Chapter 6

Transport and Fate

SUMMARY : Here, we augment the diffusion equation of the precediraptdr to include
the effects of advection (transport by the moving fluid) aate f(diffusion, plus possible
source and decay along the way). The numerical section ®egth the design of schemes
for advection in a fixed (Eulerian) framework and then extetttbse to include the dis-
cretization of diffusion and source/decay terms. Most efdievelopments are presented in
one dimension before generalization to multiple dimension

6.1 Combination of advection and diffusion

When considering the hedB.23, salt BI3), humidity 19 or density equations

of Geophysical Fluid Dynamics, we note that they each ireltidtee types of terms. The
first, a time derivative, tells how the variable is changingrtime. The second is a group

of three terms with velocity components and spatial dekieat sometimes hidden in the
material derivativel/dt. They represent the transport of the substance with the fhalase
collectively calledadvection. Finally, the last group of terms, on the right-hand sideludes

an assortment of diffusivities and second-order spatialaléves. In the light of Chapter 5,

we identify these withdiffusion. They represent the spreading of the substance along and
across the flow. Using a generic formulation, we are broughtudy an equation of the type

Jdc Jdc Oc Oc 0 Oc 0 Oc 0 Oc
E—I—u%—i—va—y—kw& _3_x<A3_x) +8_1/<A8_y) +£<5£),(6.1)

where the variable may stand for any of the aforementioned variables or reptessub-
stance imbedded in the fluid, such as a pollutant in the atheyspor in the sea. Note the
anisotropy between the horizontal and vertical directiohgenerally> ).

The examples in the following figures illustrate the combiméfects of advection and
diffusion. Figurde-lshows the fate of the Rhone River waters as they enter th@dlexhean
Sea. Advection pulls the plume offshore while diffusiorutts it. Figurd-dis a remarkable
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Figure 6-1 Rhdne River plume dis-
charging in the Gulf of Lions (circa
43’N) and carrying sediments into
the Mediterranean Sea. This satel-
lite picture was taken on 26 February
1999. atellite image provided by
the SeaWFSProject, NASA/Goddard
Soace Flight Center)

satellite picture, showing wind advection of sand from tteh&a Desert westward from
Africa to Cape Verde (white band across the lower part of fheupe) at the same time as,
and independently from, marine transport of suspendecemsdtithwestward from the Cape
Verde islands (Von Karman vortices in left of middle of thieture). While sand is being

blown quickly and without much diffusion in the air, the seints follow convoluted paths

in the water, pointing to a disparity between the relatifeas of advection and diffusion in

the atmosphere and ocean.

Often, the substance being carried by the fluid is not simpdyed and diffused by the
flow. It may also be created or lost along the way. Such is tke oéparticle matter, which
tends to settle at the bottom. Chemical species can be pedducreaction between parent
chemicals and be lost by participating in other reactions ekample of this is sulfuric
acid (H,SOy) in the atmosphere: It is produced by reaction of sulfur @lexSG;) from
combustion and lost by precipitation (acid rain or snow)itidim, a naturally radioactive
form of hydrogen enters the ocean by contact with air at thfase and disintegrates along
its oceanic journey to become Helium. Dissolved oxygenésima is consumed by biological
activity and is replenished by contact with air at the swfac

To incorporate these processes, we augment the advedtiosiah equation @) by
adding source and sink terms in the right-hand side:

oc L oe ocoe
T ) o
0 Oc 0 dc 0 Oc

where the ternt stands for the source, the formulation of which depends emptrticular
process of formation of the substance, dkids a coefficient of decay, which affects how
quickly (largeK) or slowly (smallK) the substance is being lost.

At one-dimension, say in the-direction, and with constant diffusivity, the equation
reduces to:
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Figure 6-2 Sahara dust blown by the wind from the African continent awer ocean toward Cape
Verde islands (15-FN), while suspended matter in the water is being transpatethwestward by
a series of Von Karman vortices in the wake of the islandsteNn passing how these vortices in the
water relate to the overlying cloud patterndagques Descloitres, MODIS Land Science Team)

2
%-{-U%ZA%—FS—KQ (6.3)

Several properties of the advection-diffusion equati@wvesrth noting because they bear
on the numerical procedures that follow: In the absence wifcsand sink, the total amount
of the substance is conserved, and, in the further absendéfwsion, the variance of the
concentration distribution, too, is conserved over time.

When we integrate Equatio®) over the domain volum&, we can readily integrate
the diffusion terms and, if the flux is zero at all boundarikese vanish, and we obtain:

d oc oc oc
E/VCCW_ —/V<u£+va—y+w&>dv+ /VSdV— /VchV.

After an integration by parts, the first set of terms on thatr@an be rewritten as

d ou Ov OJw
— dy = — 4+ —+—=—)d dy — Kcd
dt/ycv +/Vc<8:z:+8y+az)v+/vsv /VCV,
as long as there is no flux or no advection at all boundarie@sking the continuity equation
#2214 reduces the first term on the right to zero, and we obtainlsimp

d

— | cdv = /SdV— /chv. (6.4)
dt Jy % %
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Since the concentratiarrepresents the amount of the substance per volume, itsahtager
the volume is its total amount. Equatid®4) simply states that this amount remains constant
over time when there is no sourcg & 0) or sink (KX = 0). Put another way, the substance
is moved around but conserved.

Now, if we multiply Equation&2) by ¢ and then integrate over the domain, we can
integrate the diffusion terms by parts and, if the flux is agagro at all boundaries, we have:

1d 9 B e\’ dc\> oc\?
55/120 Qv = _/v A(a—x) +A(8—y) +n(&) v
+ /Sch - /Kc2dv. (6.5)
V Y

With no diffusion, source or sink, the right-hand side is@geandvariance is conserved in
time. Diffusion and decay tend to reduce variance, wheraasiece tends to increase it.

This conservation property can be extended, still in theabes of diffusion, source and
sink, to any power? of ¢, by multiplying the equation by?~! before integration. The
conservation property even holds for any functiofe). It goes without saying that numerical
methods cannot conserve all these quantities, but it is\hdgsirable that they conserve at
least the first two (total amount and variance).

There is one more property worth mentioning, which we wiitstwithout demonstra-
tion but justify in a few words. Because diffusion acts to stmothe distribution of, it
removes the substance from the areas of higher concenttid brings it into regions of
lower concentration. Hence, due to diffusion alone, theimarn of ¢ can only diminish and
its minimum can only increase. Advection, by contrast, sgdiutes existing values, thus
not changing either minimum and maximum. In the absence wfcgoand sink, therefore,
no future value ot: can fall outside the initial range of values. This is callbd max-min
property. Exceptions are the presence of a source or sink, and thetitpough one of the
boundaries of a concentration outside the initial range.

We call a numerical scheme that maintains the max-min ptgpanonotonic scheme or
monotonicity preserving schemB. Alternatively, the property oboundednessis often used
to describe a physical solution that does not generate newrea. Ifc is initially positive
everywhere, as it should be, the absence of new extrema kieepsriable positive at all
future times, another property calledsitiveness. A monotonic scheme is thus positive but
the reverse is not necessarily true.

6.2 Relative importance of advection: The Peclet number

Since the preceding equations combine the effects of botbctidn and diffusion, it is im-
portant to compare the relative importance of one to therothea specific situation, could
it be that one dominates over the other or that both impaateautmnation values to the same
extent? To answer this question, we turn once again to sdafgeducing a length scalb,
velocity scaleU, diffusivity scaleD, and a scalé\c to measure concentration differences,

1Some computational fluid dynamicists do make a differend¢evdzn these two labels, but this minor point lies
beyond our present text.
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we note that advection scales likeAc/ L and diffusion likeDAc/L?. We can then compare
the two processes by forming the ratio of their scales:

advection  UAc/L UL

diffusion ~ DAc¢/L? ~ D
This ratio is by construction dimensionless. It bears theaaf Peclet numbBrand is
denoted byPe:

Pe = — (6.6)

where the scale&, L and D may stand for the scales of either horizontal ¢, =, v and
A) or vertical (v, z andk) variables but not a mix of them. The Peclet number leads to an
immediate criterion, as follows.

If Pe < 1 (in practice, if Pe < 0.1), the advection term is significantly smaller than
the diffusion term. Physically, diffusion dominates andr@ation is negligible. Diffusive
spreading occurs almost symmetrically despite the dweatibias of the weak flow. If we
wish to simplify the problem, we may drop the advection tetud{/dz in €3)], as ifu were
zero. The relative error committed in the solution is expddb be on the order of the Peclet
number, and the smalld?e, the smaller the error. The methods developed in the pregedi
chapter were based on such simplification and thus apply eWeee < 1.

If Pe > 1 (in practice, if Pe > 10), it is the reverse: the advection term is now sig-
nificantly larger than the diffusion term. Physically, adiien dominates and diffusion is
negligible. Spreading is weak, and the patch of substanec®stly moved along, and pos-
sibly distorted by, the flow. If we wish to simplify the prolobe we may drop the diffusion
term [40%¢c/02% in @), as if A were zero. The relative error committed in the solution by
so doing is expected to be on the order of the inverse of thiEePmember {/Pe¢), and the
largerPe, the smaller the error.

6.3 Highly advective situations

When a system is highly advective in one direction (higghnumber based on scalés L
and D corresponding to that direction), diffusion is negligiltethat same direction. This
is not to say that it is also negligible in the other direcfiorFor example, high advection
in the horizontal does not preclude vertical diffusion, lais is often the case in the lower
atmosphere. In such a case, the governing equation is

%—i—u%—i—vg—;:%(ﬁ%)—i—S—KQ (6.7)
Because the diffusion terms are of higher order (secondateres) than those of advec-
tion (first derivatives), the neglect of a diffusion term weds the order of the equation and,
therefore, also reduces the need of boundary conditionsbyirothe respective direction.
The boundary condition at the downstream end of the domast beudropped: The concen-
tration and flux there are whatever the flow brings to that pdproblem occurs when the

2In honor of Jean Claude Eugéne Péclet (1793-1857), Framgsicist who wrote a treatise on heat transfer.
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situation is highly advective and the small diffusion teemot dropped. In that case, because
the order of the equation is not reduced, a boundary comdiienforced at the downstream
end, and a locally high gradient of concentration may occur.

To see this, consider the one-dimensional, steady situatith no source and sink, with
constant velocity and diffusivity in the—direction. The equation is

dc d?c
R i 6.8
Y A dx?’ 6.8)
and its most general solution is
c(x) = Cy + Oy e/ A, (6.9)

Foru > 0, the downstream end is to the right of the domain, and thetisolincreases
exponentially towards the right boundary. Rather, it cduddsaid that the solution decays
away from this boundary as decreases away from it. In other words, a boundary layer
exists at the donwstream end. Tédolding length of this boundary layer id/«, and it
can be very short in a highly advective situation (latgand small.4). Put another way,
the Peclet number is the ratio of the domain length to thimblawy-layer thickness, and the
larger the Peclet number, the smaller the fraction of thealoraccupied by the boundary
layer. Why do we need to worry about this? Because in a nualariodel it may happen
that the boundary-layer thickness falls below the grid.sizes therefore important to check
the Peclet number in relation to the spatial resolution.ughthe ratio of the grid size to the
length scale of the system be comparable to, or larger tharinverse of the Peclet number,
diffusion must be neglected in that direction, or, if it mhstretained for some reason, special
care must be taken at the downstream boundary.

6.4 Centered and upwind advection schemes

In GFD, advection is generally dominant compared to difinsand we therefore begin with
the case of pure advection of a tracer concentratient) along ther—direction. The aim is
to solve numerically the following equation:

oo, 0e
ot u(?a:

For simplicity, we further take the velocityas constant and positive so that advection carries
¢ in the positiver—direction. The exact solution of this equation is

= 0. (6.10)

c(z,t) = co(x — ut), (6.11)

wherecy () is the initial concentration distribution (at= 0).
A spatial integration fromx;_,,, t0 z;4,,, across a grid cell (Figufg=J) leads to the
following budget

@ Qit+1/2 — Gi—1/2

dt Ax =0, gi—1pp = uc i—1/2 (6.12)
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R e e Figure 6-3 One-dimensional finite-

qzﬂ%—“ *LZﬂ/ 2 volume approach with fluxes at the

f f interfaces between grid cells for a
Ti—1/2 Titi/2 z straightforward budget calculation.

which is the basis for the finite-volume technique, af8ii8®. To close the system, we need
to relate the local fluxeg to the cell-average concentrationsTo do so we must introduce
an approximation, because we do not know the actual valueadfthe interfaces between
cells, but only the average value in the cell on each side @ifajppears reasonable to use the
following, consistent, numerical interpolation for thexiu

i = (%) | (6.13)
which is tantamount to assuming that the local tracer canagon at the interface is equal
to the mean of the surrounding cell averages. Before pracgedth time discretization, we
can show that this centered approximation conserves ngttbaltotal amount of substance
but also its variancéy_, ¢; and)_, (¢;)?, respectively. Substitution of the flux approximation
into €12 leads to the following semi-discrete equation for celbfaged concentrations:

de; Cit+1 — Ci—1
s —- Uy —.

’n N (6.14)

Sum over index leads to cancellation of terms by pairs on the right, leawnly the first
and lastz values. Then, multiplication of the same equationcpfollowed by the sum over
the domain provides the time-evolution equation of theréiszed variance:

% <Z(cl)2> = - & ;Eiéiﬂ + & zi:ézfi—l,

3

where the sum covers all grid cells. By shifting the indexha tast term from to i + 1,
we note again cancellation of terms by pairs, leaving onlytgoutions from the first and
last grid points. Thus, except for possible contributionsf the boundaries, the numerical
scheme conserves both total amount and variance as theamgjuation does.

However, the conservation of global variance only holdgliersemi-discrete equations.
When time discretization is introduced as it must evenyuadl, conservation properties are
often lost. In the literature it is not always clearly statettether conservation properties hold
for the semi-discrete or fully-discretized equations. Tistinction, however, is important:
The centered-space differencing conserves the variantteefemi-discrete solution, but a
simple explicit time discretization renders the schemeonddaionally unstable and certainly
does not conserve the variance. On the contrary, the latgrtdy rapidly increases. Only a
scheme that is both stable and consistent leads in the lfmarashing time step to a solution
that satisfiedg. 12 and ensures conservation of the variance.
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We might wonder why place emphasis on such conservatioreptiep of semi-discrete
equations, since by the time the algorithm is keyed into thaputer it will always rely
on fully-discretized numerical approximations in both apand time. A reason to look at
semi-discrete conservation properties is that some dp@oia discretizations maintain the
property in the fully-discretized case. We now show thattthpezoidal time discretization
conserves variance.

Consider the more general linear equation

de;
— ¢)=0 6.15
where L stands for a linear discretization operator applied to tiserdte fieldé;. For our
centered advection, the operatofi&;) = u(é;1—¢—1)/(2Az). Suppose that the operator
is designed to satisfy conservation of variance, which detaghat at any momentand for
any discrete field; the following relation holds:

> aLl(E) =0, (6.16)

because only then dogs, ¢; dé; /dt vanish according tdg 19 and E16). The trapezoidal
time discretization applied t&{13) is

gt e L& + L&) L pint1 | an
T = — 2 = — 5 ;C(CZ + Ci ), (617)
where the last equality follows from the linearity of operafl. Multiplying this equation by

(&7 4 &r) and summing over the domain then yields

(é;H_l)Q B (67)2 _ 1 Z(~n+1 ~n E ~n+1 ~n
X = "3 et e LErT +ép). (6.18)
3 3
The term on the right is zero by virtue @.08. Therefore, any spatial discretization scheme
that conserves variance continues to conserve varianike tfapezoidal scheme is used for
the time discretization. As an additional benefit, the ré@sglscheme is also unconditionally
stable. This does not mean, however, that the scheme ifastdiy, as Numerical Exercise
6-9 shows for the advection of the top-hat signal. Furtheenthere is a price to pay for
stability because a system of simultaneous linear equatierds to be solved at each time
step if the operatof uses several neighbors of the local grid paint
To avoid solving simultaneous equations, alternative wethmust be sought for time

differencing. Let us explore the leapfrog scheme on theefimitlume approach. Time inte-
gration of B2 from t*~! to t"*! yields

e At . .
= C? -2 Ar (Qi+1/2 - %—1/2) ) (6.19)
whereg;_,,, is the time-average advective flux across the cell interfaces between célid
ands during the time interval from” ! to t"+!. Using centered operators, this flux can be
estimated as

—n+1
G
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tn+l
~ 1

_ &+
i = o [ st = G = (SR @20

so that the ultimate scheme is:

gt =gl - C(Ey, — ), (6.21)

where the coefficient is defined as

uAt
= — 6.22
C==x (6.22)
The same discretization could have been obtained by stfaiglard finite differencing of

€10.

The paramete€ is a dimensionless ratio central to the numerical discatitin of advec-
tive problems, called th€ourant number or CFL parameter (Courant, Friedrichs and Lewy,
1928). It compares the displacemertt made by the fluid during one time step to the grid
size Az. More generally, the Courant number for a process involémgyopagation speed
(such as a wave speed) is defined as the ratio of the distaqrepdgation during one time
step to the grid spacing.

To use B2, two initial conditions are needed, one of which is phykarad the other
artificial, The latter must be consistent with the former.ussial, an explicit Euler step may
be used to start from the single initial conditigh

&= S (@, ). (6.23)

~ % Figure 6-4 The characteristic line —
ut = a propagates information from
the initial condition or boundary con-
dition into the domain. If the bound-
ary is located atr = 0 and the ini-
tial condition given at = 0, the line
x = wut divides the space-time frame
into two distinct regions: Fotx < wt
the boundary condition defines the so-

— — lution whereas forr > wt the initial

a Initial condition x condition defines the solution.

_|_ Boundary condition |

In considering boundary conditions, we first observe thateékact solution offlg.10)
obeys the simple law



158 CHAPTER 6. TRANSPORT AND FATE

c(x —ut) = constant (6.24)

By virtue of this property, a specified value efsomewhere along the line — ut = a,
called acharacteristic, determines the value efeverywhere along that line. It is then easily
seen (Figur@&=9) that, in order to obtain a uniquely defined solution withte domain, a
boundary condition must be provided at the upstream boyrimamo boundary condition is
required at the outflow boundary. The centered space difténg, however, needs a value of
¢ given at each boundary. When discussing artificial boundanglitions (SectioE.3), we
argued that these are acceptable as long as they are cotwsigtethe mathematically correct
boundary condition. But then, what requirement should tieitial boundary condition at
the outflow obey with since there is no physical boundary @@rdfor it to be consistent
with? In practice a one-sided space differencing is useldeabtitflow for the last calculation
pointi = m, so that its value is consistent with the local evolutionagon:

et =an-t—2C(ep, —ény) - (6.25)
This provides the necessary value at the last grid cell.

For the inflow condition, the physical boundary conditionirigposed, and algorithm
(&2 can be used starting from= 1 and marching in time over all points= 2, ..., m — 1.
Numerically we thus have sufficient information to calcalatsolution that will be second-
order accurate in both space and time, except near thel iogralition and at the outflow
boundary. In order to avoid any bad surprise when implemgrtie method, a stability
analysis is advised.

For convenience, we use the Von Neumann method written imi€remode formalism

E3)

6? — A ei (kg 1Az — @ nAt)7 (626)

where the frequency may be complex. Substitution in the difference equati@Z]) pro-
vides the numerical dispersion relation

sin(@At) = Csin(k,Az). (6.27)

If |C| > 1 this equation admits complex solutiofis= @, + iw; for the 4Az wave with
W, At = 7/2 andw; such that

sin(@, At +iw;At) = cosh(w;At) = C, (6.28)

which admits two real solution®; of opposite signs. One of the two solutions, therefore,
corresponds to a growing amplitude, and the scheme is Uastab

For|C| < 1, dispersion relatior§ Z1) has two real solutions, and the scheme is stable.
Therefore, numerical stability requires the conditj@h< 1.

In the stable case, the numerical frequei@ayay be compared to the exact value written
in terms of discrete parameters

w=uk, — wAt = Ck,Ax. (6.29)

Obviously, fork, Az — 0 andAt — 0 the numerical relatiof 23 coincides with the exact
relation £29. However, whenb is solution of E23) so is alsor/At — &. The numerical
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solution thus consists of the superposition of the physimadeexpli (k. iAz — & nAt)] and
a numerical mode that can be expressed as

5? - A ei(kz Az + @ nAt) einw (630)

which, by virtue ofel”™ = (1), flip-flops in time, irrespectively of how small the time
step is or how well the spatial scale is resolved. This secmmlponent of the numerical
solution, calledspurious mode or computational mode, is traveling upstream, as indicated
by the change of sign in front of the frequency. For the linease discussed here, this
spurious mode can be controlled by careful initializatiseg Numerical Exercise 6-2), but
for nonlinear equations, the mode may still be generategitesareful initialization and
boundary conditions. In this case, it might be necessarysttime-filtering (see Section
I0.8 to eliminate unwanted signals even if the spurious mod&alse for|C| < 1.

t

t’n

unstable

Figure 6-5 Domain of numerical dependence of the leapfrog scheme &) govered by the points
(circled dots) that influence the calculation at paint. This network of points is constructed recur-
sively by identifying the grid points involved in prior callations. The physical solution depends only
on values along the characteristic. If the characterig&Wwithin the domain of numerical dependence
(one of the solid lines, for example), this value can be a@ptiby the calculations. On the contrary,
when the physical characteristic lies outside the domainusherical dependence (dashed line, for
example), the numerical scheme relies on information thphysically unrelated to the advection pro-
cess, and this flaw is manifested by numerical instabilitgta\also that the leapfrog scheme divides the
grid points in two sets according to a checkerboard pattgraléd and non-circled dots). Unless some
smoothing is performed, this risks to generate two numilyicedependent sets of values.

The leapfrog scheme is thus conditionally stable. The Ktaloiondition |C| < 1 was
given a clear physical interpretation by Courant, Fridasiand Lewy in their seminal 1928
paper. Itis based on the fact that algoritHBi}) defines a domain of dependence: Calcu-
lation of the value at point and moment. (at the top of the gray pyramid in Figued)
implicates neighbor pointst 1 at timen — 1 and the cell valué at timen — 2. Those values
in turn depend on their two neighboring and past values, abametwork of points can be
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Figure 6-6 Leapfrog scheme applied
to the advection of a “top-hat” signal
with C = 0.5 for 100 times steps.
The exact solution is a mere translation
from the initial position (dashed curve
on the left) by 50 grid points down-
stream (dash-dotted curve on the right).
The numerical method generates a so-
lution that is roughly similar to the ex-
act solution, with the solution varying
1o 20 s 4 s e 7 8 e . around the correctvalue.

constructed that affect the value at grid paitnd moment:. This network is the domain
of numerical dependence. Physically, however, the saludiopoint: and timen depends
only on the value along the characteristie- ut = x; — ut™ according tol§.29). It is clear
that, if this line does not fall inside the domain of deperadgithere is trouble, for an attempt
is made to determine a value from an irrelevant set of othkerega Numerical instability is
the symptom of this unsound approach. It is therefore nacgs$kat the characteristic line
passing througki, n) be included in the domain of numerical dependence.

Except for the undesirable spurious mode, the leapfrogmnseheas desirable features,
because it is stable fd€| < 1, conserves variance for sufficiently small time steps, and
leads to the correct dispersion relation for well-resolspdtial scales. But, is it sufficient to
ensure a well-behaved solution? A standard test for adwestihemes is the translation of a
“top-hat” signal. The use ol(Z])) leads in this case to the result shown in Fidei® which
is somewhat disappointing. The odd behavior can be exglaimeterms of Fourier modes,
the solution consists of a series of sine/cosine signal#fefreint wavelength, each of which
by virtue of the numerical dispersion relati@ZJ) travels at its own speed, thus unraveling
the signal over time. This also explains the unphysical app®e of both negative values
and values in excess of the initial maximum. The scheme doigsassess the monotonicity
property but creates new extrema.

The cause of the poor performance of the leapfrog schemédsrev The actual integra-
tion should be performed using upstream information exeodlys whereas the scheme uses
a central average that disregards the origin of the infdomatn other words, it ignores the
physical bias of advection.

To remedy the situation, we now try to take into account tmedational information of
advection and introduce the so-callgaivind or donor cell scheme. A simple Euler scheme
over a single time step\t is chosen, and fluxes are integrated over this time interiiaé
essence of this scheme is to calculate the inflow based smtetire average value across
the grid cell from where the flow arrives (the donor cell). PBositive velocity and a time
integration from™ to "+, we obtain
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AR Y TR (6.31)
with
Lt
Qi1 = E/tn Gic1pp At >~ Wy, (6.32)
so that the scheme is
gttt =g — C (e —éry). (6.33)

Interestingly enough, the scheme can be used without neadifi¢ial boundary condi-
tions or special initialization, as we can see from algonifg.33 or the domain of numerical
dependence (Figulg&d). The CFL conditiord < C < 1 provides the necessary condition
for stability.

t stable Figure 6-7 Domain of dependence of
the upwind scheme. If the characteris-

o o tic lies outside the numerical domain of
dependence (dashed lines), unphysical

. . behavior will be manifested as numeri-
cal instability. The necessary CFL sta-

. . bility condition therefore require@ <

. C < 1 so that the characteristic lies

e within the numerical domain of depen-

- . ) dence (solid lines). One initial condi-
~ \V A tion and one upstream boundary condi-
tion are sufficient to determine the nu-

unstable merical solution.

The stability of the scheme could be analyzed with the Vonreun method, but the
simplicity of the scheme permits another approach, theafledenergy method. The energy
method considers the sum of squareg ahd determines whether it remains bounded over
time, providing a sufficient condition for stability. We stavith (£33, square it and sum
over the domain:

SE2=>"(1 -0+ Z 2C(1— Q)& &, + Z 3@ )2 (6.34)

% i

The first and last terms on the right can be grouped by shiftiagndex: in the last sum and
invoking cyclic boundary conditions so that

doE2 =311 -0 + @) + chu — Q)& . (6.35)

7 7

We can find an upper bound for the last term by using the foligvimequality:
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I
|
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|
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Figure 6-8 Upwind scheme wittC =

0.5 applied to the advection of a “top-
hat” signal after 100 times steps. Ide-
ally the signal should be translated
without change in shape by 50 grid
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02 1 points, but the solution is characterized
by a certain diffusion and a reduction in
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(2
0<) (@ - )?=2) ()72 -2 &, (6.36)
i i i

which can be proved by using again the cyclic conditionC(f — C) > 0 the last term in
€39 may be replaced by the upper bound@i3g) so that

DB CAREED T (6:37)

(2

and the scheme is stable because the norm of the solutionndbéscrease in time. Al-
though it is not related to a physical energy, the methodsdsiits the name from its reliance
on a quadratic form that bears resemblance with kineticggneviethods that prove that a
quadratic form is conserved or bounded over time are sirwlanergy-budget methods used
to prove that the energy of a physical system is conserved.

The energy method provides only a sufficient stability ctindibecause the upper bounds
used in the demonstration do not need to be reached. Bug sinthe present case the
sufficient stability condition was found to be identical teetnecessary CFL condition, the
condition0 < C < 1 is both necessary and sufficient to guarantee the stabilttyecupwind
scheme.

Testing the upwind scheme on the “top-hat” problem (Figis®, we observe that, un-
like leapfrog, the scheme does not create new minima or mepot somehow diffuses the
distribution by reducing its gradients. The fact that thieesne is monotonic is readily un-
derstood by examininde[33: The new value at pointis a linear interpolation of previous
values found at andi — 1, so that no new value can ever fall outside the range of these
previous values as long as the conditiba. C < 1 is satisfied.

The diffusive behavior can be explained by analyzing the ifremtiequation associated
with (€33. A Taylor expansion of the discrete solution around p6int) in (£33 provides
the equation that the numerical scheme actually solves:
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oe At o*c 9 oc Az 0% 9
The scheme is only of first order as can be expected from thefus@ne-sided finite
difference. To give a physical interpretation to the equratthe second time derivative should
be replaced by a spatial derivative. Taking the derivathtb@modified equation with respect
to ¢ provides an equation for the second time derivative, whiehwsuld like to eliminate,
but it involves a cross derivatifeThis cross derivative can be obtained by differentiatirey t
modified equation with respect o Some algebra ultimately provides
0% , 0%¢ 9
which can finally be introduced int&{39) to yield the following equation
oc o¢c  ulAx 0%¢ 9 9

This is the equation that the upwind scheme actually solves.

UptoO (AtQ, AIQ) , therefore, the numerical scheme solves an advectionsilifi equa-
tion instead of the pure advection equation, with diffusiéqual tq1 — C) uAz /2. For ob-
vious reasons, this is called an artificial diffusiomomerical diffusion. The effect is readily
seen in Figur=8 To decide whether this level of artificial diffusion is aptable or not, we
must compare its size to that of physical diffusion. For &udif/ity coefficientA, the ratio
of numerical to physical diffusion i§l — C) uAxz/(2.A). Since it would be an aberration
to have numerical diffusion equal or exceed physical diffagrecall the error analysis of
SectiorZg Discretization errors should not be larger than modelimgrs), thegrid Peclet
number U Az /A may not exceed a value 6f(1) for the upwind scheme to be valid.

When no physical diffusion is present, we must require thehtmerical diffusion term
be small compared to thghysical advection term, a condition that can be associated with
another grid Peclet number:

oL L
UAz(1-C)/2 Ax

whereL stands for the length scale of any solution component wesblving. Even for well
resolved signals in GFD flows, the Peclet number associatecwmerical diffusion is often
insufficiently large, and numerical diffusion is a probldmat plagues the upwind scheme.
The observation that the scheme introduces artificial siiffiu is interesting and annoy-
ing, and the question is now to identify its origin in orderremuce it. Compared to the
centered scheme, which is symmetric and of second ordeuypvind scheme uses exclu-
sively information form the upstream side, the donor celt] & only of first order. Numerical
diffusion must, therefore, be associated with the asymniethe flux calculation, and to re-
duce numerical diffusion we must somehow take into accoalutes ofc on both sides of the
interface to calculate the flux and thereby seek a schemésthatond-order accurate.

Pe = > 1, (6.40)

3Note that using theriginal equations, the physical solution satisfi#:/9t2 = u2d%c/dz2, which is some-
times used as a shortcut to eliminate the second time deevibm the modified equation. This is, however,
incorrect becaus@does not solve the original equation. In practice, this kifishortcuts can lead to correct leading
truncation errors, but without being sure that no essetrat is overlooked.
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Figure 6-9 Second-order Lax-
Wendroff scheme applied to the
advection of a “top-hat” signal with
C = 0.5 after 100 times steps. Disper-
sion and non-monotonic behavior are
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This can be accomplished with thex-Wendroff scheme, which estimates the flux at the
cell interface by assuming that the function is not constatitin the cell but varies linearly
across it:

- G tel,  Co,
Gi—12 = U B - 5 (Cz - lel)
ulAx ¢ — ¢ 6.41
~(1-C)ude 92

The last term, in addition to the upwind flux?_,, is designed to oppose numerical diffusion.
Substitution of this flux into the finite-volume scheme letalthe following scheme:

~n ~n ~n ~n At ulAz ~n ~n ~n
o U &) - m(l - C)T (ely — 28+ y) (6.42)

(3
which, compared to the upwind scheme, includes an addltantadiffusion term with co-
efficient constructed to negate the numerical diffusiorhef tpwind scheme. The effect of
this higher-order approach on the solution of our test cagereduced overall error but the
appearance of dispersion (Figlged). This is due to the fact that we eliminated the trun-
cation error proportional to the second spatial derivafareeven derivative associated with
dissipation) and now have a truncation error proportioadhe third spatial derivative (an
odd derivative associated with dispersion).

The same dispersive behavior is observed withBeam-Warming scheme, in which the
anti-diffusion term is shifted upstream so as to anticiplgegradient that will arrive later at
the interface:

u

gi—1p =u g+ (1-C) B} (€lq — ¢l a)- (6.43)
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This scheme is still of second order, since the correctiom is only shifted upstream by
Azx. The effect of anticipating the incoming gradients enharstability but does not reduce
dispersion (see Numerical Exercise 6-8).

Other methods spanning more grid points can be construatettain higher-order in-
tegration of fluxes, implicit methods to increase stahilftyedictor-corrector methods, or
combinations of all these schemes. Here, we only outlineesoithe approaches and refer
the reader to more specialized literature for deta&lg.(Durran, 1999; Chung, 2002).

A popular predictor-corrector method is the second-order MacCormack scheme: The
predictor uses a forward spatial difference (anti-diffungi

ér=cp—C(e, —cp) (6.44)
and the corrector a backward spatial difference on the gtedifield (diffusion):

C . Cr + ¢
ai—ame - Seoa) win are SR ey
The elimination of the intermediate valti?-.\“/2 from which starts the corrector step provides
the expanded corrector step:

gt = % [+ —C (e —e& )], (6.46)

assumingu > 0 as usual. Substitution of the predictor step into the ctéorestep shows
that the MacCormack scheme is identical to the Lax-Wendafeme in the linear case, but
differences may arise in nonlinear problems.

An implicit scheme can handle centered space differencing and approximadkishas

~n—+1 ~n—+1
¢ TG
2

Fora = 1, the scheme is fully implicit, whereas far= 1/2 it becomes a semi-implicit or
trapezoidal scheme (also call€dank-Nicholson scheme). The latter has already been shown
to be unconditionnaly stable (see variance conservatidrtlemtrapezoidal schem&.d).
The price to pay for this stability is the need to solve a limagebraic system at every step.
As for the diffusion problem, the system is tridiagonal ie ttD case and more complicated
in higher dimensions. The advantage of the implicit appndaca robust scheme wheh
occasionally happens to exceed unity in a known dimelflsitirshould be noted, however,
that for too large a Courant number accuracy degrades.

All of the previous schemes can be mixed ithirzear combination, as long as the sum
of the weights attributed to each scheme is unity for the sélk@nsistency. An example of
combining two schemes consists in averaging the flux catedlaith a lower-order scheme
¢i,,, with that of a higher-order schemy¢’ | ,:

1/2°

=N el
G ¢y

qi—12 = QU

~ ~L ~H
Fi—1/2 = (1 - (I)) 9i—1/2 +@ Fi—1/2

“Typically the vertical Courant number may be so variablé ithteecomes difficult to ensure that the local vertical
C value remains below one. In particular, it is prudent to uséwplicit scheme in the vertical when the model has
non-uniform grid spacing and when the vertical velocity sak except on rare occasions.
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in which the weight® (0 < ® < 1) acts as a tradeoff between the undesirable numerical
diffusion of the lower-order scheme and numerical disperaind loss of monotonicity of the
higher-order scheme.

All these methods lead to sufficiently accurate solutiong, ione except the upwind
scheme ensures monotonic behavior. The reason for thigphigaing fact can be found in
the frustrating theorem by Godunov (1959) regarding therditzed advection equation:

A consistent linear numerical scheme that is monotonic taroat be first-order
accurate.

Therefore, the upwind scheme is the inevitable choice ifwey-cor under-shoot is permitted.
To circumvent the Godunov theorem, state-of-the-art ditmeschemes relax the linear na-
ture of the discretization and adjust the paramétircally, depending on the behavior of the
solution. The function that defines the wéyis adapted locally is called lamiter. Such an
approach is able to capture large gradients (fronts). Becatits advanced nature, we delay
its presentation until Sectidfb.? An example of a nonlinear scheme called TVD, however,
is already included in the computer codes provided for tredyais of advection schemes in
several dimensions.

6.5 Advection-diffusion with sources and sinks

Having considered separately advection schemes (thigeagiffusion schemes (Chapter
B) and time discretizations with arbitrary forcing terms &pker)), we can now combine
them to tackle the general advection-diffusion equatiothwources and sinks. For a linear
sink, the 1D equation to be discretized is

Jdc Oc 0 Jdc

Since we already have a series of discretization posgdsilior each individual process,
the combination of these provides an even greater numbeossile schemes which we
cannot describe exhaustively here. We simply show one ebeatmjllustrate two important
facts that should not be forgotten when combining schemies:pFoperties of the combined
scheme are not simply the sum of the properties of the indalidchemes nor is its stability
condition the most stringent condition of the separate sese

To prove the first statement, we consid@Z@ with zero diffusion (4 = 0) and solve by
applying the second-order Lax-Wendroff advection scheittetve second-order trapezoidal
scheme applied to the decay term. The discretization, sdt@e rearrangement of terms, is:

~n—+1 ~n B ~n ~n+1 C ~n ~n C2 ~n ~n ~n

G =G5 (¢ +cm)— B} (Ciy1 — Eiq) + 5 (G — 26 +¢q), (6.49)
whereB = KAt andC = uAt/Az. This scheme actually solves the following modified
equation:
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where the last equality was obtained by a similar procedsitb@one used to find the modi-
fied equation§.39. It is not possible to cancel the leading term on the rigtéssi = 0 or
u = 0, in which case we recover respectively the second-ordeiWerdroff or the second-
order trapezoidal scheme. Thus, in the combined advedeémay case, what was expected
to be a second-order scheme degenerates into a first-otoanec

For the purpose of illustrating the second statement orilisgatve combine the second-
order Lax-Wendroff advection scheme (stability conditjah < 1) with the explicit Euler
diffusion scheme (stability conditioh < D < 1/2) and an explicit scheme for the sink term
with rate K (stability conditionB < 2). The discretization, after some rearrangement of the
terms, is:

C 2

n . . . . C . s
B — B (Ciy —6y) + (D + 7) (G — 26 +¢ ), (6.51)

c; C;

whereD = AAt/Ax?. Application of the Von Neumann stability analysis yieltis follow-
ing amplification factor

2
Q:l—B—4(D+%) sin®# — i 2Csin 6 cos¥, (6.52)

wheref = k,Ax/2, so that

2
lo|* = [1—8—4(D+%2> 5} +4C%(1 - 9), (6.53)

where0 < ¢ = sin?6 < 1. For¢ ~ 0 (long waves), we obtain the necessary stability
conditionB < 2, corresponding to the stability condition of the sink terlong. Foré ~ 1
(short waves) we find the more demanding necessary statilitglition

B+2C?+4D < 2. (6.54)

We can show that the latter condition is also sufficient (Ntica¢ Exercise 6-13), which
proves that the stability condition of the combined schem@sore stringent than each sta-
bility condition taken individually. Only when two processsare negligible does the stability
condition revert to the stability condition of the singleraining process. This seems evident
but is not always the case. In some situations, adding evenfiaitesimally-small stable
process can require a discontinuous reduction in time stgp Beckers and Deleersnijder,
1993). In other situations, adding a process can stabilizetlaerwise unconditionally un-
stable scheme (Numerical Exercise 6-14). Therefore, iarthét is not enough to consider
the stability of each piece of the scheme separately, bugttislity of the full scheme must
be investigated. In practice however, if a complete schented difficult to analyze, sub-
schemesi(e.,, including only a few processes) are isolated with the hbpethe full scheme
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Figure 6-10 Simulation using[[6.31)
with B = 0.05, C = 0.5 andD =
0.25, after convergence to a station-
ary solution (solid line). With decreas-
ing diffusion, the scheme eventually
fails to resolve adequately the outflow
boundary layer, and undershoot ap-
pears D = 0.05, dot-dash line). This
}L corresponds to a situation in which

| one of the coefficients in the numeri-
1| cal scheme has become negative. The

il
, . progranfadvdifTsource. mcan be
und‘ershoot withd :‘0-05 i| used to test other combinations of the

0% 10 20 2 40 50 %0 70 % % . parameter values.
(3

does not demand a drastically shorter time step than theemnared by the most stringent
stability condition of each sub-scheme taken separately.

Stability is an important property of any scheme as is, adtléar tracers, monotonic
behavior. If we assume the scheme to be explicit, linear avering a stencil spanning
grid points upstream angldownstream (for a total gf + ¢ + 1 points), it can be written in
the general form:

~n+1

T = apCly, et as1G ) + a0l + a1Cly + ot agCl g (6.55)

To be consistent withf 48, we need at least to ensure, + ... +a_1+ag+ a1+ ...+ aq =
1 — B, otherwise, not even a spatially uniform field would be repreed correctly.

If there is a negative coefficient,, the scheme will not be monotonic, for indeed, if
the function is positive at point+ & but zero everywhere else, it will take on a negative
vaIue&;““l. On the other hand, if all coefficients are positive, the siirthe total weights
is obviously positive but less than one because it is equél te B). The scheme thus
interpolates while damping, in agreement with physicabgeénd, since damping does not
create new extrema, we conclude that positive coefficiamsie a monotonic behavior in
all situations. For our examplE&&)), this demand8 + C2 + 2D < 1 andC < C2? + 2D.
The former condition is a slightly more constraining vensod the stability conditiorig.53),
while the latter condition imposes a constraint on the ggdl€ number:

uAzr  C - u?At

A D~ A
For short time steps, this imposes a maximum value of 2 onridePgclet number. It is not
a stability condition but a necessary condition for monadehavior.

The scheme is now tested on a physical problem. Because afettend derivative,
we impose boundary conditions at both upstresntt downstream, and for simplicity hold
¢ = 1 steady at these locations. We then iterate from a zerolindiadition until the scheme
converges to a stationary solution. This solution (Fide®l) exhibits a boundary layer

Peny = +2. (6.56)
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at the downstream end because of weak diffusion, in agreewinthe remark made in
SectionE.d For weak diffusion, the grid Peclet numbBe,, is too large and violates
(E59. Undershooting appears, although the solution remaaisest In conclusion, besides
the parameterB, C andD that control stability, the grid Peclet numb@fD appears as a
parameter controlling monotonic behavior.

6.6 Multi-dimensional approach

In addition to the various combinations already encouuitgr¢he 1D case, generalization to
more dimensions allows further choices and different m@ghdlere we concentrate on the
2D advection case because generalizations to 3D do notabnesiuse more fundamental
complications.

Az
wioveg | Gy Ay
Figure 6-11 Finite volume in 2D with
fluxes at the interfaces. The budget in-
T volves the total balance of inflowing
- and outflowing fluxes during one time
Qy,i,j—l/z Step

The finite-volume approach can be easily extended to a 2Dcgtldvith the fluxes per-
pendicular to the interfaces (FiguBell):

entl _an Py = dn . i — i
2 ,J + T,i+1/2,j T,0—1/2,] + Y,%,J+1/2 Yy -2 0, (6.57)

At Ax Ay

whereg, ;41 ; andg, ; j+.,, are approximations of the actual fluxesanduvc, respectively.
For any flux calculation, the least we require is that it beedbl represent correctly a
uniform tracer fieldC. All of our 1D flux calculations do so and should do so. WHER{)
is applied to the case of a uniform concentration distrinué = C, we obtain
Gy —C 4 Bitypg = i o ity Z Uiz 0 g
At Az Ay ’
This can only lead té" ! = C at the next time step if the discrete velocity field satisfies t
condition

Gityag — Simayag | Dighys ~Vijoye (6.58)
Az Ay

Since this requirement is an obvious discretizatiod®ofdx 4+ dv/dy = 0, the 2D form
of the continuity equatio (214, it follows that a prerequisite to solving the concentrati
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equation by the finite-volume approach is a non-divergemt fleld in its discretized form.
Ensuring that&.58 holds is the role of the discretization of the dynamicalaipns, those
governing velocity and pressure.

Here, in order to test numerical advection schemes, we tekédw field as known and
obeying BE58. We can easily generate such a discrete velocity distabuty invoking a
discretizedstreamfunction

ﬂi—1/2,j — _1/’1'71/2,j+1/2A_y1/}i71/2,j71/2 (659)

1/11‘4_1/2,]‘—1/2 - Q/Ji—l/2,j—1/2' (660)

Vi,j—172 = A

It is straighforward to show that thegeandv values satisfyl§.58) for any set of streamfunc-
tion values.
Note that if we had discretized directly the continuous ¢igna

Oc Oc Jdc

we would have obtained

ot Y dx

o¢
%7 :Ov
j+v7J ay

,J

T,
which guarantees that an initially uniform tracer disttibn remains uniform at all later times
regardless of the structure of the discretized velocityrithistion as long as the discretized
form of the spatial derivatives return zeroes for a unifoiistribution (a mere requirement
of consistency). Such a scheme could appear to offer a distilvantage, but it is easy to
show that it has a major drawback. It looses important caasien properties, including

conservation of the quantity of tracer (heat for tempemgtsalt for salinity, etc.).

»  flow

Figure 6-12 Naive 2D generalization
using 1D methods along each coordi-
S/ N nate line to approximate the advection

1D advection along y operator as the sum @f(uc)/0z and
d(ve) /0y.

Assuming the discrete velocity field to be divergence-frethe sense o858, the first
method that comes to mind is to calculate the flux componesitguhe discretizations de-
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Figure 6-13 Oblique advection of a cone-shaped distribution using theind scheme generalized to

2D (left panel) and a TVD scheme (right panel) wih = C, = 0.12. The upwind scheme severely

dampens the signal, to less then 20% of its initial amplitwegle the TVD scheme used as a double
1D problem greatly distorts the solution.

veloped in 1D along each coordinate line separately (FigeE8). The upwind scheme is
then easily generalized as follows:

az_’ifl/z_’j = ﬁi,m,j 6?_17]» if ﬂifl/g‘j > 0, ﬂifl/g_’j 6?7] OtherWiSE(G.Gza)
gy,i,j—l/z = ’l~}i7j_1/2 E?,j—l if f}i,j_l/g > 0, f}i,j—l/z 5?7]» otherwise(6.62b)

The other 1D schemes can be generalized similarly. Applgingh schemes to the advec-
tion of an initially cone-shaped distribution (single pemith same linear drop in all radial
directions) embedded in a uniform flow field crossing the dioraa45, we observe that the
upwing scheme is plagued by a very strong numerical diffugieft panel of Figurd@=13).
Using the TVD scheme keeps the signal to a higher amplitutisttangly distorts the distri-
bution (right panel of Figurlg=13).

This distortion is readily understood in terms of the adiegcprocess: The information
should be carried by the oblique flow, but the flux calculatielies on information strictly
along thex or y axes. In the case of a flow oriented at’45om the x—axis, this ignores
that grid point(s, j) is primarily influenced by pointi — 1, j — 1) whereas point$§i — 1, j)
and(i,j — 1) are used in the flux calculations. In conclusion, the douBleapproach is
unsatisfactory and rarely used.

The Corner Transport Upstream (CTU) scheme €.g., Colella, 1990) takes into account
the different contributions of the four grid cells involvadthe displacement (FigulgI12).
Assuming uniform positive velocities to illustrate the apgch, the following discretization
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Figure 6-14 2D generalization designed to advect the field obliquelpglstreamlines. The associated
numerical diffusion can then be interpreted as the necgsgat averagingi(e., mixing) used in the
finite-volume technique after displacement of the dondsc@lhe flux calculations (thick arrows) need
to integrate the inflow of along the flow instead of along the grid lines.

ensures that a diagonal flow brings to the interface a comedhg of two donor cells:

~ C ~ ~n Cy - ~n
qr,i—1/2,7 — (1 - 71}) u Ci—l,j + 71/ u ci—l,j—l (663&)
~ C1 ~ ~n Cw ~ ~n
Tyij—1/2 = (1 - 7) VCij1t o5 VCi_1,-1 (6.63b)

leading to the expanded scheme

Gt = =G (@ — ) — Gy (@ —a)

L . . (6.64)
+ GGy (Ci,j — G Gt Ci71,j71) ’

where the last term is an additional term compared to thelddllD approach. Two distinct

Courant numbers arise, one for each direction:

uwAt VAL
C, = Ar C, = Ay (6.65)
ForC, = C, = 1, the scheme provideﬁ;rl = ¢} j—1, With obvious physical interpre-
tation. The scheme may also be written as

Il =(1-C)1—-C,) e,
C’L,j ( )( ) U) Cz,] ) ) (666)
F(1-CC &y + (1= Co)Cy &y +CoCy g,

i—1,5

highligthing the relative weights attached to the four grants involved in the calculation
(Figurele=14). This expression proves that the method is monotonic farr@wt numbers
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Figure 6-15 2D oblique advection us-

or ] ing the CTU schemd{6.66). The so-
st J lution’s asymmetric deformation is re-

duced, but numerical diffusion still re-
% 5 10 15 2 2 % 3 40 45 50 duces the amplitude significantly.

smaller than one (ensuring that all coefficients on the +fgirtd side are positive). The
method is only of first order according to the Godunov theqiamhit causes less distortion of
the solution (Figur=I3) than the previous approach. It still dampens excessikelyever.

Other generalizations of the various 1D schemes to integilang the current directions
are possible but become rapidly complicated. We will thenefntroduce a method that is
almost as simple as solving a 1D problem but yet takes intowatche multi-dimensional
essence of the problem.

The method shown here is a special case of so-caffeditor splitting methods ofrac-
tional steps. To show the approach, we start from the semi-discrete equat

dc; ~ -

E + £1 (Cl) + ;CQ(CZ') = 0, (667)
whereL; andL, are two discrete operators, which in the present case aegtolv operators
alongx andy. Temporal discretization by time splitting executes:

Al + L) = 0 (6.68a)
vl e
L+ @) = 0, (6.68b)

where the second operator is marched forward with a valeadjrupdated by the first oper-
ator.

In this manner, we solve two sequential one-dimensionablpros, which is not more
complicated than what we just did and is a major improvememigared to the naive double
1D approach used ife(62): The initial (predictor) step creates a field that is algeadvected
in the direction of thel; operator, and the second (corrector) step advects in thaimarg
direction the partially displaced field. In this way, po{at;j) is influenced by the upstream
value, point(i — 1,5 — 1) in the case of positive velocities (Figugel).
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Figure 6-16 The splitting method uses two sequential 1D advection sekeifirst the signal is trans-
ported along the-direction and then the intermediate solution is adveckeagathey-direction. In this
way, the information at upstream poifit— 1, — 1) is involved in the evolution of the value &t j)
(case of positive velocity components).

To verify this, we can see how the splitting works with the J@iwind scheme for positive
and uniform velocities:

& = &= Gl(E - ) (6.69a)
gt o= - CE ) (6.69b)

Substitution of the intermediate valugfs; into the final step then proves that the scheme is
identical to the CTU schem&63) for unlform velocities. Such elimination, however, is not
done in practice, and the sequerfBg0 is used. This is particularly convenient because, in
the computer progrand; may be stored during the first step in the future placeof and
then moved to the place @f for the second ste@*! can then be calculated and stored
without need of additional storage.
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Figure 6-17 Advection at 48 of an
st J initially conical distribution using the
splitting method and the TVD scheme.

Using always the same operator with current values and tier atith “predicted” values
is unsatisfactory because it breaks the symmetry betwesmthspatial dimensions. Hence,
itis recommended to alternate the order in which operateragplied, depending on whether
the time step is even or odd. Following a time step udfifd we then switch the order of
operators by performing

g-ar +Lo@ Ty = 0 (6.70a)
At 24 )= '
a2 ax Cos
ot e = o. (6.70b)

This approach, alternating the order of the directionattspy, is a special case of the more
generaltrang splitting method designed to maintain second-order time accuracy wiag
time splitting (Strang, 1968).

The splitting approach thus seems attractive. It is not mmoneplicated than applying two
successive one-dimensional schemes. In the general aaseyér, attention must be given
to the direction of the local flow so that “upwinding” consistly draws the information
from upstream, whatever that direction may be. There is heratomplication, and we now
proceed with a test of the method with the TVD scheme. As gt reveals, the result is
a significant improvement with no increase of computatituatien.

A more complicated case of advection can now be tried. Fentiei choose an initially
square distribution of tracer and place it in a narrow shibflosv (Figureg=I8). We expect
that the distribution will be distorted by the shear flow. Bs@ss the quality of the advection
scheme, we could try to obtain an analytical solution by waking trajectories from the
known velocity field, but a much simpler approach is to flip tign of the velocity field
after some time and continue the integration for an equaluantiime. If the scheme were
perfect, the patch would return to its original position ahdpe (without diffusion the system
is reversible and trajectories integrated forward and tremkward should bring all particles
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Figure 6-18 Advection of a square signal along a sheared boundary-ayeent. Left panel: Initial
distribution and streamlinesRight panel: After some advection. The distortion of the distributien i
mostly due to the sheared current, which causes crossysggaeezing and downstream stretching as
the tracer enters the boundary layer.

back to their original position), but this won’t be the casel éhe difference between initial
and final states is a measure of the error. Because some afthg@enerated during the flow
in one direction may be negated during the return flow, we ia¢sa to consider the result at
the moment of current reversak., the moment of farthest displacement.

For the method developed up to now, some degradation ocedisizarre results happen,
even in regions of almost uniform flow. To discern the caugisfdegradation we first have
to realize that the oblique advection test case is specthkigense that during a 1D step, the
corresponding velocity is uniform. In the present case véiecity during a sub-step is no
longer uniform, and application of the first sub-step on darm field ¢ = C yields

i =C Wiy — Uiy

At T Az €=0

which provides a value af; ; different from the constardt. The next step is unable to correct
this by returning the dlstrlbunon back to a constant. Thabpgm arises because the sub-step
is not characterized by zero divergence of the 1D velocitgi feend conservation of the tracer
is not met. Conservation in the presence of a convergingyding velocity in 1D is, however,
encountered in another, physical problem: compressible fldimicking this problem, we
introduce apseudo-compressible approach, which introduces a density-like variabte to
calculate the pseudo-mass conservation written as

0 0 0
&(P) + %(PU) + a—y(Pv) =0 (6.71)
and the tracer budget as
0 0 0
&(pc) + %(puc) + a—y(pvc) =0. (6.72)
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The splitting method starts with a constarduring the first sub-step and yields

. - -
P —p Uit1/2,7 — Wi—1/2,5

At T Az p=0
for the pseudo-mass equation and
pre; — pci ny _
At pL1(E") = 0. (6.73)

for the tracer concentration. In each calculation the @ntgt is a multiplicative constant,
which can be taken out of the advection operdfer The second sub-step similarly follows
with

P =Pt Bigrys = Bijoye p=0
At Ay ’
n+167_1+1 — pFEr
b Lo =, (6.74)

with the same constaptused again in the spatial operator. Setting the pseuddtgeris !
equal to its previous valug, so that it disappears from the equations after a full titegss
leads to the constraint that velocity is divergence-frebésense of§58. If this is the case,
whené™ = C, it also guarantee® ! = C.

Other splitting techniques have been devised.(Pietrzak, 1998), but the approach re-
mains essentially the same: pseudo-compression in onetidimeduring the first sub-step,
followed by a compensating amount of decompression duhiegsecond sub-step in the
other direction.

With pseudo-compressibility, the sheared flow advectiomugted with a flux limiter
indicates that the scheme is quite accurate (Figdid), being both less diffusive than the
upwind scheme (FigurB=20) and less dispersive than the Lax-Wendroff method (Figure
B=23). The Matlab codEvdadvZD.mallows the reader to experiment with various strate-
gies, by turning pseudo-compressibility on or off, enapamd disabling time splitting, and
using different limiters in sheared and unsheared flow figltlsnerical Exercise 6-15).

Analytical Problems

6-1. Show that

M 2 2
1) = —[(z—ut)*+(y—vt)“] /4At 6.75
c(z,y,t) = e (6.75)
is the solution of the two-dimensional advection-diffuseguation with uniform ve-
locity components: andwv. Plot the solution for decreasing valuestand infer the
type of physical problem the initial condition is supposedé¢present. Provide an
interpretation ofd/. (Hint: Integrate over the infinite domain.)
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Figure 6-19 Advection with TVD scheme, Strang splitting and pseudo-eassibility. The initial
condition is as shown in the left panel of Figlirte @-18:ft panel: The patch of tracer at its furthest
distance from the point of release, at the time of flow rever$s deformation is mostly physical
and should ideally be undone during the return traReght panel: End state after return travel. The
patch has nearly returned to its original location and shagtcative of the scheme’s good level of
performance.
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Figure 6-20 Same as Figule 619 but with advection by the upwind schesiagStrang splitting
and including pseudo-compressibility. The situationragtiof flow reversal (left panel) and after return
(right panel) shows that numerical diffusion is clearlyosger than with the TVD scheme. The final
distribution is hardly identifiable with the initial condin. The contour values are the same as in Figure
o-19.
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Figure 6-21 Same as Figule6-119 but with advection by the Lax-Wendrdféswe, using Strang split-
ting and including pseudo-compressibility. The situatirlow reversal (left panel) shows much dis-
persion, which is partly undone during the return traveittipanel). At the end, the distribution has
been fairly well reconstructed but there is some undershgatround the edges and overshooting in
the center. Dashed lines indicate values outside thelirgtige.

6-2. Extend solutionl@.73) to a radioactive tracer with decay constént (Hint: Look for a
solution of similar structure but with one more exponerfaator.)

6-3. Assuming a highly advective situation (high Peclet numbashstruct the 2D solution
corresponding to the continuous release of a substasicm (nass per time) from a
punctual source (located at= y = 0) in the presence of velocity in the z-direction
and diffusionA in the y-direction.

6-4. An unreported ship accident results in an instantaneoesselof a conservative pol-
lutant. This substance floats along the sea surface andrsiéspfor some time until
it is eventually detected and measured. The maximum coratent, then equal to
¢ = 0.1 pg/m?, is found just West of the Azores at ZBYN 30°00'W. A month later,
the maximum concentration has decreasei® ;:g/m? and is located 200 km further
South. Assuming a fixed diffusivityl = 1000 m?/s and uniform steady flow, can you
infer the amount of substance that was released from theafiithe time and location
of the accident? Finally, how long will it be before the contration no longer exceeds
0.01 pg/m* anywhere?

6-5. Study the dispersion relation of the equation

Jdc oPc

wherep is a positive integer. Distinguish between even and oddegbfp. What
should be the sign of the coefficiertfor the solution to be well behaved? Then
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compare the cases= 2 (standard diffusion) angd = 4 (biharmonic diffusion). Show
that the latter generates a more scale-selective damplraylog than the former.

6-6. Explain the behavior found in FiguEIQ by finding the analytical solution of the cor-
responding physical problefG.dd).

6-7. In the interior of the Pacific Ocean, a slow upwelling comping the deep convection
of the high latitudes creates an average upward motion ofitaban/year between
depths of 4 km to 1 km. The average background turbulentsidfuin this region
is estimated to be on the order td—* m?/s. From the deep region, RadiutfRa
found in the sediments, is brought up, while Tritidi of atmospheric origin diffuses
downward from the surface. Radium has a half-life (time fé#bdecay) of 1620
years, and Tritium a half-life of 12.43 years. Determinegteady-state solution using
a one-dimensional vertical advection-diffusion modeduasing fixed and unit value of
Tritium at the surface and zero at 4 km depth. For Radium,rassuunit value at depth
of 4 km and zero value at the surface. Compare solutions withathout advection.
Which tracer is most influenced by advection? Analyze thatiked importance of
advective and diffusive fluxes for each tracer at 4 km depthlakm depth.

6-8. If you intend to use a numerical scheme with an upwind adeadt solve the preceding
problem for Carbon-14*C (half-life of 5730 years), what vertical resolution would
be needed so that the numerical calculation does not intedn excessively large
numerical diffusion?

Numerical Exercises

6-1. Prove the assertion that a forward-in-time, central-iaegpapproximation to the advec-
tion equation is unconditionnaly unstable.

6-2. Usefadvl eap. mwith different initialization techniques for the first tingtep of the
leapfrog scheme. What happens if an inconsistent apprsaced (for example zero
values)? Can you eliminate the spurious mode totally by eeclmitialization of the
auxiliary initial conditionc® when a pure sinusoidal signal is being advected?

6-3. Use the stability analysis under the fof®3J) using an amplification factor. Verify that
the stability condition igC| < 1.

6-4. Verify numerically that the leapfrog scheme conservesavené of the concentration
distribution whenAt — 0. Compare with the Lax-Wendroff scheme behavior for the
same time steps.

6-5. Analyze the numerical phase speed of the upwind scheme. Nelpaens foC = 1/2?
Which particular behavior is observed whén= 1?
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Figure 6-22 Standard test case with
the trapezoidal scheme and centered
spatial derivatives.

6-6. Design a fourth-order spatial difference and explicit tistepping for the 1D advection
problem. What is the CFL condition of this scheme? Compartbeéd/on Neumann
stability condition. Simulate the standard advection tese.

6-7. Design a higher-order finite-volume approach by using higinder polynomials to
calculate the flux integrals. Instead of a linear interpofass in the Lax-Wendroff
scheme, use a parabolic interpolation.

6-8. Show that the Von Neumann stability condition of the Beanrwiag scheme i9 <
Cc<a.

6-9. Implement the trapezoidal scheme with centered spacedifte using the tridiagonal
algorithmChomas.m Apply it to the standard problem of the top-hat signal adieec
and verify that you find the result shown in FiglG&2 Provide an interpretation of
the result in terms of the numerical dispersion relationrifyenumerically that the
variance is conserved exactly.

6-10. Show that the higher-order method for flux calculation atrgerface using a linear
interpolation on a non-uniform grid with spacidgr; between interfaces of celleads
to the following flux, irrespective of the sign of the velgcit

~ — (Al’i_l — uAt)E? + (A:vz + uAt)E;Ll
fimz = Ax; + Ax;_q ’

(6.77)

6-11. Use a leapfrog centered scheme for advection with diffusigply it to the standard
top-hat for different values of the diffusion parameter artdrpret your results.

6-12. Find an explanation for why theAx mode is stationary in all discretizations of ad-
vection.Hint: Use a sinusoidal signal of wavelen@hx and zero phase, then sample
it. Change the phase (corresponding to a displacementieyatit values less than
and resample. What do you observe?
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6-13.

6-14.

6-15.

CHAPTER 6. TRANSPORT AND FATE

Prove thatl.53) is the sufficient stability condition of schenf@&®l). Hint: Rewrite
lo]? as(¢ — 2C2¢)% +4C2%¢(1 - €) and observe that as a functiongothe amplification
factor reaches its maxima at the locations of the extremg, dtself constrained by

€39.

Consider the one-dimensional advection-diffusion equatiith Euler time discretiza-
tion. For advection, use a centered difference with implagtor o, and for diffusion
the standard second-order difference with implicit fagtoiShow that numerical sta-
bility requires(1 — 2a))C? < 2D and(1 — 23)D < 1/2. Verify that, without diffusion,
the explicit centered advection scheme is unstable.

UselivdadvZD mwith different parameters (splitting or not, pseudo-massser-
vation or not) under different conditions (sheared velofiggld or solid rotation) and
initial conditions (smooth field or strong gradients) wiifferent flux limiters (upwind,
Lax-Wendroff, TVD,etc.) to get a feeling of the range of different numerical solnsio
an advection scheme can provide compared to the analytilcaicn.



Richard Courant
1888 — 1972

Born in Upper Silesia, now in Poland but then part of Germaighard Courant was a
precocious child and, because of economic difficulties abhdnostarted to support himself
by tutoring at an early age. His talents in mathematics led fo study in Gottingen, a
magnet of mathematicians at the time, and Courant studiddrubavid Hilbert with whom
he eventually published in 1924 a famous treatise on metbbdsathematical physics. In
the foreword, Courant insists on the need for mathematibs t@lated to physical problems
and warns against the trend of that time to loosen that link.

In 1928, well before the invention of computers, Richard @ot published with Kurt
Friedrichs and Hans Lewy a most famous paper on the solutipartal difference equations,
in which the now-called CFL stability condition was derivied the first time.

Courant left Germany for the United States, where he wagaiffa position at New
York University. The Courant Institute of Mathematical &utes at that institution is named
after him. Photo from the MacTutor History of Mathematics archive at the University of S.
Andrews)
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Peter Lax
1926 —

Born in Budapest (Hungary), Peter Lax quickly attracte@rdton for his mathematical
prowess. His parents and he had barely moved to the UnitddsSta December 1941
with the last ship from Lisbon during the war, and Peter wakisthigh school, when he
was visited in his home by John von Neumann (see biographypdbé Chapter 5), who
had heard about this outstanding Hungarian mathematiéier working on the top-secret
Manhattan atomic-bomb project in 1945-46, he completefirsisuniversity degree in 1947
and obtained his doctorate in 1949, both at New York Unitgi®iYU). In his own words,
“these were years of explosive growth in computing”. Laxoffly gained a reputation for his
work in numerical analysis.

Lax served as director of Courant Institute at NYU from 19880 and was instrumental
in getting the U.S. Government to provide supercomputarsdégentific research. Photo
from the MacTutor History of Mathematics archive at the University of . Andrews)
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