Chapter 8

The EKkman Layer

SUMMARY : Frictional forces, neglected in the previous chapternake investigated. Their
main effect is to create horizontal boundary layers thapsupa ow transverse to the main
ow of the uid. The numerical treatment of the velocity prées dominated by friction is
illustrated with a spectral approach.

8.1 Shear turbulence

Because most geophysical uid systems are much shallovegrttiey are wide, their vertical
con nement forces the ow to be primarily horizontal. Unadable in such a situation is
friction between the main horizontal motion and the bottaardary. Friction acts to reduce
the velocity in the vicinity of the bottom, thus creating ati@l shear. Mathematically, if
u is the velocity component in one of the horizontal directi@mdz the elevation above the
bottom, theru is a function ofz, at least for smalt values. The function(z) is called the
velocity pro le and its derivativelu=dz, thevelocity shear

Geophysical ows are invariably turbulent (high Reynoldswmber) and this greatly com-
plicates the search for the velocity pro le. As a conseq@smauch of what we know is
derived from observations of actual ows, either in the leddory or in nature.

The turbulent nature of the shear ow along a at or rough sed includes variability
at short time and length scales, and the best observatiectatiques for the detailed mea-
surements of these have been developed for the laboratigr rnan outdoor situations.
Laboratory measurements of nonrotating turbulent owsglemooth straight surfaces have
led to the conclusion that the velocity varies solely with gtress, exerted against the bot-
tom, the uid molecular viscosity , the uid density and, of course, the distaneeabove
the bottom. Thus,

ui) = F(pis2):

Dimensional analysis permits the elimination of the massetiision shared by, and but
not presentinu, andz, and we may write more simply:
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220 CHAPTER 8. EKMAN LAYER

uiz) = F —;;z

The ratio ,= has the same dimension as the square of a velocity, and §xeifison it is
customary to de ne
r

u = E; (8.1)

which is called thédfriction velocity or turbulent velocity Physically, its value is related to
the orbital velocity of the vortices that create the croes+ exchange of particles and the
momentum transfer.

The velocity structure thus obeys a relation of the farfm) = F(u ; ;z) and further
use of dimensional analysis reduces it to a function of alsingriable:

In the presence of rotation, the Coriolis parameter entegsdfdrmalism and the preceding
function depends on two variables:

—h

u(z) z

A
A 8.3
" '] (8.3)

8.1.1 Logarithmic pro le

The observational determination of the functienin the absence of rotation has been re-
peated countless times, yielding the same results every timd it suf ces here to provide
a single report (FiguB=l). When the velocity ratiz=u is plotted versus the logarithm of
the dimensionless distancez= , not only do all the points coalesce onto a single curve,
con rming that there is indeed no other variable to be invahkaut the curve also behaves as
a straight line over a range of two orders of magnitude (from= betweerl0' and10?).

If the velocity is linearly dependent on the logarithm of tfistance, then we can write
for this portion of the velocity pro le:

u(z) uz

—~~ = Aln — + B:
u

Numerous experimental determinations of the constAnemdB provide A = 2:44 and
B =5:2within a 5% error (Pope, 2000). Tradition has it to write thadtion as:

u(z) = u? In 4z 5:2u ; (8.4)

whereK = 1=A = 0:41is called thevon Karman constart

The portion of the curve closer to the wall, where the lodpanit law fails, may be ap-
proximated by the laminar solution. Constant laminar strde=dz = ,= = u? implies
u(z) = u?z= there. Ignoring the region of transition in which the vetggro le gradually

Lin honor of Theodore von Karman (1881-1963), Hungariamtphysicist and engineer who made signi cant
contributions to uid mechanics while working in Germanydanwho rst introduced this notation.
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changes from one solution to the other, we can attempt toestirihe two. Doing so yields
u z= = 11. This sets the thickness of the laminar boundary layas the value of for
whichu z= =11,i.e,

=11 (8.5)

Most textbooks €.g, Kundu, 1990) give = 5 =u , for the region in which the velocity
pro le is strictly laminar, and label the region betweeru and30=u as thebuffer layer
the transition zone between laminar and fully turbulent.ow

For water in ambient conditions, the molecular viscositg equal to 1.0 10 & m?/s,
while the friction velocity in the ocean rarely falls belowrdm/s. This implies that hardly
exceeds a centimeter in the ocean and is almost always sthaiethe height of the cobbles,
ripples and other asperities that typically line the bottafrithe ocean basin. Similarly for the
atmosphere: the air viscosity at ambient temperature aggbpre is about 1.5 10 ° m?/s
andu rarely falls below 1 cm/s, giving< 5 cm, smaller than most irregularities on land
and wave heights at sea.

When this is the case, the velocity pro le above the bottopeaisies no longer depends
on the molecular viscosity of the uid but on the so-calledghness heigidy, such that

u(2) = ”? In Z—ZO; (8.6)

as depicted in Figuf8=2 It is important to note that the roughness height is not teeage
height of bumps on the surface but is a small fraction of iQualone tenth (Garratt, 1992,
page 87).
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:lj”(Z) Figure 8-2 Velocity prole in the

vicinity of a rough wall. The rough-
ness heighzy is smaller than the av-
eraged height of the surface asperities.
So, the velocityu falls to zero some-
where within the asperities, where local
ow degenerates into small vortices be-
tween the peaks, and the negative val-
ues predicted by the logarithmic pro le
are not physically realized.

8.1.2 Eddy viscosity

We have already mentioned in Sectfa what an eddy diffusivity or viscosity is and how it
can be formulated in the case of a homogeneous turbulendg.el away from boundaries.
Near a boundary, the turbulence ceases to be isotropic aaltiesinate formulation needs to
be developed.

In analogy with Newton's law for viscous uids, which has tteagential stress propor-
tional to the velocity sheatu=dz with the coef cient of proportionality being the molecular
viscosity , we write for turbulent ow:

du

- 0 E le (8'7)
where the turbulent viscositye supersedes the molecular viscosity For the logarithmic
pro le (B8 of a ow along a rough surface, the velocity sheadis=dz = u =Kz and the
stress is uniform across the ow (at least in the vicinity of the balary for lack of other
signi cant forces): = = u?, giving

2 —- u

o = o E Kz

and thus

e = Kzu: (8.8)

Note that unlike the molecular viscosity, the turbulentesity is not constant in space, for
it is not a property of the uid but of the ow, including its sicture. From its dimension
(L2T 1), we verify thatB8) is dimensionally correct and note that it can be expresseiea
product of a length by the friction velocity:

E = Imu; (8.9)
with themixing lengthl,, de ned as
Im = Kz: (8.10)

This parameterization is occasionally used for cases ttla@rboundary layers (see Chapter

3.
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The preceding considerations ignored the effect of ratat@hen rotation is present, the
character of the boundary layer changes dramatically.

8.2 Friction and rotation

After the development of the equations governing geoplaysiotions (Sectiori§dtoLd), a
scale analysis was performed to evaluate the relative itapoe of the various terms (Section
E3. Inthe horizontal momentum equatioriEZ13 and E.2T1], each term was compared to
the Coriolis term, and a corresponding dimensionless vedi® de ned. For vertical friction,
the dimensionless ratio was tB&kman number

E
Ek = W; (8.11)
where g is the eddy viscosity, the ambient rotation rate, amtl the height (depth) scale of
the motion (the total thickness if the uid is homogeneous).

Typical geophysical ows, as well as laboratory experingertre characterized by very
small Ekman numbers. For example, in the ocean at midlattgd' 10 4s 1), motions
modeled with an eddy-intensi ed viscositg = 10 2 m?/s (much larger than the molecular
viscosity of water, equal t&:0 10 ® m?/s) and extending over a depth of about 1000 m
have an Ekman number of about 10

The smallness of the Ekman number indicates that vertiadldn plays a very minor
role in the balance of forces and may, consequently, be ednitom the equations. This is
usually done and with great success. However, somethirgislost. The frictional terms
happen to be those with the highest order of derivatives gnatirterms of the momentum
equations. Thus, when friction is neglected, the order efstht of differential equations is
reduced, and not all boundary conditions can be appliedlsmeously. Usually, slipping
along the bottom must be accepted.

Since Ludwig Prandlland his general theory of boundary layers, we know that it suc
a circumstance the uid system exhibits two distinct bebasi At some distance from the
boundaries, in what is called ti@erior, friction is usually negligible, whereas, near a bound-
ary (wall) and across a short distance, calledlibendary layey friction acts to bring the
nite interior velocity to zero at the wall.

The thicknessd, of this thin layer is such that the Ekman number is on the rooflene
at that scale, allowing friction to be a dominant force:

which leads to

d E. (8.12)

2See biography at the end of this chapter.
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Obviously,d is much less thahl, and the boundary layer occupies a very small portion of
the ow domain. For the oceanic values cited above € 10 2m?/sand =10 *s 1),
dis about 10 m.

Because of the Coriolis effect, the frictional boundaryelagf geophysical ows, called
theEkman layerdiffers greatly from the boundary layer in nonrotatingdsi Although, the
traditional boundary layer has no particular thickness gimavs either downstream or with
time, the existence of the depth scdl@ rotating uids suggests that the Ekman layer can
be characterized by a xed thickness. [Note that as theimiat effects disappear (! 0),

d tends to in nity, exemplifying this essential differencetiveen rotating and nonrotating
uids.] Rotation not only imparts a xed length scale to thedndary layer, but we will now
show that it also changes the direction of the velocity vesteen approaching the boundary,
leading to transverse currents.

8.3 The bottom Ekman layer

Let us consider a uniform, geostrophic ow in a homogeneauid over a at bottom (Figure
B=3. This bottom exerts a frictional stress against the ovinbing the velocity gradually to
zero within a thin layer above the bottom. We now solve fordtracture of this layer.

u=u
Interior
z
R [
Ekman /
layer -, u(z) d
z=0 =

Figure 8-3 Frictional in uence of a at bottom on a uniform ow in a rotatg framework.

In the absence of horizontal gradients (the interior ow &dsto be uniform) and of
temporal variations, continuity equatidd.Z1d yields @w=@=z 0 and thusw = 0 in the
thin layer near the bottom. The remaining equations are alewing reduced forms of
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EZ13 through EZT9):

_ 1 @p @u
fV - —O @X+ E @ (813a)
_ 1 @p @v
+fu = _O —@y+ E —@% (813b)
_ 1 @p
0= & (8.13c)

wheref is the Coriolis parameter (taken as a constant hegd} the uid density, and g is
the eddy viscosity (taken as a constant for simplicity). ibgzontal gradient of the pressure
pis retained because a uniform ow requires a uniformly vagypressure (Sectidd). For
convenience, we align the-axis with the direction of the interior ow, which is of vebity

u. The boundary conditions are then

0; v =0; (8.14a)
0; p=pxy): (8.14b)

Bottom(z = 0) : u
Toward the interiofz  d): u

u;

By virtue of equation@I3d), the dynamic pressuneis the same at all depths; thys,=
p(x;y) in the interior ow as well as throughout the boundary layén. the interior ow
(z d, mathematically equivalentto ! 1 ), equationsi&I33 and relate the
velocity to the pressure gradient:

1 @
0 = R
0 @
1 @
fu = — — = constant
0 @y

Substitution of these derivatives in the same equationg;hwdre now taken at any depth,
yields

d?u
d?v

Seeking a solution of the type= u+ Aexp(z ) andv = B exp(z ), we ndthat obeys
2 44+ f2=0;thatis,

where the distance is de ned by
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Figure 8-4 The velocity spiral in the bottom Ekman layer. The gure isagn for the Northern
Hemispheref(> 0), and the de ection is to the left of the current above theelayl he reverse holds
for the Southern Hemisphere.
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Here, we have restricted ourselves to cases with poditiidorthern Hemisphere). Note
the similarity to BI3. Boundary conditiondd 14 rule out the exponentially growing
solutions, leaving

d = (8.16)

u = u+e® A cosg + B sing (8.17a)
v = e¥ B cosg Asing : (8.17b)

and the application of the remaining boundary conditi@$43 yieldsA = u,B =0, or

u = u 11 e?= cosg (8.18a)
v = ue > sin g: (8.18b)

This solution has a number of important properties. Firgtfanemost, we notice that the
distance over which it approaches the interior solutiomish@ order ofd. Thus, expression
@19 gives the thickness of the boundary layer. For this read@ncalled theEkman depth
A comparison with@I2 con rms the earlier argument that the boundary-layerkthiss is
the one corresponding to a local Ekman number near unity.

The preceding solution also tells us that there is, in thendauy layer, a ow transverse
to the interior ow (v 6 0). Very near the bottomz(! 0), this component is equal to the
downstream velocity v uz=d), thus implying that the near-bottom velocity is at 45
degrees to the left of the interior velocity (Figl8e)). (The boundary ow is to the right of
the interior ow for f < 0.) Further up, where reaches a rst maximung(= 3 d=4), the
velocity in the direction of the ow is greater than in theémior (U = 1:07u). ( Viscosity can
occasionally fool us!)
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It is instructive to calculate the net transport of uid tserse to the main ow:

Zl
VvV = vdz = u_d; (8.19)
0 2

which is proportional to the interior velocity and the Ekndapth.

8.4 Generalization to non-uniform currents

Let us now consider a more complex interior ow, namely, atgdlg nonuniform ow that
is varying on a scale suf ciently large to be in geostrophgaiéibrium (low Rossby number,
as in Sectiol”J). Thus,

1@ .,. 1@

0 @X, 0 @y,
where the pressugx; y;t) is arbitrary. For a constant Coriolis parameter, this oman-
divergent @=@x @=@y 0). The boundary-layer equations are now

fv =

f(v.v) = g % (8.20a)
f(u u E % ; (8.20b)

and the solution that satis es the boundary conditionstglof uandv! vforz!1 )
is

u = u+e® A cosg + B sing (8.21)
v = v+e® B cosg A sing : (8.22)

Here, the “constants” of integratighiandB are independent af but will be dependent ox
andy throughu andv. Imposingu = v = 0 along the bottomZ = 0) sets their values, and
the solution is:

u = u 1 e?d cosg ve 9 sin g (8.23a)
v = ue “ sin g +v 1 e cosg : (8.23b)

The transport attributed to the boundary-layer ow has conmgnts given by

Zl

u = (u u)dz
z,

vV = (v v)dz
0

g (u+v) (8.244a)

(u v): (8.24b)

NI
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Figure 8-5 Divergence in the bottom Ekman layer and compensating dalimg in the interior.
Such a situation arises in the presence of an anticyclonie igythe interior, as depicted by the large
horizontal arrows. Similarly, interior cyclonic motion uses convergence in the Ekman layer and
upwelling in the interior.

Since this transport is not necessarily parallel to theiimteow, it is likely to have a non-zero
divergence. Indeed,

@, _ " e,e,_ do @
@x @y 0 @x @y 2 @x @y
_ d 2.
s 1 (8.25)

The ow in the boundary layer converges or diverges if theeiiar ow has a relative
vorticity. The situation is depicted in FiguBe3 The question is: From where does the uid
come, or where does it go, to meet this convergence or dimeejeBecause of the presence
of a solid bottom, the only possibility is that it be suppliedm the interior by means of a
vertical velocity. But, remember (Sectibid) that geostrophic ows must be characterized
by

@ _
@z
that is, the vertical velocity must occur throughout thettegf the uid. Of course, since
the divergence of the ow in the Ekman layer is proportiomattie Ekman depthd, which is
very small, this vertical velocity is weak.
The vertical velocity in the interior, calldgkman pumpingcan be evaluated by a vertical
integration of the continuity equatiodE21d), usingw(z =0)=0 andw(z'!'1 )= w:

0; (8.26)

z
w = Peu ev,_do @
o @x @ry 2 @x @y
- 94 o1 e 2.
= mr p= — Wr p: (8.27)
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So, the greater the vorticity of the mean ow, the greater timvelling/downwelling. Also,
the effect increases toward the equator (decredsing sin ' and increasingl). The di-
rection of the vertical velocity is upward in a cyclonic owdunterclockwise in the Northern
Hemisphere) and downward in an anticyclonic ow (clockwise¢he Northern Hemisphere).

In the Southern Hemisphere, vﬂﬂére 0, the Ekman layer thicknesimust be rede ned
with the absolute value df: d = = 2 g5fj, but the previous rule remains: the vertical
velocity is upward in a cyclonic ow and downward in an antidgnic ow. The difference
is that cyclonic ow is clockwise and anticyclonic ow is cauterclockwise.

8.5 The Ekman layer over uneven terrain

Itis noteworthy to explore how an irregular topography miigai the structure of the Ekman
layer and, in particular, the magnitude of the vertical ed@loin the interior. For this, consider
a horizontal geostrophic interior owu v), not necessarily spatially uniform, over an uneven
terrain of elevatiorz = b(x;y) above a horizontal reference level. To be faithful to our
restriction (Sectiod.J) to geophysical ows much wider than they are thick, we shalume
that the bottom slope® b=@®& b=@ig everywhere small ( 1). This is hardly a restriction

in most atmospheric and oceanic situations.

Our governing equations are agdiiZl), coupled to the continuity equatidd.Z1d), but
the boundary conditions are now

Bottom(z = b) : u=0; v=0; w=0; (8.28)
Toward the interiofz  d): u=u; V=V (8.29)

The solution is the previous solutid&.PJ with z replaced by b

u = u eb 2 y coszd b, v sin% (8.30a)

v = v+ el Doy sin%) v COS%J : (8.30Db)

We note that the vertical thickness of the boundary layetillmseasured byd = P 2 g=f.
However, the boundary layer is now oblique, and its truekiiéss, measured perpendicularly
to the bottom, is slightly reduced by the cosine of the smaifidim slope.

The vertical velocity is then determined from the contip@iguation:
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@w_  @u @v
@z @x @y
- @ @ .z b
= (b z)=d = = -~
e @x @y sin g
1 @b z b .z b
+ d @x (u v) cos +(u+v)smT
1 @b

z b .z b |
+ (u+v) cosT (u v smT ;

d @y
where use has been made of the fact that the interior gebstrapw has no divergence
[@=@x @=@y 0 —Seell’H ]. A vertical integration from the bottonz(= b), where
the vertical velocity vanishesv = 0 becauseal andv are also zero there) into the interior
(z! +1)where the vertical velocity assumes a vertically uniforaue (v = w), yields

@b @b d @ @
= + = = -
WE o Yex ey T2 ex ey’ (8:31)
The interior vertical velocity thus consists of two partsanponent that ensures no normal
ow to the bottom [see[[d)] and an Ekman-pumping contribution, as if the bottom were
horizontally at [see BZD)].

The vanishing of the ow component perpendicular to the tottmust be met by the
inviscid dynamics of the interior, giving rise to the rst otribution tow. The role of the
boundary layer is to bring the tangential velocity to zerdhat bottom. This explains the
second contribution ta. Note that the Ekman pumping is not affected by the bottomeslo

The preceding solution can also be applied to the lower@uodf the atmospheric bound-
ary layer. This was rst done by Akerblom (1908), and matchbetween the logarithmic
layer close to the ground (SectiBal ) with the Ekman layer further aloft was performed
by Van Dyke (1975). Oftentimes, however, the lower atmospli®in a stable (strati ed)
or unstable (convecting) state, and the neutral state glwinch Ekman dynamics prevail is
more the exception than the rule.

8.6 The surface Ekman layer

An Ekman layer occurs not only along bottom surfaces but eserthere is a horizontal
frictional stress. This is the case, for example, along tbeaa surface, where waters are
subject to a wind stress. In fact, this is precisely the sibmarst examined by Vagn Walfrid
Ekmadi. Fridtjof Nansefl had noticed during his cruises to northern latitudes thettécgs
drift not downwind but systematically at some angle to tlghtiof the wind. Ekman, his
student at the time, reasoned that the cause of this biash@asarth's rotation and subse-
quently developed the mathematical representation thatbears his name. The solution

3See biography at the end of this chapter.
4Fridtjof Nansen (1861-1930), Norwegian oceanographeotanior his Arctic expeditions and Nobel Peace
Prize laureate (1922).
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was originally published in his 1902 doctoral thesis andiraga a more complete article,
three years later (Ekman, 1905). In a subsequent articlm@ak 1906), he mentioned the
relevance of his theory to the lower atmosphere, where the @pproaches a geostrophic
value with increasing height.

Sea surface

Z = O NN NN
//
Ekman (u;v)
o layer L/
Interior (u;v) = (u;v)

Figure 8-6 The surface Ekman layer generated by a wind stress on tha.ocea

Let us consider the situation depicted in FigBr8, where an ocean region with interior
ow eld ( u, v) is subjected to a wind stress*( Y) along its surface. Again, assuming
steady conditions, a homogeneous uid, and a geostropkeciar, we obtain the following
equations and boundary conditions for the ow eld,{v) in the surface Ekman layer:

f(v v) = ¢ % (8.32a)

+fu u = ¢ % (8.32b)

Surface(z = 0) : 0 E%;: X0 E%\z/ Y (8.32¢)

Toward interior(z ! 1 ): u=u, v=1yV (8.32d)
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TOP VIEW
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Figure 8-7 Structure of the surface Ekman layer. The gure is drawn far Northern Hemisphere
(f > 0), and the de ection is to the right of the surface stress. Teéwerse holds for the Southern
Hemisphere.

The solution to this problem is

Dé h . 7 i
u = u + W eZ:d X COoSs a Z Y sin a Z (833a)
_ h i
vV = v+ —fi g4 X sin g i Y cos g 2 o+ (833D
0

in which we note that the departure from the interior ow ¢) is exclusively due to the wind
stress. In other words, it does not depend on the interior. &foreover, this wind-driven
ow component is inversely proportional to the Ekman-laglepth,d, and may be very large.
Physically, if the uid is almost inviscid (smallg , hence shortl), a moderate surface stress
can generate large drift velocities.

The wind-driven horizontal transport in the surface Ekmayrel has components given

by

u = (u udz = — Y (8.34a)
1 0
Z, 1

0

\Y (v v)dz X (8.34b)

1

Surprisingly, it is oriented perpendicular to the wind sgréFigurdB=4), to the right in the
Northern Hemisphere and to the left in the Southern Hemisph&his fact explains why
icebergs, which oat mostly underwater, systematicalliftdo the right of the wind in the
North Atlantic, as observed by Fridtjof Nansen.
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Figure 8-8 Ekman pumping in an ocean subject to sheared winds (casertifédo Hemisphere).

As for the bottom Ekman layer, let us determine the divergesfdhe ow, integrated
over the boundary layer:
z
’ @u+ @v dz =
1 @x @y o @x f @y f
At constanf , the contribution is entirely due to the wind stress sinegititerior geostrophic
ow is nondivergent. It is proportional to the wind-stressrcand, most importantly, it is
independent of the value of the viscosity. It can be showth&rmore that this property
continues to hold even when the turbulent eddy viscosityesaspatially (see Analytical
Problem 8-7).
If the wind stress has a non-zero curl, the divergence of #radh transport must be
provided by a vertical velocity throughout the interior. Artical integration of the continuity
equation,lE2T4), across the Ekman layer with(z = 0) andw(z! 1 )= wyields

r e @

(8.35)

Zy

@u @v
W= + —+ — dz
1 @x Oy (8.36)
1 @ Vv @ * _ :
T exf  eyf M

This vertical velocity is calledekman pumping In the Northern Hemispherd > 0), a
clockwise wind pattern (negative curl) generates a dowtinge(FigurelB=8a), whereas a
counterclockwise wind pattern causes upwelling (Fidgt#). The directions are opposite
in the Southern Hemisphere. Ekman pumping is a very effectigchanism by which winds
drive subsurface ocean currents (Pedlosky, 1996; see abot€20).

8.7 The Ekman layer in real geophysical ows

The preceding models of bottom and surface Ekman layersighdyhidealized, and we
do not expect their solutions to match actual atmospheidcameanic observations closely
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Figure 8-9 Comparison between observed currents below a drifting ceeat 84.3N and theoretical

predictions based on an eddy viscosity = 2:4 10 3 m?/s. (Reprinted fronDeep-Sea Research
13, Kenneth Hunkins, Ekman drift currents in the Arctic Qtga 614, ©1966, with kind permission
from Pergamon Press Ltd, Headington Hill Hall, Oxford OX3WBJK)

(except in some cases; see FiglBgB). Three factors, among others, account for substantial
differences: turbulence, strati cation and horizontadjents.

It was noted at the end of ChapEthat geophysical ows have large Reynolds numbers
and are therefore in a state of turbulence. Replacing theeuldr viscosity of the uid by a
much greater eddy viscosity, as performed in Sedighis a rst attempt to recognize the
enhanced transfer of momentum in a turbulent ow. Howeveg ishear ow such as in an
Ekman layer, the turbulence is not homogeneous, being nmgoeous where the shear is
greater and also partially suppressed in the proximity eftbundary where the size of tur-
bulent eddies is restricted. In the absence of an exactytteddurbulence, several schemes
have been proposed. For the bottom layer, the eddy vischagyeen made to vary in the
vertical (Madsen, 1977) and to depend on the bottom strassh{@an-Roisin and Malacic,
1997). Other schemes have been formulated (see S&Hpwith varying degrees of suc-
cess. Despite numerous disagreements among models andlditivservations, two results
nonetheless stand out as quite general. The rst is thatigledetween the near-boundary
velocity and that in the interior or that of the surface strédepending on the type of Ek-
man layer) is always substantially less than the theotatédae of 45 and is found to range
between 5 and 20 (FigureB=10). See also Stacest al. (1986).

The second result is a formula for the vertical scale of the&h-layer thickness:

d' 04 ‘]f—; (8.37)



8.7. REAL GEOPHYSICAL FLOWS 235

250
3300
350
400
243°

500" 1
u-u
r-1 (m/s)

V-vg
0 20 50
~~— — _Jos
—_— 10074 500
T — 300
. . T 3060
7 6 5 4 3 -2 -1 %00 1
U-Ug
(m/s)

Figure 8-10 Wind vectors minus geostrophic wind as a function of height{eters) in the maritime
friction layer near the Scilly IslesTop diagram Case of warm air over cold wateBottom diagram
Case of cold air over warm water. (Adapted from Roll, 1965)

whereu is the turbulent friction velocity de ned ifd). The numerical factor is derived
from observations (Garratt, 1992, Appendix 3). Whereasdide most commonly accepted
value, there is evidence that certain oceanic conditiold@maa somewhat smaller value
(Mofjeld and Lavelle, 1984; Stigebrandt, 1985).

Takingu as the turbulent velocity and the (unknown) Ekman-layethlepaled, as the
size of the largest turbulent eddies, we write

Eud (8.38)

Then, using rul@I2to determine the boundary-layer thickness, we obtain

which immediately leads td@8(37).

The other major element missing from the Ekman-layer foatioihs of the previous sec-
tions is the presence of vertical density strati cation.tislugh the effects of strati cation
are not discussed in detail until Chagdigl it can be anticipated here that the gradual change
of density with height (lighter uid above heavier uid) hiters vertical movements, thereby
reducing vertical mixing of momentum by turbulence; it aédlmws the motions at separate
levels to act less coherently and to generate internal fyraxdves. As a consequence, strat-

i cation reduces the thickness of the Ekman layer and ineesahe veering of the velocity
vector with height (Garratt, 1992, Section 6.2). For a stoftthe oceanic wind-driven Ekman
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layer in the presence of density strati cation, the readeeferred to Price and Sundermeyer
(1999).

The surface atmospheric layer during daytime over land &oge@awarm currents at sea
is frequently in a state of convection because of heatinghfb@low. In such situations,
the Ekman dynamics give way to convective motions, and arething factor, besides the
geostrophic wind aloft, is the intensity of the surface heat An elementary model is
presented later (Sectifidj). Because Ekman dynamics then play a secondary role, the
layer is simply called thatmospheric boundary layerThe interested reader is referred to
books on the subject by Stull (1988), Sorbjan (1989), diltvich (1991) or Garratt (1992).

8.8 Numerical simulation of shallow ows

The theory presented up to now largely relies on the assompfia constant turbulent vis-

cosity. For real ows, however, turbulence is rarely unifgrand eddy-diffusion pro les must

be considered. Such complexity renders the analyticainreat tedious or even impossible,
and numerical methods need to be employed.

E(2) Figure 8-11 A vertically con ned uid
ow, with bottom and top Ekman lay-
ers bracketing a non-uniform velocity
prole. The vertical structure can be
calculated by a one-dimensional model
spanning the entire uid column even-
though the turbulent viscositye (z)
may vary in the vertical.

To illustrate the approach, we reinstate non-stationamdeand assume a vertically vary-
ing eddy-viscosity (Figur8=11) but retain the hydrostatic approximatid®I3d and con-
tinue to consider a uid of homogeneous density. The govegriquations fou andv are

@u _ 1@p, @ @u
et VT Lex ez Pe: (8.392)
@v _ 1@p, @ @v
et T Ley e *Pe: (8.395)
_ 1 @p
0= =5 (8.39¢)

From the last equation it is clear that the horizontal presguadient is independent of
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A standard nite-volume approach could be applied to theagigus, but since we already
used the approach several times, its implementation inézé as an exercise (see Numerical
Problem 8-5). Instead, we introduce another numerical atgtwhich consists in expanding
the solution in terms of preselected functions calledbasis functions A nite set of N
basis functions is used to construdtial solution:

t(z;t) = ai(t) 1(2)+ ax(t) 2(z2)+ i+ an(t) n(2)
X
= g (t) j(2) (8.40a)
j=1
Wzit) = bi(t) 1(2)+ bp(t) 2(2)+ i+ by (t) n(2)

X
= h() j(2): (8.40b)
j=1

The problem then reduces to nding a way to calculate the omkncoef cientsa; (t) and
b (t) forj =1 to N such that the trial solution is as close as possible to thetescaution.
In other words, we demand that the residyabbtained by substituting the trial solutien
into the differentiak-momentum equation,

@ lep @ @&
@t o @x @z ° @z

be as small as possible, and similarly with the residyadf they-momentum equation. The
residuals, andr, quantify the truncation error of the trial solution, and tigective is to
minimize them.

Collocation methodsequire that the residuals be zero at a nite number of |areiy
across the domain. If each of the two series contdinterms, then taking alshl points
where the two residual, andr, are forced to vanish providéN constraints for th@N
unknownsg; andb . With a little chance, these constraints will be necessadysaif cient to
determine the time evolution of the coef cierds(t) andh (t). In the present case, the situ-
ation is certain because the equations are linear, and rtigot@l derivativesla; (t)=dt and
dh (t)=dt appear in linear differential equations, a relatively igin&orward problem to be
solved numerically, though the matrices involved may haveZeroes. In some cases, how-
ever, the equations may be ill conditioned because of inzatecchoices of the collocation
pointsz, (e.g, Gottlieb and Orszag, 1977).

An alternative to requiring zero residuals at selected {gagito minimize a global mea-
sure of the error. For example, we can multiply the equatlon®l different weighting
functionsw; (z), and integrate over the domain before requiring that theylted-average
error vanish:

fw+ = ry; (8.41)

z h
wir,dz = 0; (8.42)
0
and similarly for the companion equation. Note that we reg|{.42 to hold only for a
nite set of functionsw;; i = 1;:::;N. Had we asked instead that the integral be zero for
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anyfunctionw, the trial solution would be the exact solution of the equasincer, andr,
would then be zero everywhere, but this not possible becaadgave only2N and not an
in nity of degrees of freedom at our disposal. The weightesidualsi.22 must satisfy

Zy
@ 1 @p @ @
W — fv+ — = — — dz = 0; 8.43
, " et ,@x @z ° @z (8.43)
for every value of the indek which leads to
X Zy da; X Zy Z
g 1 @p

w, i dz) — f w;, i dz + — — w; dz

jzlo(ll)dt jzlo(lj)q o@Xo(')
Z

) @U ) @U X h dWidj A
Wl(h) E@Zh + Wl(o) E@ZO + - o EEE dZ a.J - 0, (844)

and similarly for they-momentum equation, with theés replaced bybs, bs by a's, x by
y, andu by v. Note that use was made of the fact that the pressure gradigmtependent
of z. The top and bottom stresses ( rst and second terms of théia$ can be replaced by
their value, if known (such as a wind stress on the sea syrface

As already mentioned, if EquatidB.Z4) holds for any weighting function, an exact solu-
tion is obtained, but if it only holds for a nite series of vggiting functions, an approximate
solution is found for which the residual is not zero everywehleut is orthogonal to every
weighting functiofl. If N different weights are used and the weighted residuals df eac
the 2 equations are required to be zero, we ol2Ainordinary differential equations for the
2N unknownsg; andly . To write the sets of equations in compact form, we de ne sgua
matricesM andK and column vectos by

Zy Zy Zy
dWi d
Mj = w jdz; Kj = — —Ldz; s= w; dz: 8.45
ij o (] ij 0 E dz dz S 0 1 ( )
We then group the coef cientg andly into column vectors andb, and the functionsy; (z)
into a column vectow(z). The weighted-residual equations can then be written irrirnat
notation as

da 1 @p X b

M— = +fMb Ka ——s+ —w(h = w(0 8.46a
- "ot oW Sw) (846
db 1@p . Y b

M— = f Ma Kb ——s+ —wi(h - w(0): 8.46b
= “Gy t oW w):  (8.460)

This set of ordinary differential equations can be solveaivy of the time-integration meth-
ods of Chaptell as long as the temporal evolution of the surface stresspinadtress, and
pressure gradient is known.

SOrthogonality of two functions is understood here as th@erty that the product of the two functions integrated
over the domain is zero. In the present case, the residughisgonal to all weighting functions.
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There remains to provide an initial condition on the coedrisa; andly , which must be
deduced from the initial ow condition (see Numerical Exisee8-1). After solvingl8.48),
the known values of the coef cientg (t) andl (t) permit the reconstruction of the solution
by means of expansioB@0). This method is called theeighted-residual method

A word of caution is necessary with respect to boundary dandi. Top and bottom
conditions on the shear stress are automatically takerairtount, since the stress appears
explicitly in the discrete formulation. A Neumann boundaondition, called anatural con-
dition, is thus easily applied. No special demand is placed on this hanctions, and weights
are simply required to be different from zero at boundarikens a stress condition is applied.
There are situations, however, when the stress on the bouisdaot known. This is gen-
erally the case at a solid boundary along which a no-slip dagnconditionu = v = 0 is
enforced. The integration method does not make the bounaéugs ofu andv appear, and
the basis functions must be chosen carefully to be compatitih the boundary condition.
In the case of a no-slip condition, it is required that= O at the concerned boundary, so that
the velocity is made to vanish there. This is calledeasential boundary condition

Up to now, both basis functiong and weightsy; were arbitrary, except for the afore-
mentioned boundary-related constraints, and smart chaiaa lead to effective methods.
The Galerkin methodnakes the rather natural choice of taking weights equal edotisis
functions used in the expansion. The error is then orthdgortae basis functions. With a
well chosen set of functions , an increasing number of functions can be made to lead ulti-
mately to the exact solution. With the Galerkin method, tlagrinesM andK are symmetric,
with componen&

4 h z h d.d; z h
Mij = . i dz; Kij = . Ed_ZId_ZJ dz; S = . idZZ (8.47)

The basis functions; do not need to span the entire domain but may be chosen to be
zero everywhere, except in nite subdomains. The solutian then be interpreted as the
superposition of elementary local solutions. For this, benerical domain is divided into
subdomains calledhite elementswhich are linear segments in 1D, triangles in 2D, and on
each of which only a few basis functions differ from zero. Sgreatly reduces the calcu-
lations of the matriceM andK. The nite-element method is one of the most advanced
and exible methods available for the solution of partiaffeliential equations but is also
one of the most dif cult to implement correctly (see for exalenHanertet al., 2003 for the
implementation of a 2D ocean model). The interested readeférred to the specialized lit-
erature: Buchanan (1995) and Zienkiewicz and Taylor (26@0an introduction to general
nite-element methods, and Zienkiewiet al. (2005) for the application of nite elements
to uid dynamics.

For the bottom boundary conditian = v = 0, one takesv; (0) = ;(0) = 0, and
Equationsi&Z8) are unchanged, except for the fact that the term includiedobttom stress
disappears. The method involves matrices coupling all ankisa; andly, demanding
a preliminary matrix inversionN 2 operations) and then matrix-vector multiplications?(
operations) at every time step.

For the 1D Ekman layer, the problem can be further simpli ed)( Heaps, 1987; Davies,

6In nite-element jargonM andK are called, respectively, the mass matrix and stiffnessixnat
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1987) by choosing special basis functions that are designebley

@@Z E(Z)%iz = % (2 (8.48a)
@;

(0 =0; =/ =0: 8.48b
(0) 0., (8.48b)
In other words, ; are chosen as the eigenfunctions of the diffusion opell@fdB#, with %
as the eigenvalues. Multiplication @283 by ; and subsequent integration by parts in the
left-hand side and use of the boundary conditi@hg®0) yield:
Zy Zy
did;

dz = % i jdz: 8.49
L Fama T i (8.49)
Note thatfori = j this relationship proves the eigenvalues to be positivpdaitive diffusion
coef cients, since all other terms involved are quadratid dhus positive. Switching the
indicesi andj, we also have

z h z h
. EC:'j_Z(iI'j_Zd = 0/p . i i dz; (8.50)
and subtracting this equation from the preceding one, waiobt
Zy
% %) i jdz=0; (8.51)
0

showing that for non-equal eigenvalues, the basis funstiprand ; are orthogonal in the
sense that

Zh
(2) |(2)dz=0 if 6] (8.52)

Finally, since the basis functions are de ned within an &y multiplicative factor, we may
normalize them such that
Z, Cc
0O if 16]
i(2) (2)dz= i = 8.53
@ @dz= 5= (8.53)
When eigenfunctions are used as basis functions in the Kdalaethod, a so-callesbec-
tral methodis obtained. It is a very elegant method because the eqgdtiothe coef cients
are greatly reduced. The orthonormall@&3J of the eigenfunctions yieldsl = 1, the iden-
tity matrix, and in matrix form reduces t& = %M = % where%is a diagonal matrix
formed with the eigenvalué$. Finally, the equations for componefitsf a andb become:

1@p

d . X
d_ii = +fby %y —os + — () (8.54a)
d 1@ y
T L RIG) (8.54b)
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Note that, since the eigenvalues are positive, the secandde the right corresponds to a
damping of the amplitudes andl , consistent with physical damping by diffusion.

Because of the decouplﬁgchieved by a set of orthogonal basis functions, we no longer
solve a system d®N equations buN systems of equations. This leads to a signi cant re-
duction in the number of operations to be performed: ThedstahGalerkin method requires,
at every time step, one inversion of a matrix of sed¢ 2N and a matrix multiplication
of cost4N 2, while the spectral method demands solvisigimes a2 2 system, with cost
proportional toN . For a large number of time steps, the computational burslesuighly re-
duced by a factoN . With typically 10?  10° basis functions retained, the savings are very
signi cant, and the use of a spectral method generates itapbgains in computing time. It
is well worth the preliminary search of eigenfunctions.

In principle, for well behavedg (z), there exist an in nite but countable number of eigen-
values%, and the full set of eigenfunctiong allows the decomposition of any function.
An approximate solution can thus be obtained by retainifg annite number of eigen-
functions, and the questions that naturally come to minchave many functions should be
retained and which ones. To know which to retain, we can assuoonstant viscosity , in
which case the solution to the eigenproblemis fer1;2;:::):

"7 h_ z!
i = Esm (2 1)EE
2
% = (2] 1)2W
s = 2 7
@
- 2
iy = (i =

in which the scaling facto? 2=h was introduced to satisfy the normalization requirement
@%53. The namespectral methods now readily understood in view of the type of eigen-
functions used in the expansion. The sine functions aresthdething else than those used in
Fourier series to decompose periodic functions into difiewvavelengths. The coef cients
a andly are directly interpretable in terms of modal amplitudesmgther words, the en-
ergy associated with the corresponding Fourier modes. &tseo$a; andly then provide an
insight into the spectrum of the solution.

We further observe that, the larger the eigenvéfuehe more rapidly the function oscil-
lates in space, allowing the capture of ner structures. Stauhigher resolution is achieved
by retaining more eigenfunctions in the expansion, justdarey grid points in nite differ-
encing is done to obtain higher resolution. The num¥eof functions being retained is a
matter of scales to be resolved. For a nite-difference espntation witiN degrees of free-
dom, the domain is covered with a uniform grid with spacingg = h=N, and the shortest
scale that can be resolved has wavenuniger = z (see SectioffLId. In the spec-
tral method, the highest mode retained corresponds to waveerk, = N =h , which is
identical to the one resolved in the nite-difference apgeh. Both methods are thus able to

7Only when equations are linear.
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Figure 8-12 Velocity pro le forced
| by a pressure gradient directed along
the y—axis above a no-slip bottom
1 and below a stress-free surface. The
geostrophic ow aloft has components
u =0:1andv = 0. Solid lines repre-
sent the exact solution, whereas dash-
dotted lines depict the numerical solu-
| tion obtained by the spectral method
with only the rst ve modes. Note the
excellent agreement. Oscillations ap-
pearing in the numerical solution give
a hint of the sine functions used in ex-
o0z panding the solution.
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represent the same spectrum of wavenumbers with an identiogber of unknowns. Also,
the cost of both methods is directly proportional to the namiif unknowns. So, where is
the advantage of using a spectral method?

Except for the straightforward interpretation of the cagéntsa; andb in terms of
Fourier components, the essential advantage of spectthbaeresides in their rapid con-
vergence as the numbbr of basis functions is increased, for suf ciently gentlelg@ns
and boundary conditiong(g, Canutoet al, 1988). To illustrate this claim, we calculate
the stationary solution of a geostrophic current withoutaste stress by droppindig; =dt
anddh =dt from the matrix equations and solve farandb before recombining the solu-
tion. Even with only 5 basis functions€., equivalent to using 5 grid points), the behavior
of the solution is well captured (FiguBEId). Furthermore, since the equations for different
a coef cients are decoupled, increasing the valueNotloes not modify the values of the
previously calculated coef cients but simply adds morertey each one bringing additional
resolution. The amplitude of the new terms is directly pmbipoal to the value of the coef-
cients & andb, and their rapid decrease as a function of inflékigurel8=I3— note the
logarithmic scales) explains why fast convergence can peagd.

In order not to miss the most important parts of the solutitds,imperative to use eigen-
functions in their order, that is, without skipping any irtheries, up to the preselected num-
berN. In the limit of largeN, it can be shown that convergence for a relatively smooth so-
lution is faster than with any nite difference method of amnder €.g, Gottlieb and Orszag,
1977). This is the distinct advantage of the spectral metiviich explains why it is often
used in cases when nearly exact numerical solutions ardsoug

An alternative to the Galerkin spectral approach is to féieeerror to vanish at particular
grid points, leading to so-calleggseudospectral methods.g, Fornberg, 1998). As for all
collocation methods, these do not require evaluation efjiretls over the domain.

In concluding the presentation of the function-expansjmpraach, we insist on the fun-
damental aspect that the numerical approximation is véfgrdint from the point-value sam-
pling used in nite-difference methods. In space, the basitions ; are continuous and
can therefore be differentiated or manipulated mathemlativithout approximation. The
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numerical error arises only due to the fact that a nite numifebasis functions is used to
represent the solution.

Analytical Problems

8-1. Itis observed that fragments of tea leaves at the bottomtirffadtea cup conglomerate
toward the center. Explain this phenomenon with Ekmanfldyeamics. Also explain
why the tea leaves go to the center irrespectively of thectior of stirring (clockwise
or counterclockwise).

8-2. Assume that the atmospheric Ekman layer over the eartifacmiat latitude 49N can
be modeled with an eddy viscositg = 10 n?/s. If the geostrophic velocity above the
layer is 10 m/s and uniform, what is the vertically integdatew across the isobars
(pressure contours)? Is there any vertical velocity?

8-3. Meteorological observations above New York (B} reveal a neutral atmospheric bound-
ary layer (no convection and no strati cation) and a westgygostrophic wind of
12 m/s at 1000 m above street level. Under neutral conditiBkiman dynamics apply.
Using an eddy viscosity of 10 #fs, determine the wind speed and direction atop the
Empire State Building, which stands 381 m tall.

8-4. A southerly wind blows at 9 m/s over Taipei (28). Assuming neutral atmospheric con-
ditions so that Ekman dynamics apply and taking the eddyosisgequal to 10 s,
determine the velocity pro le from street level to the toptbé 509 m tall Taipei Fi-
nancial Center skyscraper. The wind force per unit heightiarthe direction of the
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wind can be taken & = 0:93LV 2, where =1.20kg/n? is the standard air density,
L = 25 m is the building width, an¥ (z) = (u? + v2)172 is the wind speed at the
height considered. With this, determine the total wind éooa the southern facade of
the Taipei Financial Center.

8-5. Show that althouglv may not be zero in the presence of horizontal gradients,ghe v

cal advection terme/@ u=@andw@ v=@af the momentum equations are still negli-
gible, even if the short distanckis taken as the vertical length scale.

8-6. You are working for a company that plans to deposit highllezdioactive wastes on

the bottom of the ocean, at a depth of 3000 m. This site (Beit33 N) is known to be
at the center of a permanent counterclockwise vortex. lydak vortex ow can be
assimilated to a solid-body rotation with angular speedatul0 °s . Assuming a
homogeneous ocean and a steady, geostrophic ow, estitmatgpwelling rate at the
vortex center. How many years will it take for the radioagtwastes to arrive at the
surface? Také =8 10 °s land =10 2m?/s.

8-7. Derive Equation&38 more simply not by starting from solutioB.Z3 as done in the

text but by vertical integration of the momentum equati@32. Consider also the
case of non-uniform eddy viscosity, in which cage must be kept inside the vertical
derivative on the right-hand side of the equations, as imthggnal governing equations

@2 and E2TH.

8-8. Between 15N and 45N, the winds over the North Paci ¢ Ocean consist mostly of the

easterly trades (18 to 30 N) and the mid-latitude westerlies (39 to 45 N). An
adequate representation is

X — Y y — .
03|n2L, 0 for L y L;

with ¢ = 0.15 N/n? (maximum wind stress) and = 1670 km. Taking o = 1028
kg/m® and the value of the Coriolis parameter corresponding toN3@alculate the
Ekman pumping. Which way is it directed? Calculate the galtvolume ux over the
entire 15—-45 N strip of the North Paci ¢ (width = 8700 km). Express your ares in

sverdrup units (1 sverdrup = 1 Sv =813°/s).

8-9. The variation of the Coriolis parameter with latitude carapproximated ak = fo +

oY, Wherey is the northward coordinate ( beta-plane approximation Sextiofd.d).
Using this, show that the vertical velocity below the suef&dkman layer of the ocean
is given by

@ ' @ * o

@x f @y f f o,

w(z) = v dz; (8.55)

where * and Y are the zonal and meridional wind-stress components, cégely,
andv is the meridional velocity in the geostrophic interior belthe Ekman layer.
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8-10. Determine the vertical distribution of horizontal velgcih a 4m deep lagoon subject
to a northerly wind stress of 0.2 NfmThe density of the brackish water in the lagoon
is 1020 kg/mi. Takef =10 *s Yand g =10 2 m?/s. In which direction is the net
transport in this brackish layer?

8-11. Redo Problem 8-10 with = 0 and compare the two solutions. What can you conclude
about the role of the Caoriolis force in this case?

8-12. Find the stationary solution dB{I33—@.139 for constant viscosity, a uniform pres-
sure gradient in thg—direction in a domain of nite depth with no stress at the top
and no slip at the bottom. Study the behavior of the solut®h=al varies and com-
pare to the solution in the in nite domain. Then, derive tketionary solution without
pressure gradient but with a top stress inyhdirection.

Numerical Exercises

8-1. How can we obtain initial conditions fa; andl in the expansiondgZ0) from initial
conditions on the physical variables= ug(z) andv = vp(z)? Hint: Investigate a
least-square approach and an approach in which the initiad is forced to vanish in
the sense off.Z3). When do the two approaches lead to the same result?

8-2. Usespeciralekman.m___|to calculate numerically the stationary solutions of Amialy
cal Problem 8-12. Compare the exact and numerical solutars=d = 4 and assess
the convergence rate as a functionleN, whereN is the number of eigenfunctions
retained in the trial solution. Compare the convergence odtboth cases (with and
without stress at the top) and comment.

8-3. UsdSpectralekman.m__|to explore how the solution changes as a function of the ratio
h=d and how the numbeM of modes affects your resolution of the boundary layers.

8-4. Modify [Epeciralekman.m__| to allow for time evolution, but maintaining constant
wind stress and pressure gradient. Use a trapezoidal méthtiche integration. Start
from rest and observe the temporal evolution. What do yoemes

8-5. Use a nite-volume approach with time splitting for the Gali$ terms and an explicit
Euler method to discretize diffusion iB.389% and B.390). Verify your program in
the case of uniform eddy viscosity by comparing with the dyeanalytical solution.
Then use the viscosity pro leg (z) = Kz(1 z=h)u . In this case, can you nd the
eigenfunctions of the diffusion operator and outline thée@an method? Klint: Look
for Legendre polynomials and their properties.)

8-6. Assume that your vertical grid spacing in a nite-differenscheme is large compared
to the roughness lengtty and that your rst point for velocity calculation is found at
the distance z=2 above the bottom. Use the logarithmic pro le to deduce thiédm
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stress as a function of the computed velocity at levef2. Then use this expression in
the nite-volume approach of Numerical Exercise 8-5 to ea@ the no-slip condition
by a stress condition at the lowest level of the grid.



Vagn Walfrid Ekman
1874 — 1954

Bornin Sweden, Ekman spent his formative years under tetgg of Vilhelm Bjerknes and
Fridtjof Nansen in Norway. One day, Nansen asked Bjerknks tme of his students make a
theoretical study of the in uence of the earth's rotationwimd-driven currents, on the basis
of Nansen's observations during his polar expedition tbadrifts with ocean currents to the
right of the wind. Ekman was chosen and later presented &éicolim his doctoral thesis of
1902.

As professor of mechanics and mathematical physics at thveeksity of Lund in Swe-
den, Ekman became the most famous oceanographer of hisajenerThe distinguished
theoretician also proved to be a skilled experimentalig.ddsigned a current meter, which
bears his name and which has been used extensively. Ekmaaissabe one who explained
the phenomenon of dead water by a celebrated laboratoryimerd (see Figure 1-4)Photo
courtesy of Pierre Welandpr
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Ludwig Prandtl
18751953

A German engineer, Ludwig Prandtl was attracted by uid pdraena and their mathematical
representation. He became professor of mechanics at thetgity of Hannover in 1901,
where he established a world renowned institute for aeraahcs and hydrodynamics. It
was while working on wing theory in 1904 and studying frictidrag in particular that he
developed the concept of boundary layers and the attendatbematical technique. His
central idea was to recognize that frictional effects arermed to a thin layer in the vicinity
of the boundary, allowing the modeler to treat rest of the asvinviscid.

Prandtl also made noteworthy advances in the study of eltystsupersonic ows and
turbulence, particularly shear turbulence in the viciity boundary. A mixing length and a
dimensionless ratio are named after him.

It has been remarked that Prandtl's keen perception of palygshenomena was balanced
by a limited mathematical ability and that this shortcomprgmpted him to seek ways of
reducing the mathematical description of his objects ofstrhus perhaps, the boundary-
layer technique was an invention born out of necessiofo courtesy of the Emilio Segr
Visual Archives, American Institute of Phygics
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