the steady geostrophic ows, those correspmidi the zero frequency solution
found in the preceding section, may develop a slow evolyfi@yuency slightly above zero)
when the system is modi ed somewhat? The answer is yes, aadwch class consists of
planetary waves, in which the time evolution originatedia weak but importarglanetary
effect

As we may recall from Sectid& on a spherical earth (or planet or star, in general), the
Coriolis parametef,, is proportional to the rotation rate, times the sine of the latitude;

f =2 sin "

Large wave formations such as alternating cyclones andyatdines contributing to our daily
weather and, to a lesser extent, Gulf Stream meanders sparakdegrees of latitude; for
them, it is necessary to consider the meridional changedrCtbriolis parameter. If the co-
ordinatey is directed northward and is measured from a referencadiity (say, a latitude
somewhere in the middle of the wave under consideratioah'th= ' o + y=a, wherea is

the earth's radius (6371 km). Consideriyrgaas a small perturbation, the Coriolis parameter
can be expanded in a Taylor series:

f =2 sin "g+2 %cos'o+ ::: (9.18)

Retaining only the rst two terms, we write

f =1fo+ oy (9.19)
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wherefg = 2 sin ' ¢ is the reference Coriolis parameter angl= 2( =a)cos' g is the
so-calledbeta parameter Typical midlatitude values on Earth afg =8 10 °s ! and
0=2 10 M'm Is 1 The Cartesian framework where the beta term is not retdaged
called thef -plane and that where it is retained is called tieta plane The next step in order
of accuracy is to retain the full spherical geometry (whiah avoid throughout this book).
Rigorous justi cations of the beta-plane approximation & found in Veronis (1963, 1981),
Pedlosky (1987), and Verkley (1990).
Note that the beta-plane representation is validated atatitddes only if the gy term
is small compared to the leadirig term. For the motion's meridional length scale this
implies
oL
fo
where the dimensionless ratiocan be called thplanetary number
The governing equations, having become

1; (9.20)

%‘: fo+ oy = g %X (9.21a)
%\t/+ (fo+ oy)u = g %y (9.21b)
@,y Qu o _, (9.21c)

@t @x @y

are now mixtures of small and large terms. The larger ohgsgy andH terms) comprise
the otherwise steady,-plane geostrophic dynamics; the smaller ones (time déresand

o terms) come as perturbations, which, although small, vaitegn the wave evolution.
In rst approximation, the large terms dominate, and thus  (g=fo)@ =@wndv '
+(g=fp)@ =@x Use of this rst approximation in the small terms @213 and 210
yields

9@ 9,@ _ @
foavet 'V T Y @x 9 @x (9-22)
9 @ 9,@ _ @

thoaxel Y T, Yay 9@y (9:23)

_ 9@ 9@ . g @

"= fay Zaexet 2 ey (0.24)
_ g @ g @ g @

YT Tiex RZeyer 12 ex 029

These last expressions can be interpreted as consistifgedéading and rst-correction
terms in a regular perturbation series of the velocity elle identify the rst term of each

expansion as the geostrophic velocity. By contrast, thé apd smaller terms are called
ageostrophic
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Substitution in continuity equatio®{Z1d) leads to a single equation for the surface dis-
placement:

@ » @ @ _ ..

ot R ot ox- 0; (9.26)
wherer 2 is the two-dimensional Laplace operator eRd= P gH=f, is the deformation
radius, de ned inB. 12 but now suitably amended to be a constant. Unlike the caigiet
of equations, this last equation has constant coef cients @ solution of the Fourier type,
coskxx + kyy !t ), can be sought. The dispersion relation follows:

oR?

kx )
1+ R2(kZ + k2)°
providing the frequency as a function of the wavenumber componegtsandk,. The
waves are calleghlanetary wave®r Rossby wavesn honor of Carl-Gustaf Rossby, who
rst proposed this wave theory to explain the systematic ement of midlatitude weather
patterns. We note immediately that if the beta correcti@usiiot been retained{ = 0), the
frequency would have been nil. This is the= 0 solution of Sectiof.3, which corresponds
to a steady geostrophic ow on tHeplane. The absence of the other two roots is explained
by our approximation. Indeed, treating the time derivatias small termsi.€., having in
effect assumed a very small temporal Rossby nunib@f, 1), we have retained only the
low frequency, the one much less thian In the parlance of wave dynamics, this is called
Itering .

That the frequency given bf8ZJ is indeed small can be veri ed easily. With (

1=k«  1=k/) as a measure of the wavelength, two cases can arise: kithé® orL ~ R;
the frequency scale is then given, respectively by

I = oR? (9.27)

Shorter waves L. R; ! oL (9.28)
oR?
-

In either case, our premidB.20) that oL is much less thafiy implies that is much smaller
thanf o (subinertial wave), as we anticipated.

Let us now explore other properties of planetary waves.t laingl foremost, the zonal
phase speed

Longer waves L & R; !

oL: (9.29)

! oR?

“ Tk T IR+ K) (9-30)
is always negative, implying a phase propagation to the \{feigure[@=4). The sign of
the meridional phase speef = !=k, is undetermined, since the wavenumigrmay
have either sign. Thus, planetary waves can propagate amthwestward, westward, or
southwestward. Second, very long wavisl and1=k, both much larger thaR) propagate
always westward and at the speed

c = oR?; (9.31)

which is the largest wave speed allowed.
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R 1
Tz Pw RZk?
P 1+ R2k§ K
Il R Il X
Eastward Westward Eastward

Figure 9-4 Dispersion relation of planetary (Rossby) waves. The feagy! is plotted against the
zonal wavenumbek, at constant meridional wavenumber. As the slope of the curve reverses, so
does the direction of zonal propagation of energy.

Lines of constant frequendyin the Ky, ky) wavenumber space are circles de ned by

ky + o + k2 = _0 — (9.32)

and are illustrated in Figufg=d Such circles exist only if their radius is a real number —
thatis, if 3 > 4! 2=R2. This implies the existence of a maximum frequency

i jmax = OTR ; (9.33)
beyond which planetary waves do not exist.

The group velocity, at which the energy of a wave packet pyafes, de ned as the vector
(@'=@k @!=@), is the gradient of the function in the K, ky) wavenumber plane (see
Appendix B). It is thus perpendicular to the circles of cams$t . A little algebra reveals that
the group-velocity vector is directed inward, toward thatee of the circle. Therefore, long
waves (smalky andky, points near the origin in Figul&d) have westward group velocities,
whereas energy is carried eastward by the shorter waveg(lar andky, points on the
opposite side of the circle). This dichotomy is also appaieifrigure@-4 which exhibits
reversals in slope@!=@kchanging sign).

9.5 Topographic waves

Just as small variations in the Coriolis parameter can tusteady geostrophic ow into
slowly moving planetary waves, so can a weak bottom irregylaAdmittedly, topographic
variations can come in a great variety of sizes and shapégpbthe sake of illustrating



260 CHAPTER 9. BAROTROPIC WAVES

k,R

Direction of
propagation

ka

Figure 9-5 Geometric representation
of the planetary-wave dispersion rela-
tion. Each circle corresponds to a xed
frequency, with frequency increasing
with decreasing radius. The group ve-
locity of the (kx, ky) wave is a vector
perpendicular to the circle at poirky(,

0 !y 2 I3 oR=2 =0 ky) and directed toward its center.

the wave process in its simplest form, we limit ourselvesherthe case of a weak and
uniform bottom slope. We also return to the use of a constanblis parameter. This latter
choice allows us to choose convenient directions for theresfce axes, and, in anticipation
of an analogy with planetary waves, we align thexis with the direction of the topographic
gradient. We thus express the depth of the uid at rest as:

H = Ho + oV; (9.34)

whereH is a mean reference depth anglis the bottom slope, which is required to be gentle
so that

oL
Ho
wherelL is the horizontal length scale of the motion. The topogreplarameter plays a
role similar to the planetary number, de ned B.20).
The bottom slope gives rise to new terms in the continuityagiqn. Starting with the
continuity equation[{ZI2 for shallow water and expressing the instantaneous uidia

depth as (FigurB-9)

1; (9.35)

h(x; y;t) = Ho + oy + (X Vy; t); (9.36)
we obtain
@ @ @ @u @v
at" Yex"Vay T T Y G @y
@u, @v AL
@x' @y ov = 0

Once again, we strike out the nonlinear terms by invokingg small Rossby number (much
smaller than the temporal Rossby number) for the sake adilidgnamics. The termgy can



9.5. TOPOGRAPHIC WAVES 261

Surface

Figure 9-6 A layer of homogeneous
uid over a sloping bottom and the at-
tending notation.

also be dropped next tdy by virtue of @35). With the momentum equation&43 and
@21, our present set of equations is

u —
_@t fv = g _@x (9.37a)
@v B @
_t + fu = o] —@y (937b)
@ @u  @v _ 0
St Ho o+ oy t v T 0: (9.37¢)

In analogy with the system of equations governing planeteayes, the preceding set
contains both small and large terms. The large ones (terchedimgf , g, andH o) comprise
the otherwise steady geostrophic dynamics, which correspm a zero frequency. But, in
the presence of the smalp term in the last equation, the geostrophic ow cannot remain
steady, and the time-derivative terms come into play. Wera#ly expect them to be small
and, compared to the large terms, on the order.ofn other words, the temporal Rossby
numberRor =1= T, is expected to be comparable tpleading to wave frequencies

1
! = f f
T
that are very subinertial, just as in the case of planetamesgigor which! fo.

Capitalizing on the smallness of the time-derivative tenwestake in rst approximation
the large geostrophic terma:’  (g=f)@ =@w ' +(g=f)@ =@xSubstitution of these
expressions in the small time derivatives yields, to the degree of approximation:

g@ g @
T fay fZoxet (5.382)
_ g @ g @ .
YT T fex feyet (9-380)
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The relative error is only on the order of. Replacement of the velocity componentsnd
v, by their last expressionB.383 and in the continuity equatiofd 379 provides a
single equation for the surface displacemenwhich to the leading order is

@ » @, Og@_

i R + —
@t

— =0 9.39
@t i @x (9:39)
(The ageostrophic componentwfis dropped from the gv term for being on the order of

2, whereas all other terms are on the order gfNote the analogy with equatiof.Z8) that
governs the planetary waves: It is identical, except forsthigstitution of og=f for  (R2.
Here,the deformation radius is de ned as

R = ; (9.40)

that is, the closest constant to the original de niti@I2. A wave solution of the type
coskyx + kyy !t ) immediately provides the dispersion relation:
09 kx

‘ f 1+ R2(kZ+ k)’
the topographic analogue d.ZJ). Again, we note that if the additional ingredient, here
the bottom slope o, had not been present, the frequency would have been nithendw
would have been steady and geostrophic. Because they owesxigence to the bottom
slope, these waves are calleghographic waves

The discussion of their direction of propagation, phaseedpand maximum possible
frequency follows that of planetary waves. The phase sped¢hex—direction — that is,
along the isobaths — is given by

(9.41)

_ ! _ 09 1
“ Tk T T 1rR(E T K) (9.42)

and has the sign ofof . Thus, topographic waves propagate in the Northern Herergph
with the shallower side on their right. Because planetanyesgropagate westwarick., with
the north to their right, the analogy between the two kindwa¥es is “shallow—north” and
“deep—south”. (In the Southern Hemisphere, topographiesaropagate with the shallower
side on their left, and the analogy is “shallow—south”, ‘pleeorth”.)

The phase speed of topographic waves varies with the waveewthey are thus disper-
sive. The maximum possible wave speed along the isobaths is

09 .

c= =i (9.43)

which is the speed of the very long wavés ¢- k7 ! 0). With @ZJ) cast in the form

2 242
09 2 _ 09 1.
“ Rz TN Rz R 649

we note that there exists a maximum frequency:
o j oig
| = .
J* Jmax AFiR

(9.45)
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The implication is that a forcing at a frequency higher thiam preceding threshold cannot
generate topographic waves. The forcing then generatesr gitdisturbance that is unable
to propagate or higher-frequency waves, such as inertigitgrwaves. However, such a
situation is rare because, unless the bottom slope is veakwbe maximum frequency
given by 849 approaches or exceeds the inertial frequencgnd the theory fails before
&9 can be applied.

As an example, let us take the West Florida Shelf, which ieéeastern Gulf of Mexico.
There the ocean depth increases gradually offshore to 208em260 km (o = 10 2) and
the latitude (27N) yieldsf = 6:6 10 °s 1. Using an average depthy = 100 m, we
obtainR =475 km and e = 1:6 10 #s 1. This maximum frequency, corresponding
to a minimum period of 11 min, is larger th&nviolates the condition of subinertial motions
and is thus meaningless. The wave theory, however, appliwaves whose frequencies are
much less than the maximum value. For example, a wavelefid®0ckm along the isobaths
(k« =4:2 10 ®m 1, k, =0)yields! =1:6 10 ®s ! (period of 4.6 days) and a wave
speed o, =0.38 m/s.

Where the topographic slope is con ned between a coastdlamdla at-bottom abyss,
such as for a continental shelf, topographic waves can Ippéih not unlike the Kelvin
wave. Mathematically, the solution is not periodic in thésbbre, cross-isobath direction
but assumes one of several possible pro les (eigenmodes)h Eiode has a corresponding
frequency (eigenvalue). Such waves are catledtinental shelf wave§ he interested reader
can nd an exposition of these waves in LeBlond and Mysak g)%hd Gill (1982, pages
408-415).

9.6 Analogy between planetary and topographic waves

We have already discussed some of the mathematical sitiétabietween the two kinds of
low-frequency waves. The object of this section is to go ®hot of the analogy and to
compare the physical processes at work in both kinds of waves

Let us turn to the quantity called potential vorticity andrael in (IZZ5. On the beta
plane and over a sloping bottom (oriented meridionally fmme@nience), the expression of
the potential vorticity becomes

fo+ oy + @v=@x @Qu=@y

Ho + oy +

q-= (9.46)
Our assumptions of a small beta effect and a small Rossby atimbply that the numerator is
dominated by o, all other terms being comparatively very small. Likewidg,is the leading
term in the denominator because both bottom slope and sudiaplacements are weak. A
Taylor expansion of the fraction yields

ofo, , @V @u fo
Ho @x @y Ho
In this form, it is immediately apparent that the planetang aopographic terms ¢ and

o terms, respectively) play identical roles. The analogyveen the coef cients ¢ and

1
9= g fo + oy (9.47)
0
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Figure 9-7 Comparison of the physical mechanisms that propel plapetad topographic waves.
Displaced uid parcels react to their new location by deyihg either clockwise or counterclockwise
vorticity. Intermediate parcels are entrained by neightgpvortices, and the wave progresses forward.

of 0=Ho is identical to the one noted earlier betweenoR? of @20 and og=f of
@39, since nowR = ( gHo)**?=f,. The physical signi cance is the following: Just as the
planetary effectimposes a potential-vorticity gradierith higher values toward the north, so
the topographic effect, too, imposes a potential-vostigiadient, with higher values toward
the shallower side.

The presence of an ambient gradient of potential vortisityhat provides thbouncing
effect necessary to the existence of the waves. IndeedidesrfSgurdd=-4 where the rst
panel represents a north-hemispheric uid (seen from tp¢ &b rest in a potential-vorticity
gradient, and think of the uid as consisting of bands tagbgdsarious potential-vorticity
values. The next two panels show the same uid bands aftervy @isturbance has been
applied, in the presence of either the planetary or the tapidc effect.

Under the planetary effect (middle panel), uid parcels glaiin crests have been dis-
placed northward and have seen their ambient vortitity; oy, increase. To compensate
and conserve their initial potential vorticity, they mustvélop some negative relative vor-
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ticity, that is, a clockwise spin. This is indicated by cuharows. Similarly, uid parcels
in troughs have been displaced southward, and the decretsraambient vorticity is met
with an increase of relative vorticity, that is, a counteoiwise spin. Focus now on those
intermediate parcels that have not been displaced so fay afe sandwiched between two
counterrotating vortex patches, and, like an unfortunatger caught between two gears or
the newspaper zipping through the rolling press, they amai@ed by the swirling motions
and begin to move in the meridional direction. From left ghtion the gure, the displace-
ments are southward from crest to trough and northward froogh to crest. Southward dis-
placements set up new troughs whereas northward displatemenerate new crests. The
net effect is a westward drift of the pattern. This explais/yplanetary waves propagate
westward.

In the third panel of Figur@=4 the preceding exercise is repeated in the case of an
ambient potential-vorticity gradient due to a topograpiape. In a crest, a uid parcel is
moved into a shallower environment. The vertical squeezauges a widening of the parcel's
horizontal cross-section (see Sectifd), which in turn is accompanied by a decrease in
relative vorticity. Similarly, parcels in troughs undengartical stretching, a lateral narrowing,
and an increase in relative vorticity. From there on, theysidentical to that of planetary
waves. The net effect is a propagation of the trough-crestipawith the shallow side on the
right.

The analogy between the planetary and topographic effexgsbkeen found to be ex-
tremely useful in the design of laboratory experiments. dpsig bottom in rotating tanks
can substitute for the beta effect, which would otherwiseniq@ossible to model experimen-
tally. Caution must be exercised, however, for the suligiitus acceptable so long as the
analogy holds. Three conditions must be met: absence ¢ifcttaon, gentle slope, and slow
motion. If strati cation is present, the sloping bottomexdfs preferentially the uid motions
near the bottom, whereas the true beta effect operatesyesteall levels. And, if the slope
is not gentle and the motions are not weak, the expressiowmtehpal vorticity cannot be
linearized as inG.Z]), and the analogy is invalidated.

9.7 Arakawa's grids

The preceding developments had for aim to explain the bdsisipal mechanisms respon-
sible for shallow-water wave propagation, by simplifyiring tgoverning equations down to
their simplest, yet meaningful ingredients. Numerical misdhelp us do better in cases where
such simpli cations are questionable or when it is necastarcalculate wave motions with
more accuracy. For the sake of clarity, broadly applicabi@erical techniques will be illus-
trated on simpli ed cases. The simplest situation ariseh wiertia-gravity waves, for which
the core mechanisms are rotation and gravity (see Sd&fnin a one-dimensional domain
of uniform uid depthH, the linearized governing equations are
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@ @u _

att H Gx - 0 (9.48a)
@u _ @
@ v T 9%« (9.48D)
@v o
@t+ fu = 0: (9.48c)

A straightforward second-order central nite differengiim space yields:

d~ Bis1 B o1
+ —— = .
o > x 0 (9.49a)
dt _ Sl 1
A e (9.49b)
dw
_dtl + foy = O: (9.49c¢)
@ @
@x’ @t

®
®
®

A

5 % O w points

° ~points

Figure 9-8 For variables~ andu de ned at the same grid points (upper panel), the discretizaof
inertia-gravity waves demands that approximations ofiapdérivatives be made over distan&sx,
even if the underlying grid has a resolution ok. However, if variables- andu are de ned on two
different grids (lower panel), shifted one with respecttte bther by x=2, the spatial derivatives can
conveniently be discretized over the grid spacing. The origin of each arrow indicates which variable
in uences the time evolution of the node where the arrow ends

When analyzing this second-order method (upper part ofrEBtB), we observe that the
effective grid size i2 x in the sense that all derivatives are taken over this distambis
is somehow unsatisfactory because the real grid seethe distance between adjacent grid
nodes is only x. To improve the situation, we notice that the spatial deikies ofu are
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needed to calculate while the calculation ofi requires the gradients of The most natural
place to calculate a derivative ofis then at a point mid-way between two grid points of

, since the gradient approximation there is of second ordhélevusing a step of only x,
and the most natural position to calculate the velogity therefore at mid-distance between

-grid nodes. Likewise, the most natural place to calculaetime evolution of is at mid-
distance between nodes. It appears therefore that locating grid nodes fandu in an
interlaced fashion allows a second-order space diffengnaiiboth elds over a distance x
(Iovri[/ﬁr part of Figurdd=8). Formally, the discretization on suchstaggered gridakes the
formt:

d"'l i+ 1=2 ti 5=

+ 72 = .
5t H - 0 (9.50a)
ddi+ - ~ ~
% f¥ep, = gLX' (9.50b)
av+ .-
% + fthep, = O (9.50¢)

Thus, spatial differencing can be performed over a distancenstead of2 x. Since
the scheme is centered in space, it is of second order, adisaetization error is reduced
by a factor 4 without any additional calculatfbrrhis advantage of a staggered grid over the
elementary collocated grid is a prime example of optim@atf numerical methods at xed
cost.

Boundary-condition dependent

%
QD

e o\// |:| Initial- and boundary-condition dependent
N

I:l Initial-condition dependent

Figure 9-9 Characteristicx + ct and

X ¢t of wave equationB). In-
formation propagates along these lines
from two initial conditions and one
boundary condition on each side to set
in a unique way the value of the solu-
tion at any point(x;t) of the domain.

Boundary condition

% Boundary condition

l

Initial condition T x

But, as we will now show, the performance gain is not the sdl@atage of the staggered-
grid approach. In the case of a negligible Coriolis forfcé ( 0), elimination of velocity from
@23 leads to a single wave equation far

1We arbitrarily choose to placeat integer grid indices anal at half indices. We could have chosen the reverse.
2Both approaches use the same number of grid points to covieea domain, and both schemes demand the
same number of operations.
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@ = & @; (9.51)
@? @%

wherec? = gH. This equation is the archetype of a hyperbolic equation¢lvpossesses a
general solution of the form

= Ej(x+ct) + Ex(x ct); (9.52)

where the functionk; andE, are set by initial and boundary conditions. The general-solu
tion is therefore the combination of two signals, travelin opposite directions at speeds
(Figurd@=9). The lines of constant+ ct andx ct de ne the characteristics along which the
solution is propagated. For= 0, it is then readily seen that two initial conditions are negd
one for and the other on its time derivativies., the velocity eld, before one can determine
the two function€E; andE, at the conclusion of the rst step. Later on, when charasteri
tics no longer originate from the initial conditions but leaweir root in the boundaries, the
solution becomes in uenced rst by the most proximate boanydcondition and ultimately
by both. If the boundary is impermeable, the condition is 0, which can be translated into
a zero-gradient condition on For discretization@.50), the necessary numerical boundary
conditions are consistent with the analytical conditiomsereas the non-staggered version
@53 needs additional conditions to reach the near-boundamygpdNVe have already learned
(Sectior @) how to deal with arti cial conditions.

We now turn our attention to the remaining problem of the staggered grid, which is
the appearance of spurious, stationary and decoupled matihés the domain. To illustrate
the issue, we use a standard leapfrog time discretizatitnaero Coriolis force so that the
non-staggered discretization becomes:

n+1 _v'n 1 u,n u,n
' ! = H- 11 9.53
2t 2 X (9.532)
bfinJrl &' ! _ T 1.
5 g (9.53b)

For the grid-staggered version, we can also introduce a fidrtime-staggering by using a
forward-backward approach in time:

N+l )| - H u'in+ 1=2 l.“fin 1=2 (9 543-)

t X |

U'in++i-=z el L, -Tn:;-l ~in "

e b, Ja G 9.54b
t ’ X o

While it may rst appear that we are dealing with an impliat®me because of the presence
of ~"*1 on the right of the second equation, it is noted that this tityahas just been cal-
culated when marching the preceding equation one step fdriwdime. The scheme is thus
explicit in the sense that we solve the rst equation to g&t! everywhere in the domain
and then use it immediately in the second equation to cateuld® without having to invert
any matrix.
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As for all forms of leap-frogging and staggering, we shoutddoncerned by spurious
modes. These can be sought here rather simply by elimin¢timgliscrete eldu from
each set of equations. This elimination can be performedkiyng a nite time difference
of the rst equation and a nite space difference of the sell:equatio. This is the direct
analogue of the mathematical differentiation used in elating the velocity between the two
governing equation{9{4d to obtain @5)). For the non-staggered and staggered grids we
obtain respectively

n+2 n n 2 _ Cz tz n n n

i 25+~ - X2 T2 27t (9.55)
¢ t2

T e e 294 (9.56)

These equations are straightforward second-order dizatiens of the wave equatiof.5J),

the rst one with spatial and temporal steps twice as largéoathe second one. The CFL
criterion isjg t= x 1 in each case, since the propagation speeds of the hyperbolic
equation are c and the corresponding characteristics must lie in the nizadestomain of
dependence.

The discretizatiorfd.59 shows that the non-staggered grid is prone to decoupledsiod
Indeed, for even values af andi, all grid indexes involved are even, and the evolution is
completely independent of that on points with odd values af i, which are nonetheless
proximate in both time and space. In fact, there are fouetsffit solutions evolving inde-
pendently, with their only link being through the initialdboundary conditions (left panel
of Figureld=10). Although theoretically acceptable, such decoupled radylgically increase
their “distance” from one another in the course of the sitiolaand induce undesirable
space-time oscillations in the solution. Occasionallg tan lead to stationary solutions that
are simply unphysical (FigufI0), such as a solution with zero velocity ardlternating
in space between two different constants. Solutions oftyiie are clearly spurious. In con-
trast, the only stationary solution produced by the stegfyequationfd.5g) is the physical
one. This is a desirable property.

R o e e et = = = = Figure 9-10 Four different solutions,
FRERERERER H B BB each identied by a different sym-
e Slesealeule [ = = = = bol, evolve independently on the non-
NI EREAERERE Y B B B B staggered grid. The numerical domain
FIREEERERER =S B B B B ;
B Tt re e S ER NN N of qependence is shown as the shaded
EEERERERNER HE BB region (left panel). A spurious station-
] e N AN HEER i -
Colblolalolalon EEEN ary modg alternatmg .between .two con
SR BERERE HE BB stants (right panel) is incompatible with
I — Space— the original governing equations.

More generally, the spurious stationary solutions of aslgcretization can be analyzed
in terms of the state-variable vectorspace-discretization operafdr and the semi-discrete
equation

3For the non-staggered version we make the following forriiadieation:  x [[@53a)*! - @&3a) 1] -
tH [(@53b)+1 - @53b) 4]
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Gt Dx=0 (9.57)

so that spurious stationary modes can be found among theerorsolutions of

Dx = 0: (9.58)

In the jargon of matrix calculation (linear algebra), spus modes lie within thaull-space
of matrix D. In the case of the wave equation, the solution depictederritfht panel of
Figure@=T0is certainly not a physically valid solution but satis €&%8).

All non-zero stationary solutions (members of the nulleg)ahowever, do not need to
be spurious, and a physically admissible non-zero statyoslution is possible in the pres-
ence of the Coriolis terms, namely the geostrophic equulibr In that case, the discretized
geostrophic equilibrium solution is also part of the nydhse B.59. It is therefore worth-
while sometimes to analyze the null-space of discretimatiperators for which the corre-
sponding physical stationary solutions are known.

Having found that staggering has advantages in one-dimensie can now explore the
situation in two dimensions but immediately realize thatréhis no single way to generalize
the approach. Indeed, we have three state varial)esand , which can each be calculated
on a different grid. The collocated version, the so-calledyd model, is readily de ned,
and discretizatidhof equationsi23 through B28) with uniform uid thickness leads to:

d~ _ the1 Y 1 Visi Y% o1

e H 7 x 7y (9.59a)
de S+l 71

e + fw gT (9.59b)
dv _ 7+1 g1

e fo g 7y (9.59¢)

Clearly, a spurious stationary solution exists, again wého velocity ¢ = v = 0) and ~
alternating between two constants on the spatial grid (EfL]).

Figure 9-11 A spurious stationary
~ mode alternating between two con-
stants (depicted by two different gray
levels) on the A—grid. This mode is
called for obvious reasons tlchecker-
board mode

Starting from the collocated grid we can distribute the afales with respect to one an-
other in different ways and create various staggered gfidese are named Arakawa's grids

4As before, we only write indices that differ froand; .
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Figure 9-12 The ve Arakawa grids. On the A—grid, the variables & and v are collocated, and
staggered on other grids, called B—, C—, D— and E—grids. Muwatethe E—grid (center) has a higher
grid-point density than the other grids for the same distdretween adjacent nodes.

in honor of Akio Arakawl, and bear the letters A, B, C, D and E depending on where the
state variables are located across the mesh (FgiIZ Arakawa and Lamb, 1977). For the
linear system of equations considered here, it can be shewn esinger and Arakawa,
1976) that the E-Grid is a rotated B—grid, so that we do nodl he@nalyze it further.

A two-dimensional staggered grid we already encounteriéetiso-called C—grid (bottom
left of Figure@=13. For advection [recall Equatio&{58] and the rigid-lid pressure formu-
lation [recall EquationlZ38)], we tacitly assumed that the velocitywas being calculated
halfway between pressure nodes 1;j) and(i;j ) andv halfway between nodds j ) and
(i;j +1). Inthe present wave problem, this approach yields a stifaigtard second-order
discretization of both divergence and pressure-gradésmnts

@U+ @v , B+ B + Yi+i2 Y o

@x @y X y

(9.60)

5See biography at the end of this Chapter.
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@ T T L0 x?) (9.61a)
@Xi +1=2;] X
@“ T+l - 2
- S+ 0O( YY) (9.61b)
@yi;j +1=2 y

o+

4\7‘] +1=2

I

= T+l
—1> @) —> @)
ti 1 i+ 12 . . . . . .
Figure 9-13 Discretization on the C—grid. The divergence
* operator is discretized most naturally while pres-
'\7‘1 1=2 sure gradients are calculated wifhgJ).

exactly as in the advection and surface pressure probleiger@@-13. But if we proceed
with the discretization of the Coriolis term, a problem asisfor the C—grid because the
velocity components are not de ned at the same points. Tiegration of thelu=dt equation
at theu grid node(i + 1=2;]) requires knowledge of the velocity which is only available
atnode(i;j  1=2). Therefore, an interpolation is necessary. The simpléstrae takes an
average of surrounding values:

: v Yt TV Y e YL 1
VJi+1=z;j 4 !

(9.62)

where the right-hand side can now be calculated from thdadtaivalues of. Similar
averaging to estimate variables at locations where theyatrele ned can be used to dis-
cretize the equations on the other staggered grids. Forgerathe B—grid is a grid where

is de ned on integer grid indices whereas velocity compdseme de ned at corner points

(i 1=2;j 1=2). Forthis grid, the Coriolis term does not require any avierggince both
velocity components are collocated, but the grid arrangemeguires the derivative of in
thex—direction at locatiorfi + 1 =2; ] +1=2). We approximate such a term by the appropriate
average

S+l gl Fie R
@ ' 2 2, (9.63)
@Xi+ 1=2;] + 1=2 X

and similarly for@u=@ xvhich is needed &fi;j ). The full spatial discretization on each
grid can be achieved in similar manner, and the derivatidefisas an exercise (Numerical
Exercise 9-2).

We can investigate the wave-propagation properties on éneuws grids by a Fourier
analysis, for which we take
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Table 9.1 DEFINITION OF THE PARAMETERS INVOLVED IN THE DISCRETE DISPERION RELATION
FORA—, B—, C-AND D—GRIDSWITH2 x = kx XAND 2y = ky V.

[Grid ] | K x ] vk vy ]
A 1 sin2 sin2y
B 1 2sin  CoS y 2sin y COS y
C || cos x cos y 2sin 2sin y
D || cos xCOS y | 2C0S 4 COS y SiN x | 2COS x COS y SiN y

01 OAl
@gA = < @UA g(ikx x+jky y k). (9.64)
v \Y

Insertion of this type of solution in the various nite-déffence schemes and division by the
common exponential factor provide the following equations

i fV = g ykeA (9.65a)
iV +fU = ig kA (9.65b)
A+ H (i kU +i ykV) = 0; (9.65C)

where the coef cients,  and y vary with the type of grid and are given in Tal€l
As for the physical solution, a non-zero solution is onlygibke when the determinant of
the system vanishes, and this provides the dispersiommelaftthe discretized wave physics:

[ %2 gH( fkE+ ZkD)] = 0; (9.66)

which is the discrete analogue BE19).

For small wavenumber valuek,( x 1 andky vy 1), i.e, long, well resolved
waves, we recover the physical dispersion relation becausg and y all tend towards
unity. For shorter waves, the numerical dispersion refat@an be analyzed in detail through
the error estimate

12 (1 )+RI(L B+ K

= TR 0: (9.67)

Except for the simple statement ! 2, the analysis of the error is rather complex because
it involves ve length scaldt R, 1=k, 1=k,, xand y. Forsimplicity we take x y
andkx  ky to reduce the problem. We then de ne the length stale 1=k, 1=k, of the
wave under consideration. In this casge y, and we can distinguish two situations:

Shorterwaves L . R; !?2 ?_—'2 (9.68)

Longerwaves L & R; 12 2 (9.69)

6Note how the discretization has added two length scalesand vy, to the discussion.
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The shorter waves are dominated by gravity and the relatiee en! 2 behaves as
] 2 !__2
gH=L2
If the wave is well resolved (x L), the error tends towards zero for all four grids because
x | 1. Forthe barely resolved wavesX L), the errors are largest for the discretizations
inwhich  and y depart most from unity. In this sense the A—, B— and D—gridearger

errors than the C—grid (see TaBI€).
The longer waves are dominated by rotation, and the relatiar on! 2 behaves as

@ 2 (9.70)

12 K2 5
—57 a ): (9.71)
Again, should remain close to unity for all wavenumbers, so thaBtherid outperforms
both the C— and D—grids. For details on the errors, an exjioravith @bcdgrid.m_|in
parameter space provides relative errors elds as thosetepin Figurdd=124 for various
resolution levelR= x, etc. Errors can be further investigated through the analysisi®f t
group velocity behavior (Numerical Exercise 9-5) and in ¢batext of generalized dynam-
ics, including planetary waves, with a clear distinctiomvieen zonal and meridional wave
behaviors (Dukowicz, 1995; Haidvogel and Beckmann, 1999).

Because the A—grid suffers from spurious modes, and thei®igyalways penalized in
terms of accuracy, the B— and C—grids are the most integesties among the four types.
Since wavelengths up tox L are to be resolved in a signi cant way, the C—grid is the
better choice as long asx R, whereas folR x the B—grid should be preferred
on the ground that the error IO and @7 is less. This con rms more detailed er-
ror analyses of the semi-discrete equations on staggeiesl(grg, Mesinger and Arakawa,
1976; Haidvogel and Beckman, 1999), although additioma¢tdiscretization or boundary-
condition implementation can introduce stability probteg.g, Beckers and Deleersnijder,
1993; Beckers, 1999). Also, time discretization furthempdicates the error analysis and
may sometimes inverse the error behavior (Beckers, 200&yeftheless, the choice of the
B—grid for larger grid spacing and the C—grid for ner gridegging is justi ed by the fact that
for large grid spacing we only capture large-scale movemevitich are nearly geostrophic.
Since the Coriolis force is dominant in this case, its diszation is crucial. Because the
B—grid does not require a spatial average of the velocitymmments, contrary to the C—grid,
its use should be advantageous. The pressure gradient) vghtise other dominant force,
could arguably be better represented on the C—grid. If titkigrvery ne, averaging the
large-scale geostrophic equilibrium over four closelycguhnodes does not deteriorate the
geostrophic solution, whereas smaller-scale processdsagugravity waves and advection
are better captured by the C—grid.

From the preceding interpretation we can establish somergkrules for staggering the
variables. Starting with the goal of placing variables om ¢iid so that dominant processes
are discretized in the best possible way, we can then afforddresent secondary processes
by less accurate discrete operators without affectingalverodel accuracy. In practice,
however, dominant processes may change in time and spabatswotsingle approach can
be guaranteed to work uniformly, but it should at least begtriFor example, if tracer advec-
tion is of primary interest, the C—grid can be generalizethtee-dimensions with vertical
velocities de ned at the bottom and top of each grid cell. Hattcase, advection uxes are
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C-grid

Figure 9-14 For medium resolution compared to the deformation radiss (x = R= y = 1), the
frequency errof{3.87) is depicted as a functiorkpf x andk, y. Waves with wavenumber higher
thanky x = =2 are not shown, and the- andy—axes are labeled in percents of2. The D—grid
clearly exhibits the worst behavior. The B—grid keeps thierdow for well resolved waves, while the
C—grid creates lower errors for shorter waves.
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readily calculated using one of the advection schemes pi@s$én Sectior6.6 without need
for velocity interpolations. Similarly, if diffusion in ad¢terogeneous turbulent environmentis
the main process at play, the de nition of diffusion coekxits between tracer nodes would
allow the direct discretization of turbulent uxes withotlte need of averaging the diffusion
coef cients.

9.8 Numerical simulation of tides and storm surges

The two-dimensional equationg.016 describing shallow-water dynamics are the central
equations from which storm-surge models of vertically rdixeastal seas have been devel-
oped. The prediction of rising sea level (surge) along atmeysends on remotely generated
waves that propagate from the stormy area toward the shaealBe shallow-water equa-
tions describe well the propagation of such waves, thettiptien is indeed feasible, although
a few additional processes must be taken into account. Artiese other processes are the
surface wind stress, through which waves are generatedy@ttain friction, which causes
attenuation during travel. To include these last two sagsse can start from the observation
that the shallow-water equations assume that the ow ispedéent of the vertical coordi-
nate. If this is not the case, we can at least try to predicetiwdution of the depth-averaged
velocity,

1 z b+ h 1 z b+ h
u= — udz v= — v dz (9.72)
h h
wherez = bis the bottom level antl the water depth. We can derive a governing equation
for u by integrating vertically the three-dimensional govegheguations including thg—
momentum equation:

@u_ @ @u

@t @z F@z
where the ternf (u) gathers all terms other than the time derivative and vértiiffusion.
We can then integrate vertically to obtain

+ F(u); (9.73)

1 Z b+ h @ud _ X l>)(

hy, @2 oh oh
where boundary conditions similar t4.84 have been used for the surface wind streasd
bottom stressy, respectively. Physically, these stresses appear heredysfrces applied
to the layerh of uid moving as a slab with the depth-averaged velocityg{ie9-15).

Two dif culties arise, however, during the integration. & hist is that the elevation of the
surface is time dependent and does not allow a simple petiots the integration with the
time derivative in the left-hand side 08.74’. The second and more fundamental dif culty
is due to the nonlinearities of the equations, which preusrfrom equating the average of
F (u) with F (u), i.e,

+ F(u); (9.74)

F(u) & F(u) (9.75)

"This problem can be overcome by using Leibniz rule as doneati& 15.6.



9.8. TIDES & STORM SURGES 277

o o

h — Figure 9-15 For a uid column of vol-
. umehS and moving with the average
— velocity u, Newton's second law in the
N absence of lateral friction and pressure
— force implicates the forces associated

? «—--- with the surface stress and bottom

friction: ohS du=dt = ( b)S.

o

so that we cannot express the right-hand sidéadf4 as a function of only the average ve-
locity. The integrated equation then requires some fornacdmeterization. Hence, shallow-
water models include additional parameterization of thezeatal-diffusion type.

For simplicity, the governing equations are written as ipttheaveraging had not taken
place and the overbar () operator is ignored. The outcome is that it is suf cient tida
the =( oh) and p=( oh) terms to the right-hand side of the two-dimensional mommntu
equations 7.99 and (7.99, and then to include a parameterization of the nonlinefact.
The wind-stress appears as an externally imposed source term in the egsatibife the
bottom stress is depending on the ow itselg., , = p(u;Vv). A dif culty arises here be-
cause the bottom stress depends on the velocity pro le hedydttom whereas the governing
equations provide only the vertical average of the veloéitgparameterization is needed here,
too. The simplest version is linear bottom friction, in wiibe frictional term is made linear
in, and opposite to, velocity:

b= roly g=  rov; (9.76)

wherer is a coef cient with dimensions of velocity T 1). The linear formulation is partic-
ularly advantageous in analytical studies or with speatethods. They fail, however, to take
into account the turbulent nature of the bottom boundargiayith stress better expressed
as a quadratic function of velocity (see Chayitéy.

p— p—
o= 0oCq U2+ V2u; y = 0Cq U2+ V2v; (9.77)

with a dimensionlesdrag coef cientCy either constant or depending on the ow itself.

Finally, the direct driving force associated with a movingtdrbance of the atmospheric
pressur@am (X;y;t) can be easily taken into account by including it in the presboundary
condition at the surface&l(32,p= 09 + Pam -

We can now estimate the wind-induced surge in a shallow sezobgidering how the
storm piles up water near the coast (Fig9r&6). This accumulation of water creates a sur-
face elevation (surge) and, consequently, an adverseupeegsadient. Eventually, this ad-
verse pressure gradient can grow strong enough to canoglridestress. When this balance
is reached, the sea surface slope caused by the wind stggsgeisied by

@ , .
ox o (9.78)
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Wind stresg

Figure 9-16 The piling up of water by
Bottom a storm near a coast creates an adverse
pressure-gradient force, and an equilib-
rium can exist if it cancels the wind-

L stress force.

This relation provides an estimate of the storm-surge dog®iA as a function of the distance
L over which the wind blows:

L .

ogh”
Note that the shallower the water, the stronger the effaabtthier words, storm surges inten-
sify near the coast where the water is shallower.

Storm surges can become dramatic when superimposed tadtheatid it is therefore
important to know how to calculate tidal elevations, too.des are forced gravity waves
caused by the gravitational attraction of the moon and sure following development is
also valid for the atmosphere, but the velocities assatiaith atmospheric tides are much
smaller than the wind speed due to atmospheric disturbaniss, therefore, are generally
negligible in the atmosphere, while tidal currents in theatcan be an order of magnitude
larger than other currents.

To quantify the net effect of the gravitational accelenatid the moon and sun, we have
to realize that the whole system is moving. Therefore Neistam cannot simply be written
with respect to axes xed at the earth center as we did in Gh@&ptinstead, using Newton's
law in absolute axels J andK of the solar system, we can calculate the absolute acdelerat
A of the uid parcel and of the eartA. under the moon's attractién

A (9.79)

A = + f (9.80)
MeAe = Me ¢! (9.81)

We regrouped under the forcé all forces acting on the uid parcel other than the moon's
attraction. The gravitational forceés andM, , involve the gravitational consta@ =

6:67 10 ' Nm?/kg?, the earth's masM = 5:9736 10?* kg, the moon's mashl ., =
7:349 10 kg, the distanc®,, 385000 km between earth and moon, and the actual
distancely, of the point under consideration to the moon (FigehE?). The two gravitational
accelerations are directed towards the center of the modonfamagnitude

_ GMp, . _ GMp, .
S ® DZ

(9.82)

8The sun's in uence can be studied in an analogous way.
°It should be clear that for a uid parcel, forces are per umittvne, whereas for the earth we speak about full
forces.
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Figure 9-17 The moon acts simultaneously on a uid parcel lying on thetéssurface as well as on
the entire earth. The tidal force results from the mutuabation between Earth and moon and from
the local gravitational attraction on Earth.

We are not so much interested in the movement of the gmthse but we need its
acceleration to subtract it from the uid parcel's absolatzeleration, which i& = Ag +
d’r=dt?. The uid's parcel's relative acceleration with respectie earth is thus

o
dt?

Without the astronomical force, the equation would haventsBe=dt’ = f, and so we note
that its effect is the addition of a so-callédal force (per unit volume):

= f o+ o): (9.83)

fo = e): (9.84)

We notice that this force is the difference between two atridEntical forces. Its locally
vertical component is:

f« = cos( + ) e COS: (9.85)

The expression can be simpli ed because the angl@xtremely small (Figur-17, diagram
in lower right). By expandingos( + ) and using

cos ' 1, Dmsin ' rsin; (9.86)
we obtain
fo = GMn D 1 cos Dfy rsin (9.87)
~ D2 d2, @2 Dp '
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The use ofdy, in the formulation of the tidal forcing is not very practicéCan you tell
at any moment the precise distance of your position witheesm the moon?) So, we use
the identityr cos + dy cos = D, and the smallness ofto obtain

dn ' Dm 1 DLcos : (9.88)

m

For the same reason thais small, the ratia=D , is also considered sm#l| and we drop
higher-order terms in=D 1, :

Ph v 140" cos: (9.89)
d%] Dm ' '
so that the vertical component of the tidal force can be redtic

GMm

D&

fo r (3cog 1) (9.90)
To compare its magnitude tp= GM ¢=r? = 9:81 m/<’, the gravitational acceleration of
the earth on its surface, we form the ratie f-=gand nd it to be on the order of

r3Mpm,
D3 M,

It appears therefore that the tidal force associated wehntbon is completely negligible, not
only compared to gravitg but also to any of the typical forces acting along the vettiSa
does it mean tidal forces are not responsible for the obddiges? Of course they are, but
not through the local vertical attraction as sometimesrerooisly thought, but through the
horizontal component, which we now proceed to calculate.

The component of the tidal force along the local northwaiid §3n Figure2-9) is, after
several simpli cations similar to those made above,

O (10 7): (9.91)

GM

' m P
f b2 3r cos sin : (9.92)

The order of magnitude of this force component is the sambatsf the vertical one, but
since all horizontal forces are much smaller than graviig, horizontal tidal force isiot
negligible and acts to make the uid converge or diverge. Ehatial distribution of this
force along the earth's surface is such that it tends to er@#tulge in the region of the earth
facing the moon and a second bulge at the diametricgdfyositeplace. The explanation is
that, for a point closer to the moon thén, , the gravitational pull of the moon exceeds the
centrifugal force associated with the earth-moon co-imtatwvhile on the opposite side of
the earth the inverse is true; the centrifugal force of tiithemoon co-rotation exceeds the
gravitational pull of the moon. This is the essential med$rarof lunar tides Figur®-18).
Solar tides are similar, with the sun taking the place of tt®mbut being much larger and
much further away.

The angle involved in our formula is constantly changing in time bexaof the terres-
trial rotation and lunar motion, and it must be determingdtigh astronomical calculations

10/ the case of the earth-moon system, its value is about 888000 0.017.
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Figure 9-18 The movement of Earth and moon around their common centeas§reates a centrifu-
gal force that is weaker than the moon's gravitational attoa for earth points facing the moon. The
resulting horizontal tidal forcé has a tendency to create a bulge toward the moon. On thesarth'
face opposite to the moon, the centrifugal force is largantthe moon's gravitational attraction, and
the horizontal force creates a second bulge facing away fhenmoon. Since the earth rotates around
its own South—North axis, the two bulges move with respethéccontinents.

(e.g, Doodson, 1921). These calculations also take into ace@uigtions in the earth-moon
distanceD,, which induce slow modulations of the tidal force. Trigoretnit calculations
reveal different periods of motion, the most noticeable bamg due to the co-rotation of
the earth and moon, giving rise to an apparent rotation ofriben over a given point on
the earth every 24 h and 50 minutes (24 hours of terrestriatiom plus a delay caused by
the moon rotating around the sun in the same direction). Betause there are two bulges
half an earth's circumference apart from each other (mathieally because of the product
cos sin in(9.99), the period of the main lunar tide is only half of thiag,, 12 h 25 minutes.

For practical purposes, it is worth noting that the tidat®can be derived from the so-
calledtidal potential(see Analytical Problem 9-8). In the local Cartesian cawaith system,
the tidal force can be expressed as

2
= @uevev oy = GMart
@X @y @z D% 2
All we have to do then is to calculate the local tidal potdntizke its local derivatives and
introduce these as tidal forces in the shallow-water eqoati
The tidal potential can also be used to estimate tidal ang#s. Since the tidal force,
i.e. the gradient of the potential, has a form similar to the gues-gradient force associated
with the sea surface height, we can ask which distribution denoted ¢, would cancel the
tidal force so that no motion would result. Obviously, ttighe case when

(3cog 1) (9.93)

\Y; GM, r?
— = —@Bcod 1
9 Zg( )

— 0:36m: (9.94)
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This de nes the so-calledquilibrium tide rst derived by Isaac Newton. It would be the tidal
elevation if the uid could follow the tidal force in order taeemain in equilibrium with the
pressure gradient generated by the bulges. In reality, henveontinents and topographic
features in the ocean do not allow sea water to stay at thdimguin. Not only is the
equilibrium tide never reached, but the tidal potentialls®an need of further adaptation to
take into account the solid-earth deformation due to tisdekthe self-attraction of tideg(q,
Hendershott, 1972).

In the same way as we de ned the equilibrium tide, we can dsitez the sea surface
height that would exactly cancel the effect of an atmosgh@essure disturbanpgn, :

= Pam, (9.95)
09
which can be used as a rst approximation to estimate theeffeatmospheric pressure on
measurements ofand is called thénverse barometric response
For actual tidal predictions we resort to numerical methéds this, we gather all terms
previously mentioned in this chapter and add the comporwénite tidal force. The govern-
ing equations used in a shallow-water model to predict Hd#stand storm surges are:

@U+ u @U_‘_ VQU fv i @p+ - t;( @/
@t @x @y 0 @x oh oh @x
1 @ ,@hu 1 @ hu
y
@V u@v+ V@V+ fu = i @p+ _y _b_ @/
@t @x y o @y  oh oh @y
1 @ @hv 1 @ @hv
P= 00 + Pam (9.96¢)

together with 7.14 and 0.93. Note that the driving forces of wind and tide act very diffe
ently. While the wind-stress acts as a surface force anefithier appears with a factareh,
the tidal force is a body force acting over the whole wateuowoil. Consequently, the tidal
force is more important in the deeper parts of the ocean. might surprise us since we are
used to observe the highest tides near the coasts, whisremall! In most cases, tides are
generated in the deeper parts of the oceans, where thedidaldcts on a thick layer of water,
creates a pattern of convergence/divergence and locallly esche sea surface height. The
sea surface elevation is then propagated as a set of KelgiRaimcaré waves into shelf seas
and coastal regions, where the reduced depth increasestmglitudes (Figur®-2).

Some shelf models can provide tidal predictions by impositig elevations at distant
open boundaries and propagating the waves into the domaie dikcarding the local tidal
force. This is consistent with the idea that, in shallow s#as wind stress is the dominant
local forcing. Indeed, in a 10000-m-deep basin the tidatdds equivalent to the surface
friction of a 75 m/s wind, while in a shallow sea of 100 m, a wafd@.5 m/s already matches
the local tidal force. An example of a tidal calculation inialinthe tides are imposed along
an open boundary is given in FigugelQ In this gure, we note in passing the presence of
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Figure 9-19 Tidal amplitudes (full lines) and phases (dotted lines)rahe Northwestern European
continental shelf, generated by the modari¢ Delhe2

nodes where the tidal amplitude is nil and the phase unde Badh such node, called am-
phidromic pointis a place where the various wave components cancel eash(déstructive
interference).

The numerical implementation of the model we have just dmed is readily feasible
since we have already encountered all its ingredients: &tapping, advection, Coriolis
term, pressure gradient, diffusion, which were all treatedetail in previous sections. The
only remaining term is that including the bottom stress, famdt we suggest to discretize it
with the Patankar technique (to be discussed in Sedi#b§ if the quadratic relationship is
selected:

X oCal @ZF (VU Y= oCa @2 (VP (9.97)

Since several methods are available for each process, thigication of the various pro-
cesses leads to a very wide array of possible numerical imgai¢ations, all at relatively low
cost with two spatial dimensions. This explains the largaber of two-dimensional numer-
ical models that were developed relatively early in geofdafsuid modeling (e.g, Nihoul,
1975; Backhaus, 1983; Heaps, 1987).
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Analytical Problems

9-1. Prove that Kelvin waves propagate with the coast on thetritethe Southern Hemi-
sphere.

9-2. The Yellow Sea between China and Korea (mean latitudeNBfas an average depth
of 50 m and a coastal perimeter of 2600 km. How long does it fiaka Kelvin wave
to go around the shores of the Yellow Sea?

9-3. Prove that at extremely large wavelengths, inertia-gyavidves degenerate into a ow
eld where particles describe circular inertial osciltatis.

9-4. An oceanic channel is modeled by a at-bottom strip of oceatwieen two vertical
walls. Assume that the uid is homogeneous and inviscid, thiadl the Coriolis param-
eter is constant. Describe all waves that can propagateg alach a channel.

9-5. Consider planetary waves forced by the seasonal variatibifse annual cycle. For
fo=8 10°%s! (=2 10 *'m s ! R =1000km, what is the range of
admissible zonal wavelengths?

9-6. Because the Coriolis parameter vanishes along the equiatrsual in the study of
tropical processes to write

f = oy

wherey is the distance measured from the equator (positive northwa he linear
wave equations then take the form

o v = 9o (9.98)
@v _ @
ot + oyu = g @y (9.99)
@ @u @v _ .
@t+ H @X+ oy - 0: (9.100)

whereu andv are the zonal and meridional velocity componentss the surface
displacementy is gravity, andH is the ocean depth at rest. Explore the possibility of
a wave traveling zonally with no meridional velocity. At wehispeed does this wave
travel and in which direction? Is it trapped along the equiatbso, what is the trapping
distance? Does this wave bear any resemblance to a middiatitave o not zero)?
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9-7. Seek wave solutions to the nonhydrostatic system of equetidth nonstrictly vertical

rotation vector:

©

o v tw - io%x (9.101a)
%‘t’+ fu io %;’ (9.101b)
@@"tv fu = iogs (9.101¢)
%}‘? %;+ %"Z" - (9.101d)

The uid is homogeneous (= 0), inviscid ( = 0) and in nitely deep. Consider in
particular the equivalent of the Kelvin wave € 0 atx = 0) and Poincaré waves.

9-8. Prove by using a local polar coordinate system that tidat€ferderive from the tidal

potential 9.93.

9-9. Estimate the average travel time for a gravity wave to citieéeearth along the equator,

9-10.

9-11.

9-12.

9-13.

9-14.

assuming that there are no continents and that the averpteaf¢he ocean is 3800 m.
Compare to the tidal period.

Based on the mass of the sun and its distance to the earthpbense do you expect
solar tides to be compared to lunar tides? At what period datimbined forces give
rise to the strongest tides?

Knowing that a hurricane approaching Florida has a dianeté@00 km and wind-
speedd) of 150 km/h, which storm surge height do you expect in a 10empctoastal
sea? Use the following wind-stress formula= 10 & qU?2.

Assuming the earthquake near Indonesia's Sumatra Islai2é @ecember 2004 gen-
erated a surface wave (tsunami) by an upward motion of theosealuring 10 min-
utes, estimate the wavelength of the wave. For simplicéguene a uniform depth
h = 4 km. Estimate also the time available between the detedidhe earthquake
and the moment the tsunami reaches a coastline 4000 km &virastelad of a uniform
depth, you use the depth pro l&x) provided insumatra.m , how would you esti-
mate the travel time? Investigate under which conditions gan use the local wave
speed of gravity waves over uneven topograpHyni{; Compare the wavelength to the
length scale of topographic variations.)

In order to avoid the problem in Sectiéh5 of an in nitely deep layer at large dis-
tances, assume now that the ow takes place in a channel dhwid How are the
topographic waves modi ed by the presence of the laterahidavies?

Consider an inertia-gravity wave of wavelength= 2 =k on thef -plane and align
the x—axis with the direction of propagationd., ky = k andk, = 0). Write the
partial-differential equations and solve them toand proportional tocoskx !t )
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andv proportional tosin(kx !t ). Then calculate the kinetic and potential energies
per unit horizontal area, de ned as

KE = = o(u? + v?)H dx (9.102a)

N
NIl NI

PE = = 0g 2dx; (9.102b)

each in terms of the amplitude ofand show that the kinetic energy is always greater
than the potential energy, except in the chse0 (pure gravity waves), in which case
there is equipartition of energy.

9-15. Take a hurricance or typhoon from last summer season andh®fessure anomaly
in its eye as it approached the coast. Determine the invarsaretric response at that
time.

Numerical Exercises

9-1. Establish the numerical stability condition of schen@$3 and ©.54. Can you pro-
vide an interpretation for the parametert= x? Compare to the CFL criterion.

9-2. Spell out the spatial discretization on the B—, C— and D-synfl Equations 4.49
through 0.5).

9-3. Implement the C—grid in Matlab for equatior&s43 through 0.5 with a variable uid
thickness given on a grid at the same location.ddse a time discretization as i9.64
and a fractional-step approach for the Coriolis term. Themyour code to simulate a
pure Kelvin wave for different values ofx=R andk2R? by initializing with the exact
solution. Hint: Use a periodic domain in the-direction and a second impermeable
boundary in they—direction, to be justi ed, ay = 10R. Start fromshallow.m .)

9-4. Analyze the way geostrophic equilibrium is representedigcréte Fourier modes on
the B— and C—grids.

9-5. Investigate group-velocity errors for the different Arakagrids using the numerical
dispersion relation given irf(66. Use x = y and distinguish two types of waves:
kx 6 0, ky =0 andkyx = ky. Vary the resolution by taking= x = 0:2;1;5, where
R is the deformation radius.

9-6. Design the ideal staggering strategy for a model in whicletihdy viscosity g is cho-
sen proportional tg@u=@3%,, wherel, is a speci ed mixing length and velocity
is determined numerically from a governing equation thatudes vertical turbulent
diffusion.
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9-7. Assume you need to calculate the vertical component ofivelabrticity from a discrete
velocity eld provided on the two-dimensional C—grid. Wieds the most natural node
to calculate the relative vorticity? Can you see an advatagsing a D—grid here?

9-8. Can you think of possibilities to include bottom topograplariations as those inducing
tsunamis in shallow-water equations?

9-9. Take the variable depth implementation of Numerical Exer@-3 and apply it to the
following topography

" I#
h = Hg+ H 1+tanh

N

with Hgp = 50 m,D = L=8and H = 5Hg. Use a solid wall ak = 0 andx =

L = 100 km and periodic boundary conditions in thedirection across a domain of
length5L. Start with zero velocities and a Gaussian sea surfacetelevaf width
L=4 and height of 1 m in the center of the basin. Use linear bottoatidn with
friction coef cientr = 10 “ m/s. Trace the evolution of the sea surface elevation for
f=10 4s .

9-10. Perform a storm-surge simulation with the implementatibNwmerical Exercise 9-3
by using a uniform wind stress over a square basin with a tmifopography and then
with the topography given in Numerical Exercise 9-9. Usegtadratic law 9.77) for
bottom friction.



William Thomson, Lord Kelvin
1824 — 1907
(Standing at right, in laboratory of Lord Rayleigh, left)

Named professor of natural philosophy at the University &sgow, Scotland, at age 22,
William Thomson became quickly regarded as the leadingitoreand scientist of his time.

In 1892, he was named Baron Kelvin of Largs for his technaalgand theoretical contri-

butions leading to the successful laying of a transatlasglie. A friend of James P. Joule,
he helped establish a rm theory of thermodynamics and rstngd the absolute scale of
temperature. He also made major contributions to the stlitigat engines. With Hermann
von Helmholtz, he estimated the ages of the earth and survartdred into uid mechan-

ics. His theory of the so-called Kelvin wave was published879 (under the name William
Thomson). His more than 300 original papers left hardly aspeat of science untouched.
He is quoted as saying that he could understand nothing afwie could not make a model.

(Photo by A.G. Webster
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Akio Arakawa
1927 —

Akio Arakawa entered the Japanese Meteorological Agent®%® and received his doctor-
ate at the University of Tokyo in 1961. He then went to the @nsity of California in Los
Angeles (UCLA) to pursue research, at a time when the atnevgphirculation computer
models could reproduce weather-like motion but not for loBgyond a two-week simula-
tion the computed patterns no longer looked like weathet Agakawa's work demonstrated
that the problem lied in the arti cial generation of energy inadequate numerical proce-
dures. He also found the remedy. This remedy consisted of@nfj conservation of energy
and of enstrophy (the square of vorticity) at the grid level.

The grids, which he proposed and later came to bear his naere, developed in the
context of a study (Arakawa and Lamb, 1977) on the effectsidftgpology on the dispersion
of inertia-gravity waves. Arakawa's legacy to the scientweather prediction by computer
modeling is signi cant and enduringPfoto credit: Akio Arakawp
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