Chapter 20

Oceanic General Circulation

(August 31, 2009) SUMMARY: The concepts of geostrophy, logtiticity and potential

vorticity are merged to study the large-scale baroclinicudation in the mid-latitude oceans.
The results lead to the Sverdrup balance, the beta spichh anmber of properties of large-
scale oceanic motions. The numerical part of the chaptatigee an overview of the issues
raised in constructing a model of the 3D circulation at tredesof ocean basins or the planet.

20.1 What drives the oceanic circulation

Ocean motions span a great variety of scales in both timezanks At one extreme, we nd
microturbulence, not unlike that in hydraulics, and at titigeq the large-scale circulation,
which spans ocean basins and evolves over climatic timescdlhe latter extreme is the
objective of this chapter.

There are multiple mechanisms that set oceanic water massegion: the gravitational
pull exerted by the moon and sun, differences in atmosplpeassure at sea level, wind
stress over the sea surface, and convection resulting fommspheric cooling and evapora-
tion. The moon and sun generate only periodic tides withigig permanent circulation,
whereas differences in atmospheric pressure play no signt role. On the other hand, deep
convection at high latitudes generates currents resplerfsiba very slow movement in the
abyss, called theonveyor bel(FigureP0-1). This leaves the stress exerted by the winds
along the sea surface as the main driving force of basin-eirdalations in the upper part of
the water column.

Ocean waters respond to the wind stress because of theirelsigtance to shear (low
viscosity, even after viscosity magni cation by turbule@nd because of the relative con-
sistency with which winds blow over the ocean. Good examateshetrade windsin the
tropics; they are so steady that, shortly after Christo@@umbus and until the advent of
steam, ships chartered their courses across the Atlarticdiog to those winds; hence their
name. Further away from the tropics are winds blowing in thpasite direction. While
trade winds blow from the east and slightly toward the equétteey are also more aptly
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606 CHAPTER 20. OCEAN CIRCULATION

Figure 20-1 Cold and salty waters
newly formed by deep convection at
high latitudes are carried away by the
conveyor belt along the ocean bottom
across the ocean basins. These water
eventually resurface in warmer climes
and are returned towards places of deep
convection. The time to complete a
loop is on the order of several hundred
years to millennia. Kuhlbrodt et al.,
2007

called northeasterlies and southeasterlies, dependitftedmemisphere), mid-latitude winds
blow from west to east and are callegsterliegFigure20-2). Generally, much more vari-
able than the trades, these westerlies nonetheless p@ssabstantial average component,
and the combination of the two wind systems drives signitaarculations in all mid-latitude
basins: North and South Atlantic, North and South Paci aj &mdian Oceans.

In the ocean, the water column can be broadly divided into $egments (Figur20-3).

At the top lies themixed layerthat is stirred by the surface wind stress. With a depth on the
order of 10 m, this layer can be assimilated for the purpodarge-scale ocean circulation
JMB from+ with the Ekman layer (see Chap®@®rand is characterized k@ =@z 0. Below lies a layer
IJMB to* called theseasonal thermoclinea layer in which the vertical strati cation is erased every
winter by convective cooling. Its depth is on the order of b@0Below the maximum depth
of winter convection is thenain thermoclinewhich is fed by water left behind whenever the
seasonal thermocline retreats; it is permanently strdt{@ =@#5 0), and its thickness is
on the order of 500 to 1000 m. The rest of the water column, vbamprises most of the
ocean water, is thabyssal layerlt is very cold, and its movement is very slow.

When considered together, the main thermocline and thesablgyer form what is called
theoceanic interior While mesoscale motions exist in both these layers, undeaction of
pressure uctuationsin the upper layers, it is believed,timarst approximation, the study of
the slow background motion in the oceanic interior can peddéedependently of the smaller-
scale, higher-frequency processes.

Although mariners have long been aware of the major ocearmis; such as the Gulf
Streant, ocean circulation theory was long in coming, chie y for kaof systematic data,
especially below the surface. The discipline began in esirmith the seminal works of Har-
ald Sverdrup, who formulated the equations of large-scale ocean dyrsf8ieerdrup, 1947)
and Henry Stommé] whose major contributions to ocean circulation are manydiverse,
beginning with the rst correct theory for the Gulf Streantg®mel, 1948). Today, ocean
circulation theory is a signi cant body of knowledge (Wamrand Wunsch, 1981; Pedlosky,

1Benjamin Franklin receives credit for publicizing and mimgpthe Gulf Stream in 1770.

2Harald Ulrik Sverdrup (1888—1957), Norwegian oceanogeapého made his greatest contributions while being
director of the Scripps Institution of Oceanography in @afiia. A unit of volumetric ocean transport bears his
name: 1 sverdrup = 1 Sv = §0n%/s.

3See biography at end of this chapter.
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Figure 20-2 The major winds over the world ocean for the month of Januaeyamed over the years
1968-1996 and associated sea surface presNCER)
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Figure 20-3 Vertical structure of the
ocean from the point of view of large-
scale circulation. Note that the relative
thicknesses of the various layers are not
to scale, for the abyss is far thicker than
all other layers combined.

1996).

20.2 Large-scale ocean dynamics (Sverdrup dynamics)

Because oceanic basins have dimensions comparable tazthefdhe earth, model accu-
racy demands the use of spherical coordinates, but bedagigpedsent book only intends to
present an introduction to physical oceanography, clafigxposition trumps accuracy, and
we continue to use Cartesian coordinates, with inclusiaretteeless of the beta effect (see
Section9.4). Spherical coordinates (Appendix A) do not change theitpiae nature of the
theoretical results exposed here (Pedlosky, 1996, Chapter

Large-scale ows in the main thermocline and abyss are slow/reearly steady. Their
long time scales allows us to ignore all time derivativesilevtiheir low velocities over long
distances make their Rossby number very small and allow nedtect the nonlinear advec-
tion terms in the momentum equations. Furthermore, theaestsong indication that dissi-
pation is not an important feature of large-scale dynan@tgast not at the leading order
(Pedlosky, 1996, page 6). Without time derivatives, adeacnd dissipation, the horizontal
momentum equations reduce to the geostrophic balance:

1 @p
vos o =2 (20.1a)

1 @p
f = I 20.1b
+fu > @y (20.1)

in which the Coriolis parametdrincludes the so-called beta effect, which is important over
the long length scales under consideration:

f =fo+ oV (20.2)
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They—coordinate is thus directed northward, leavingxhéirection to point eastward. The
coef cients (see Equatiof.18 fo = 2 sin ' and o = 2( =a)cos' both depend on the
choice of a reference latitude which may be taken as the middle latitude of the basin under
consideration.

The geostrophic equations are complemented by the hytimistdance

@p_ :
@z ¢ (20.3)
the continuity equation (mass conservation for an incosgibde uid)
@u @v @w
—+ —+ — = 0; 20.4
@x @y @z (204)

and the energy equation, which states conservation of melaalt but is expressed as con-
servation of density, again with neglect of the time deiet

UQ+V@+W@:02 (20.5)
@x @y @z

Inthe preceding equations,v andw are the velocity components in the eastward, northward
and upward directions, respectively, is the reference density (a constant)s the density
anomaly, the difference between the actual density ang is the hydrostatic pressure in-
duced by the density anomaly andg is the earth's gravitational acceleration (a constant).
This set of ve equations for ve unknownau( v, w, p and ) is sometimes referred to as
Sverdrup dynamicsNote that the problem is nonlinear owing to product of unkns in
the density equatior2Q.5. We now proceed with the study of some of its most immediate

properties.

20.2.1 Sverdrup relation

Elimination of pressure between the two momentum equatlynsubtracting thg—derivative
of (20.13 from thex—derivative of 20.1H yields

@ @
—(fu) + —(fv) = 0; 20.6
i+ v (20.6)
or, sincef is a function ofy but not ofx,
@u @v
f=+ = v =0: 20.7
ax’ @y 0 (20.7)
With the use of continuity equatio2(.4), it can be recast as:
@w
= f —: 20.8
oV Q7 ( )

This most simple equation, called t&werdrup relationhas a clear physical meaning.
The factor@w=@represents vertical stretching, and any stretchi@gve@z 6) or squeez-
ing (@w=@z €) demands a change in vorticity for the sake of potentiativiby conserva-
tion, which holds in the absence of dissipation. There isatative vorticity heré, and the

“Relative vorticity scales dd=L while planetary vorticity changes are on the orderlof. The former is much
smaller than the latter because motion is slow and over adoalp, withL2 U= .
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only way for a parcel of uid to change its vorticity is to adjtits planetary vorticity (Figure
20-4). This requires a meridional displacement, and hence noaadivelocityv, to reach the

correctf value.

North
)
N
w(z + dz) > w (2)
N—r”’

w(z + dz) <w (2)

Stretching

Squeezing

w(z)
Figure 20-4 Meridional migration
of uid parcels induced by vertical
stretching or squeezing in the large-
scale oceanic circulation.

This, however, is not the end of the story. We can go furthén wivertical integration:

Z g
0 vdz = f[w(z= d) w(z= H)]; (20.9)
H
wherez = H (X;y) represents the ocean bottom and d the base of the Ekman layer
(Figure20-3. Note that in performing this integration, we have takemltherty of including
the seasonal thermocline under the assumption that, glthibis marked by seasonal varia-
tions, that time scale is long compared to the inertial gkaiod its ow is nearly geostrophic.
Abyssal ow is extremely slow, and we may very well talkz = H) = 0 at the
bottom regardless of whether the bottom is sloping or is mamied by a bottom Ekman
layer. At the base of the Ekman layer, the vertical velodtthie Ekman pumping

1 @ @ *

Wk =
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asin 8.39.

20.2.2 Sverdrup transport

|£we de ne the meridional transport as the vertically integd north-south velocity, \&

,f v dz, from the ocean's bottom to the base of the Ekman layer, kapnsi20.9 and
(20.1Q provide:

V = —w(z= d
0
f
= — Wek
0
f @ Y @ -~
= — = — — — 20.11a
oo @x f @y f ( )
To this we can add the Ekman-layer contribution given&g49:
X
Ve = ; (20.11b)
of
for a total of
Viotark = V + Ve
1 @ @
= — — : 20.11c
oo @x @y ( )

We note this surprising result that the vertically cumudatev component in the north-south
direction is not dependent on the basin shape, size or éwéral-stress distribution but is
solely dependent on the local curl of the wind stress. Thisa#qn is called the&sverdrup
transport

The same cannot be said, however, of the zonal transporthw¥e de ne as the vertical
integration of the east-west velﬂcity Lumping all layers of the ocean together, we can
obtain the total transportdy = OH u dz directly from the vertically integrated continuity
equation 20.4):

@Jtotal + @/total

= 0; 20.12
@x @y ( )
which yields
z
1 “@ @ @

U = e — — dx; 20.13

total 00 x @y @X @y ( )
where the starting point of integratior € Xg) is to be selected wisely. JMB from

Ideally, we would wish to impose a boundary condition on tleg at both eastern angB to*
western ends of the basin. For example, if we consider a fiasted on both eastern and
western sides by north-south coastlines (a fair approxémat the major oceanic basins), the
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zonal ow and its vertical integral (Wia ) ought to vanish at those ends. This, however, is im-
possible to require simultaneously because there is omyconstant{y) to adjust. If we set

Xo = Xg, the value of at the eastern shore of the basin, then we enforce the impétaie
wall condition on the eastern side but make no provision feetimg any boundary condition
on the western side, and vice versa if we take= xy , the value ok at the western shore
of the basin. The consequence is that the theory fails at nde@fthe domain, and, as we
will see in Sectior20.3 a boundary layer must exist at one of the sides, which tunhtode
western boundary.

20.2.3 Thermal wind and beta spiral

In the ocean interior, the ow is approximately geostroplsis we assumed when we wrote
Equations 20.7). If we now take the vertical derivative of these equatioms then eliminate
@ p=@w use of the hydrostatic balanc)3, we obtain the thermal-wind relations:

@u

— = i P
@z ¥ of @y (20.14)
@v _ g @

o= - ox (20.14b)

These are powerful relations in analyzing large-scale micedata. While oceanic veloc-
ities are dif cult to measurg density data are comparatively easy to obtain by dropping
a Conductivity-Temperature-Depth (CTD) probe at repeatéstvals from a ship cruising
across the ocean. After some smoothing over mesoscaleesighe data provide the large-
scale trends of density across the ocean basin, and it tvedyestraightforward to determine
the zonal and meridional gradients of density. Thus, we camsider@ =@ and@ =@W@s
known quantities and, from them, infer the velocity she4.14.

To obtain the actual velocity componentsandv requires more work. The traditional
method is to assume a level of no motion, a deep horizon aldrighwthe pressure eld
is assumed to be uniform. The pressure at all levels abosgehthtizon is then computed
by vertical integration of the hydrostatic balance, andwbkecity components obtained by
taking the horizontal gradients and assuming geostrophy.

Let us now return to the thermal-wind relations and extrastnf them an interesting
property. For this, we decompose the horizontal veloaity\) in its magnitudeU and
azimuth with

u= U cos; v = U sin: (20.15)

The azimuth angle is measured counterclockwise from East and is related todhoity
components by = arctan( v=u). Its vertical variation is given

SThere are several reasons why horizontal velocities arerioasly dif cult to obtain directly from the deep
ocean. First, they are almost always uctuating at the mesles making the time average easily fall within the
noise level. Secondly, deep-water currentmeter mooring®gpensive and wobble, thus adding an instrumental
drift component to the velocity.
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Figure 20-5 Beta spiral constructed
from hydrographic data in the vicinity
of 28 N, 36 W in the North Atlantic
ocean. Numbers along the curve indi-
cate depth in units of 100 m. Error bars
are shown at the origin. Redrawn from
Stommel and Schott (1977).

e _ _1 ,@v ou

@z uz + v2 @z @z
_ g @ @
ESVE: N @X+ Y @y
_ gw @,

where the last step makes use 29.5.

As we can see, there is a direct relation between the vexalatity and the veering
(twisting) of the horizontal velocity in the vertical. InghNorthern Hemispherd (> 0)
and in the presence of a gravitationally stable water col(@mr=@z <0), @ =@has the
opposite sign ofv. Thus, in the mid-latitudes, where the wind-stress curlaéskwise and
Ekman downward, the vertical velocity is generally negative, and the vector of horizontal
velocity turns clockwise with depth. This property has bdebbed thdeta spiral(Stommel
and Schott, 1977; Schott and Stommel, 1978). Fi@dr&shows an example from the North
Atlantic Ocean.

The veering implies the waters at different levels in theigal come from different di-
rections, and thus possess different origins. All levelsiofion, however, are under the tight
constraint of the Sverdrup transpo20(113. The local wind-stress curl appears therefore as
a constraint upon, rather than the forcing of, the ow.
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20.2.4 A Bernoulli function

In Sverdrup dynamics, the Montgomery potential de nedPass p + gz [see Equation

(12.4] happens to play the role of a Bernoulli function. To shovs thve need to prove that
P is conserved along streamlines. Thus, we calculate itsriabdierivative, which for steady
ow contains only the spatial derivatives:

P _ @P, @P @P
dat u@x+v@y+w@z
_ @p @ @p @ @p @
= u =gz +V —y+ 9Zg, w5 9t 92g, (20.17)

Use of the geostrophic relation2Q.1) and hydrostatic balanc&@.3 to eliminate all
three derivatives gb leads to the cancellation of several terms, leaving

P_,.e,,@Q, 0
dt @x @y @z’
which is identically zero by virtue of density conservati@®.5. Thus, the Montgomery
potentialP is conserved along the ofv The same result could have been obtained more
directly if we had taken the preliminary trouble of expressihe equations in density coor-
dinate (Chaptet 2).

While the preceding result holds some appeal, it is rareéfuldbecause it is nearly im-
possible in the deep ocean to extract the dynamic signaleoptassure eld from pressure
measurements dominated by the hydrostatic componentdtieato o!) and depth uncer-
tainties caused by the variable sea surface. In contrasmpal vorticity, which depends on
the density eld, is of greater use with data.

(20.18)

20.2.5 Potential vorticity

In the regime of low Rossby number, momentum advection idigibte compared to the
Coriolis acceleration, and, consequently in the formatatf potential vorticity, relative vor-
ticity is small next to planetary vorticity. We thus expeleat in large-scale ocean dynam-
ics the expression of potential vorticity reduces to planetorticity over layer thickness.
Speci cally, the form is

f
zZ=
f

in density coordinates, to become in depth coordinates

q:

6The more general expression of the Bernoulli functioBis= o(u? + v2 + w2)=2 + p+ gz, but the
kinetic-energy term is absent here as a consequence ofglechef advection in the momentum equations, leaving
only the last two terms, which together form the Montgomeuieptial.
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_ @.

gq-= f @: (20.20)
To show that this expression is indeed conserved for Sverdymamics, we begin by

taking the vertical derivative of the density equati@0.5:

d @ , Qe , @@ , ewe _ (20.21)

dt @z @z@x @z@y @z@z

If we now eliminate thez-derivatives ofu andv by using the thermal-wind relation2@.14
and the Sverdrup relatior2Q.8 to eliminate@w=@ the middle terms cancel out, and we
obtain:

d @ o @ _ .
i @z + T @z 0: (20.22)
Then recognizing thatov = v (df=dy) = df=dt, the equation can be recast as
d @ +d@—df@ = 0; (20.23)

dt @z d @z dt @z
which means that the expressib(@ =@)zis conserved along the ow. Thus the potential
vorticity de ned above in 20.2Q is conserved by individual water parcels. This conserva-
tion law, like conservation of the Bernoulli function showrthe previous subsection, holds
wherever the ow is on a large scale and dissipation is wda, is, in the main thermocline,
ocean interior, and abyss.

\

®V1

m
Equator

Equator

Figure 20-6 Along its journey towards the equator, a uid column exprdes a decrease of planetary
vorticity f , which is compensated by a decrease in layer height. If wewidhe ow in the vertical
transect along the trajectory (right panel), there is, byitien of the trajectory, no transverse ow
at the level of the water column being followed. Because @lyer height decreases approaching the
equator, a thermal wind must appesr 6n the right panel and gray trajectory in the left panel). AVit
zero transverse ow below, the horizontal velocity vectams clockwise with depth, in agreement with
(20.19 and downward vertical movement.
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Itis interesting to return to the beta spiral and intergrigt the light of potential vorticity.
The connection is illustrated in Figug®-6 which ties the following ingredients: conserva-
tion of potential vorticity, thermal wind, and the effectwdrtical velocity. It shows how the
necessary squeezing along a southward trajectory mustcoenpagnied by a thermal wind
that creates veering with depth and hence the beta spiral.

We have seen that in the ocean’s interior three quantitiesanserved simultaneously
by traveling water parcels: their densitytheir Montgomery potentid and their potential
vorticity g. Since it retains its value along the way, a moving parcel is con ned to stay on
an isopycnal surface. Similarly with: The same parcel is also con ned to stay on a surface
of constantP value. Putting both constraints together, we concludedhaajectory is an
intersection line between asurface and & surface. Since all trajectories are also lines of
constant, it follows that the potential vorticitg must be everywhere a function of density
and Montgomery potentid? :

q=Q(P): (20.24)

In considering data from the North Atlantic Ocean, Willia(@991) found that the density
and depth of the seasonal thermocline at its late-wintedestland deepest stage are such
that the waters deposited in the main thermocline are cteiaed by a potential vorticity
that is nearly homogeneous along isopycnal surfaces. $hparticularly true for densities
in the range 1026.4 to 1026.75 kgintorresponding to the main thermocline between 30
and 40N. Taking advantage of this peculiarity, we may reduce theeg@ding relation to a
function of a single variable:

g= Q(): (20.25)

Since both density and potential vorticity are easily obsdrvariables, mapping of the
variables is a standard procedure when analysing ocearlation (see also optimal interpo-
lation in Sectior22.3. A special mapping shows isolines of potential vorticityisopycnal
surfaces. Both density and potential vorticity are conséim the absence of turbulent mix-
ing. The movements of potential vorticity patches on isa@s then simply allow to trace
water masses that must stay on the isopycnal surface. loahés potential vorticity values
just allow to tag the water masses that we can then follownie ti

20.3 Western boundary currents

In commenting upon20.13, we concluded that the simpli ed Sverdrup dynamics do not
allow the simultaneous enforcement of impermeability ltamg conditions at both eastern
and western sides of an ocean basin. Thus, Sverdrup dynamgtsbreak down at one of
the sides. The answer is a boundary layer with scale lesghiearasin scale must lie on the
western side of the basin. Let us now verify this.

Over the mid-latitude ocean basins, the wind pattern iskelige (counterclockwise) in
the Northern (Southern) Hemisphere because trade windsflidon East to West in the trop-
ics and westerly winds blow from West to East further awayrfrihe equator (see Figure
20-2. The resulting Ekman pumping is downward and the Sverdrampsport 20.119 is
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equatorward (in both hemispheres). Conservation of magsres that water ow toward
the equator must be compensated elsewhere by poleward awnpdieward ow violates
Sverdrup dynamics. Thus, this return ow must exist on aesshlorter than the long length
scale invoked in Sverdrup dynamics. In other words, it existhe form of a narrow bound-
ary current. With two meridional boundaries, one on each sidthe basin, there are only
two possibilities; either the poleward current follows #astern boundary (Figug®-7a) or

it follows the western boundary (Figu®-7). In both cases, connection with the equator-
ward Sverdrup ow in the basin's interior creates a velogitgadient (shear) and thus relative
vorticity.

v v
Boundar Boundary
layer layer
§i-0 gi<o
T X X
Pl Y NERENRENEN
Sverdrup ow Sverdrup ow|
—x: Xw (a) x:—xE —x: Xw (b) X=—XE

Figure 20-7 The two possible con gurations for a northward boundaryrent to return the southward
Sverdrup ow that exists across most of an ocean basin in iddatitudes of the Northern Hemisphere:
(a) boundary current on the eastern side, (b) boundary muorethe western side. The former is to be
rejected on dynamic grounds, leaving the latter as the cocon guration.

To make the argument easier, let us restrict our attentidhedNorthern Hemisphere.
(The conclusion continues to hold for the Southern Hemisphdf the boundary layer lies
along the eastern wall as shown in Fig@fe7a, the northward ow has positiv@ v=@ X his
derivative is large because the boundary layer is narronadsalbecause the velocity must
be large to accommodate the entire Sverdrup transport. Bypadson@ u=@iy very small.
Thus, if ow is returning on the eastern side, it has positietative vorticity ( > 0). On
the contrary, if the boundary layer lies along the westerii (f@gure 20-), the velocity
shear@v=@is negative and, becaug@u=@gy still negligible, the return ow has negative
vorticity ( < 0). But which type of vorticity is it allowed to have?

When it makes its return journey back toward higher latigjdeater sees its planetary
vorticity f increases, but conservation of potential vorti¢ity+ )=h demands that or h
or both change accordingly. Since relative vorticitpecomes important in the boundary
current, the increase in must be accompanied by a decrease,ithus the value of must
go from about zero in the Sverdrup ow to a negative value ia Bfoundary current. The
western boundary current accomplishes that, whereas teredoundary current does the
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Figure 20-8 The average circulation in
the Atlantic Ocean, showing equator-
ward Sverdrup in the mid-latitudes of
each hemisphere and western boundary
currents. Tomczak and Godfrey, 2003

opposite. So, we reject the existence of a boundary layegaloe eastern side of the basin
and conclude that the necessary boundary layer must be dand the western side of the
basin (Figure0-7).

Itis evident that the circulation takes the form of an asyrmimgyre, with a slow equator-
ward ow (the Sverdrup transport) occupying most of the domzand a swift boundary-layer
current on the western side that returns the water polevagdi(e20-8). The latter current
is naturally identi ed with the Gulf Stream of the North Atiic Ocean and the respective
western-boundary currents in the other ocean basins (BCazrent in the South Atlantic
and Kuroshio in the North Paci ¢, for example). The circidait closes with zonal currents,
which ow eastward to the north and westward to the south. @tléection of the equator-
ward Sverdrup transport into a strong return current on tastern side of the ocean basin
has been termedestward intensi catiorby Henry Stommel, who provided the rst correct
theory for the existence of the Gulf Stream (Stommel, 1948).

With the solution now at hand, let us recapitulate the reséls we are becoming aware,
the mechanisms of ocean circulation are intricate andiogriass direct than a simple torque
exerted by a surface stress on a viscous uid. The chief rsaaoe that viscosity is weak,
and the Coriolis effect is strong, including its variatiofilwlatitude.

The scenario is as follows. The large-scale atmospheridsyitomprising essentially the
trades and westerlies, generate a stress along the ocdacesuBecause seawater is only
slightly viscous and rotation is strong, the direct effefdthe stress is limited to a thin (10 m
or so) layer of the ocean. The earth's rotation also geneamt®mponent of the upper-layer
ow transverse to the winds, which converges, resulting sloswvnward ow into the ocean



20.4. THERMOHALINE CIRCULATION 619

interior below (Ekman pumping). Although relatively weak(the order of 106 m/s, which

is about 30 m per year), this vertical ow squeezes water glargertically. In reaction,
uid parcels atten and widen, and to conserve their cirdida, their planetary vorticity
must decrease. They thus migrate equatorward. As theygssgoward the equator, these
waters run into a region of slower ow, veering westward aradhgring into a zonal ow
that intensi es downstream. Upon arriving at the westernrmary, this ow turns into a
swift poleward ow, so swift that relative vorticity becormémportant and compensates for
the adverse change in planetary vorticity.

Obviously, all of our assumptions have eliminated a consiole number of additional
processes that can all affect the ocean circulation in oryeovanother. Inertia (represented
by the nonlinear advection terms) is important in the wesberundary layer where the ow
is swift and narrow (Rossby number becoming of order 1). Tdresequence is a detachment
of this intense current from the coast and its penetratitmtire ocean interior, where it starts
to meander rather freely. Barotropic instabilities (see@ar10) are likely. Strati cation
is another aspect that requires ample consideration. Briee effect of strati cation is to
decouple the ow in the vertical and thus to make it resporss @ bottom friction. On the
other hand, a reserve of potential energy due to the preséstmti cation causes baroclinic
instabilities (Chaptel 7). Barotropic and baroclinic instabilities generate eddand these
in turn create a net horizontal mixing of momentum. In otherds, lateral friction may
overcome vertical friction. Finally, because swift poledi@urrents, such as the western-
boundary current (Gulf Stream) modeled here, bring warnemmiasses to higher latitudes,
an air—sea heat ux is created, resulting in the cooling eftlhean and a distortion of the cir-
culation pattern. The interested reader will nd additibimiormation on ocean-circulation
dynamics in the review article by Veronis (1981), the booldinarbanel and Young (1987),
and the article by Cushman-Roisin (1987).

20.4 Thermohaline circulation

As stated in Sectio20.1, the region below the seasonal thermocline is comprisedvof t
subregions, the main thermocline and the abyssal layethiegcalled the ocean interior. The
dynamics expounded in the previous section are applicabibeth these regions. We now
turn our attention more speci cally to the upper of these tayers, the main thermocline.

In contrast to the abyss, which is fed by deep-water conmedt high latitudes, the
main thermocline is the region of the ocean in which the d¢atbon is primarily caused by
the wind-driven Ekman pumping received from the surfacetland is most pronounced at
mid-latitudes. Figure0-9 compiled by Talleyet al. (2007), summarizes the meridional
distribution of density in the North and South Atlantic, Moand South Paci ¢, and Indian
Oceans. They reveal similar patterns in all ve oceans. Tywnpcline is very strong and
shallow (100-200 m) at the equator; from there, it spreadscedly downward toward the
poles, with a tendency to split into two branches, one sirfparound 25 latitude and
the other plunging down to 1000 m around 3%efore heading upward again and surfacing
around 45 latitude.
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Figure 20-9 Meridional structure of potential density ( top and 4 bottom, in kg/m ) in the ve
major ocean basins. Top panel: North and South Atlantic. didighanel: North and South Paci c.
Bottom panel: Indian Ocean. Data were gathered during thddWdcean Circulation Experiment
(1990-2002). The variables and 4 are density anomalies corrected for the effect of compoéggi
under high pressureTélley, Pickard, Emery and Swift, 2007
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20.4.1 Subduction

At the top of the ocean interior, water is received from, akied to, the seasonal thermocline.
That process, calledubduction if the water passes from the seasonal thermocline to the
steady interior, oentrainment if water is engulfed by the seasonal thermocline, deserves
special attention.

There are several processes by which water enters the neaimdbline: downward Ek-
man pumping injection, retreat of the convective mixed tate¢he end of winter, and conver-
gence of the ow inside the mixed layer (Cushman-Roisin, )98 he sum of these processes
createsubductionwhich can be de ned as the deposition of uid formely belamgto the
seasonal thermocline into the ocean interior. It is exgeéssathematically as a volumetric
owrate per unit horizontal ared.gé., with dimensions of velocity, although it is not a vertical
velocity).

Consider a uid column of in nitesimal width and extendingdin the base of the seasonal
thermocline upward to the base uid of the Ekman layer. Thegity is this uid column is
vertically uniform because the seasonal thermocline is stage of mixing (by de nition).
Denoting its height by(x; y; t), its volume budget is:

@h_,_ @husr) i @hvsr) -
@t @x @y

whereust andvst are the eastward and northward velocity components insglsg¢asonal
thermoclinewgy the Ekman pumping at its top (base of Ekman layer — see FRIs®, and
Suthe subduction rate at its bottom. Positiya represents subduction proper ( ow into the
main thermocline below), while negati®u corresponds to capture of ocean interior water
by the seasonal thermoclineg., entrainment. A negativeg, brings water from the mixed JMB from
layer into the seasonal thermocline, adding to its thicknes JVB to*
If we now assume that the horizontal velocit¢, vst) is characterized on a seasonal
scale by low frequency and long length scale, it must be pegebstrophic, and we may
write:

WEk Su; (20.26)

@pr @pr
— + ofust = -
@X 0 ST @y
withf = fo+ y andpst the pressure inside the seasonal thermocline. The diveedgerm

of (20.29 becomes

0 fv ST — (2027)

@husr) + @hvst) =3 pst. h
@x @y o f

and EquationZ0.26 can then be recast as

@h
@t
which shows that subduction is a combination of seasorahibcline retreat, downward

Ekman pumping, and convergence of geostrophic ow in thaseal thermocline. JMB fror

Before continuing with motion inside the main thermocliiteis worth making a few JMB to*
remarks concerning the temporal variability of subductiévs Stommel (1979) remarked,

(20.28)

Su = WEK J = - ; (20.29)
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much of the water left behind during spring and summer whertiermocline retreats is re-
captured the following fall and winter, because it has nat tha time to sink deeply enough
into the interior before the seasonal thermocline peregrance again. Much of subduc-
tion is in vain, and effective feeding of the ocean interigisnbduction occurs only during a
relatively brief time interval in late winter. This explamhy water properties in the ocean in-
terior systematically re ect surface water propertiesaiélwinter and never those of summer
(Stommel, 1979). Cushman-Roisin (1987) explored in sona¢gteater detail the kinemat-
ics of seasonal subduction and concluded that the time eft®fe subduction is not quite as
brief as Stommel suggested but that about 30% of the voluleéusited escapes recapture
and feeds the ocean interior.

20.4.2 \Ventilated thermocline theory

Early theories of the main thermocline attempted to exglaéobserved vertical temperature
structure as a local advection—diffusion equilibrium begw upwelling of cold abyssal water
and downward diffusion of heat from the surface or soughhyical solutions based on as-
sumptions dictated by mathematical convenience. Therpahedigm changes in the 1980s
with the publication of a paper by Luyten, Pedlosky and Stai(h983) titled “The ven-
tilated thermocline”. The theory combines subduction frini@ mixed layer with advective
descent into the strati ed thermocline.

The scenario is as follows. In the mid-latitude ocean, wigaman pumping is down-
ward, mixed-layer waters are subducted into the main thelim@where they slide along
density surfaces, carrying with them their surface pragersuch as density and potential
vorticity, which are set at subduction time. Layers of thectime water that can be traced
back to the base of the mixed layer where Ekman pumping is dawchare said to beenti-
lated, and their intersection with the mixed layer where they app$ied is called theutcrop
line. The vertical structure of the main thermocline in the Vaiteid area thus re ects the den-
sity distribution at the surface in winter (time of effea@igubduction), a fact long noted by
Iselin (1939).

Under these premises, the thermocline problem reduceduimgdor the vertical lay-
ering of density by tracking individual density layers upsim to their respective outcrop
lines, where the (winter) surface density distribution mWwn. As the idea of subduction
and subsequent sliding along density surface suggestsmadbkne controlled by advection,
a theory using an inviscid and non-diffusive uid seems aprate (Luytenet al,, 1983).
The theory has been extended to continuous strati catiotdbgng (1989). The situation
becomes rapidly complicated because only a sector of the tharmocline can be traced
back to outcrops where surface conditions are known whéeréimaining portions, mostly
on the western side but also in a wedge along the easterrfeideso-calledshadow zones
In these zones, the ow is circulating without surface cattand it has been speculated that
it is characterized by a slow but effective homogenizatibpaiential vorticity (Rhines and
Young, 1982).

Instead of launching in an exposition of the ventilatedatmacline theory and the attend-
ing complication of shadow zones (for this, the reader ismefl to Chapter 4 of Pedlosky,
1996), we shall limit ourselves here to determining a scatete vertical thickness of the
main thermocline.
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20.4.3 Scaling of the main thermocline

The dynamics of the circulation in the main ocean thermedire governed by a small num-
ber of parameters, namely the constdnts 9, o andg that enter the governing equations,
and a few external scales that enter through boundary d¢onsliL ; the width of the basin,
WEek a typical magnitude of the Ekman pumping, and a typical density variation across
the thermocline.

Following Welander (1959), the thermocline depth,e can be derived by balancing the
various terms in the equations of Sverdrup dynamics. Rhstscale for pressure isP =
ghscae  from the hydrostatic balanc@.3, from which follow the north-south velocity
scale throughZ0.13: v P=ofoLx = ghscae = ofolLx. The vertical velocity must
necessarily scale like the Ekman pumping velocity becatliseegual to it at the base of the
Ekman layer. With scales for both meridional and verticdbegies known, the Sverdrup
relation 0.8 implies

ghscale WEk
f 20.30
0 0f OLx 0 hscale ( )
from which follows the depth scale,e of the main thermocline:
s
f 2L W,
Nscale = ﬁ: (20.31)

To see whether this scale is reasonable, let us use numbersponding to the North Atlantic
Ocean circa 39N. At that latitude, the Coriolis parameters &ge=8.4 10 ®s land o
=1.9 10 "' m s !, while the width of the basin, stretching from 1® 80 W, givesL 4
= 6400 km. With a wind stress curl leading to an Ekman pumpimg¢he order oMWgx =2 JMB from+
10  m/s and a relative density difference=  of about 0.002, we obtaihscge = 490 JMB to*
m, about 500 m as observations indicate.
Because ocean basins are much déefejan this scale, there is much water lying below
the main thermocline that is not subject to surface Ekmanpiogn This is the abyssal layer,
which is the subject of the next section. As we shall seeditiisen by deep convection under
atmospheric cooling at high-latitudes.

20.5 Abyssal circulation

Since the wind stress only affects a relatively small portdthe water column, the bulk of
ocean waters, that is the abyssal layer, must be driven ij@nmechanism. As it turns out,
this greatest body of water is set in (slow) motion by vefta@vection taking place over
an exceedingly small portion of the ocean surface, narravez@f extreme cooling at high
latitudes.

The scenario is as follows. Exposure to a very cold and drypsfrnere at high latitudes
causes both thermal contraction and evaporation. Evaporatkes distilled water away,
leaving the salt in the ocean. Brine rejection from wateefing into ice further increases

"The average depth in the ocean is 3720 m.
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the salinity of the remaining liquid water, and the resuli iwater that is both very cold and
very salty, thus very heavy. This dense water sinks undeetieet of gravity, slowly but
effectively lling the abyss of the world ocean. Known areafsdense-water formation by
deep convection are the northern reaches of the Atlanti@®aethe entrance of the Arctic
Ocean, and several marginal seas along the periphery of&icta (Weddell Sea and Ross
Sea).

To close the circulation, slow upwelling in lower latitudesist take place to return the
waters back to the surface, where they are heated and camgaicemigrate to high latitudes
and complete the circuit (Figu20-10. In three dimensions, the totality of this circulatory
system forms the so-callezbnveyor bel{Figure20-1), and a round trip along this path is
believed to take thousands of years.

R, So

Surface ow S
1 c
Thermoclln% S
z=0 t 1 L Iy 3]

= lel=lw Sl 1z
c
@]
O

Abyssal ow
......................... 0
z= H — b Equator

Figure 20-10 A highly simpli ed model of the abyssal circulation, withdhgitude” arbitrarily taken
as zero at the western boundary. The volumetric soBsde meant to represent dense-water formation
at high latitudes.

By way of exception, we work here in spherical coordinatasabse the present analysis
is not much more complicated than with Cartesian coordiat®l its results are easier to
identify with actual oceanic features. The analysis foBmlosely that of Stommel and Arons
(19604, b).

The dynamical balance reduces as usual to geostrophy, ngpharical coordinates [see
(A.12)] and is complemented by volume conservation:

B 1 @p
| (20.32a)
B 1 @p
+fu = 3 _@. (20.32b)
1@u 1 @ , @ N oA
26 + —@,(vcos ) o+ —@éwcos ) =0; (20.32c)

wherea is the earth's radius, longitude,' latitude, z the local vertical coordinate, and
f =2 sin ' the latitude-dependent Coriolis parameter. Eliminatibpressure between the
rst two equations yields
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@
@

from where, by using volume conservati®0(32¢, we recover the Sverdrup relation, now
in spherical coordinates

(fu) + g(fv cos') = 0; (20.33)

@w
@?

v =f (20.34)
with =2( =a)cos'.

Vertical integration across the abyssal layer (frotd to 0) from a at bottom yields the
Sverdrup transport

z 0
vdz = V = awp tan"; (20.35)
H

With positive upwelling velocitywy almost everywhere (since dense-water sinking is JMB from
con ned to small marginal regions), the abyssal ow must b@thward in the NorthernjmB to*
Hemisphere'(> 0) and southward in the Southern Hemisphére ( 0), i.e., everywhere
poleward. We also note that there is no Sverdrup transpoosache equator ( = 0).
This is evidently problematic since intuition would leadta$elieve that convection at polar
latitudes should create ow away from, not toward, the pol€ke solution to this paradox
is that the ow coming from the high-latitude regions is cared to narrow strips along the
western margins of the oceanic basins, and the broaderabgsgsconsists of the return
ow toward higher latitudes.

For the following discussion we now restrict our attentiortie Northern Hemisphere.
The water budget from any given latitutleup to the pole, including the deep-water source,
demands that the ow carried by the interior (boundary in&gf V) plus the deep-water in-
ow ( Sp) be compensated by the exiting western boundary layer By @nd the cumulated
effect of upwelling at the top (surface integralvaf):

z zZ_,2

So + Vacosd = Tu( )+ wo a?cos'd d" (20.36)
0 ! 0
In the case of a uniform upwelling speeg and with £0.35 to eliminate V, we have:

So + sin' 1a’wy = Tw(')+ (@ sin') 1a®wp: (20.37)

The transport in the western boundary layer must therefere b

Tw( ) = So + (2sin' 1) 1 awp; (20.38)
which is maximum at the polé (= = 2) and decreases toward the equator=0). Three
cases can arise.

Case 1Sy, = 1 a® Wp. In this case, upwelling from the equator to the pole exactly

matches the source at the pole. The transport in the westemdary current isl,, =
2Sp sin' , which vanishes at the equator € 0). Since the Sverdrup transport is also zero
at the equator, the two hemispheres are decoupled. We furtite that near the pole, the
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boundary-layer ow istwice as strong as the source, while the northward Sverdrup ow is
equal to the source implying that the half the ow is pure reglation. This suprising feature
seemed so counterintuitive to Stommel and Arons that thegpaed laboratory experiments
(Stommel and Arons, 1960a, 1960b) to verify their ndings.

Case 2:Sp > 1 a?> wp. The dense-water source is stronger than the distributed up
welling, and an excess transport spills across the equattothe other hemisphere. This is
the situation encountered in the North Atlantic.

Case 3Sp < 1 a® wp. The source is insuf cient to sustain the required upweljiand a
northward boundary-layer ow across the equator is neagssasupply the difference. Such
a situation is prevailing in the North Paci c.

The preceding solution can be extended to agydistribution in the calculation of the
zonal velocityu, requiring zero normal ow at the eastern boundary, coesiswith the po-
sition of the unresolved boundary layer along the westetmdary. From20.323, knowing
the meridional velocity in a barotropic abyssal lay20.39, we can calculate the pressure
by imposing a constant value, taken as zero without loss pémgdity, along the eastern
boundary:

5 z

p = 2 Ha sin?" Wod; (20.39)
1
from which we deduce the zonal velocity according26.32b)
I
Z H
a @ .,
= — ' d 20.40
u Hsn @ sin 1wo ( )
For uniformwg, this reduces to
u= ZHEWO( 1 ) cos'; (20.41)

which is always directed eastward, implying that the bouptkyer feeding this ow must
be on the western side of the basin.

The velocity eld (20.4]) and @0.35 gives rise to the trajectories depicted in the left
panel of Figure20-11, in the light of which we can understand the abyssal cirauigpro-
posed by Stommel (1958), right panel of Fig@@ 11

The preceding theory serves as an interesting applicafigeaphysical uid dynamics
but barely illustrates the complex dynamics of the abyssallation. Chief among our
assumptions was that of a at bottom. The oceanic bathymeasywe all know, is rather
fractured, with a multiplicity of ridges standing as ob&acand passages guiding the ow.
Among the special features that ridges and passages imitt® ow are concentrated zonal
currents and recirculation patterns. The interested readeferred to Chapter 7 of Pedlosky
(1996).

20.6 Oceanic circulation models

A milestone in numerical ocean modeling was the @tean General Circulation Modgl
or OGCM in short, developed by a team of scientists at Prarcemniversity's Geophysical
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Figure 20-11 A few trajectories of the abyssal ow in a basin sector (lefinpl) and the abyssal
circulation inferred by Stommel (1958) (right panel).
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Figure 20-12 Ocean model grid with

numerical grid poles over continents.
(LODYC, ORCA con guration; Madec

etal., 1998

Fluid Dynamics Laboratory (Bryan, 1969; Bryan and Cox, 19T2e release to the scienti ¢
community of the source code of this model and its succesgvants, of the type now
called Modular Ocean Model (MOM), contributed to the moslelidespread use, especially
because the simple numerics lent themselves to varioudaittags by many users. The
code was based on straightforward second-order centereddifferencing of the governing
equations in longitude-latitude coordinates with stepwispresentation of coastlines and
bottom topography. Time marching was leap frog.

This model enabled the rst general circulation studiedwtite primitive equations.€.,
without reliance on the quasi-geostrophic approximatésnit had been the case until then),
but it eventually became apparent that a series of improué&weere necessary. In particu-
lar, the polar convergence of meridians in spherical coatdis led to annoying singularities,
creating the so-callepole problem This was later avoided by shifting the spherical coordi-
nate system to relocate its “poles” on continents or by usungilinear orthogonal grids that
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maintain a topologically rectangular grid (Figu2e-12. The stepwise topography (Figure
20-13 was also ill- tted to simulate weak bottom slopes and theoasated potential-vorticity
constraint. In response, partially masked cells were thtoed €.g, Adcroftet al,, 1997). A
further issue caused by stepwise topography was its pocgseptation of over ows typical
of deep-water formation (Figur20-14. To tackle such situations, special algorithms have
been developede(g, Beckmann and Doscher, 1997). Worthy of special note iCBBT
(Dietrich, 1998), which uses a modi ed Arakawa “A” with fatlw-order accuracy in the hori-
zontal directions. The unusually low dissipation of thisdabprovides more accurate simu-
lation of narrower features, such as boundary currents arsbgatale eddies.

Iceberg

Figure 20-13 Masking of a regular grid allows to discretize topographygr Fectangular grid boxes,
weak slopes can only be resolved iz <  xj@b=@with bottom given byz = b(x;y). If not, the
weak slope is awkwardly approximated by a at bottom stratglover several grid steps followed by
an abrupt step. Masking can also be applied to the top bowii#iie presence of icebergs or thick ice
(thick compared to the vertical spacing near the surface).

In addition to such enhancement, new generations of modelsomstantly being devel-
oped. Perhaps the most signi cant change in terms of numlenglementation is the move
from structured to unstructured grids. The presence ofitental boundaries remains an ob-
stacle to the use of spectral models (preferred in modelitigenglobal atmosphere), while
unstructured grids offer, by design, the possibility ofidaling complicated contour lines.
Structured grids, natural for models discretized alongté€ian coordinates or longitude-
latitude, are topologically similar to a rectangular gridth every grid point having one and
only one neighbor to the “east”, “west”, “north”, “south”pave and below. In unstructured
grids, on the contrary, every grid cell has a variable nundiereighbors (Figur0-15,
providing great exibility in terms of geographical covg@a Coastlines can be followed
by adding small elements along the side, canyons resolvedifiyng small elements at the
bottom, and open boundaries pushed further away by incrgésé size of distant elements.
Intense model developments continue unabated (see fordedtietrzalet al., 2005).
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Numerical transport =

g Horizontal advection | Figure 20-14 \fertical section of a
- followed by schematic over ow where dense bot-
vertical mixing of instability tom water cascades down a slope.
fffff l-------r-------+----- - With step-wise topography representa-

tion, advection carries the dense water
horizontally to a model grid point with
lower density. It is tempting to remove
the resulting unphysical gravitational
instability by a mixing algorithm, but
this has the unfortunate consequence of
diluting the dense-water vein.

Real topography

An unstructured nite-volume approach is a generalizattbthe nite-volume approach
presented in SectioB.5, in which integration is performed over each nite volumeittw
the entire group covering the model domain. Physical cogdiietween the nite volumes
arises naturally through the uxes across the shared ited. Finite elements, in contrast,
start with a totally different approach based on the Gaterkethod (Sectio.8). The so-
lution is expanded as a sum of non-orthogonal basis furgtiemd each governing equation
is multiplied by each basis function before being integiateer the model domain. The ba-
sis functions (sometimes also called trial functions) usedite-element methods are of a
special nature, being non-zero only over a given elememin€ction between elements then
arises because functions are forced to obey some contimgjtyrement between elements.
This necessitates solving a system of linear equatiogsiqiverting a matrix) at every time
step, but the nature of the basis functions leads to relgthmarse matrices.

Beside the widespread nite-volume and nite-elements hoels, additional schemes
have been implemented in ocean models such as the sphettieafjdd (a three-dimensional
generalization of the squaring of a circle, with specialroectivity at a few nodes — Adcroft
et al. 2004) and spectral elements (Haidvogelal, 1991), a method in which a domain
is covered by large elements, inside of which spectral seaie used to approximate the
solution.

The advantage of variable resolution exposes the fundaemblem of subgrid-scale
parameterization. Scales resolved by the variable grichdoge regionally, and therefore the
nature of the parameterizations involved should change fitace to place within the same
model. Among processes requiring parameterization, cepr formation is perhaps the
most crucial example (see Sectitbh.4). The sinking of dense water is dominated by non-
hydrostatic convection, forcing all hydrostatic models&ve a parameterization of one form
or another. Because the validity of the hydrostatic appnation is related to the aspect ratio
of the ow (ratio of vertical scale to horizontal scale — sesc8on4.3), non-hydrostatic ef-
fects are only relevant at extremely high resolution, arehogeneral circulation models are
rarely non-hydrostatic. Yet, highly localized dense-wédemation does in uence broader-
scale ow and needs to be included in these models. The hanalrather common, way to
deal with the issue isonvective adjustmelfsee also Sectiohl.4). In this scheme, when-



630 CHAPTER 20. OCEAN CIRCULATION

Figure 20-15 Example of a nite-
element model grid for the world
ocean. (egrand et al., 2000

ever the water column is found to have a density reversaldmivwo vertically aligned grid
points, temperature and salinity are merely replaced by &verage values, and the process
continues downward until no inversion remains. Despiteynaars of use, this scheme was
eventually found to be awed (Cessi, 1996), for it generatesinstable mode at the smallest
resolved horizontal scale. A better way to handle conveativerturn is by local mesh re-
nement with exible horizontal grids, and today's hydragic ocean models often include a
non-hydrostatic option, such as usedMiiTgcm(Marshallet al., 1998).

The upper boundary of an ocean circulation model requiresiapcare because this is
where atmospheric forcing is applied to the ocean. Rigidrodels eliminate the fast surface
gravity waves in order to permit longer time steps. Theretigad, however, toward the use
of free-surface models because of their added exibilityl avider range of applicability,
including tidal representation. The trick to continue gijg a reasonably large time step
is to treat time stepping of the surface elevation eithediuitly, semi-implicitly, or with a
mode-splitting scheme (Sectid2.7), while the rest of the scheme remains explicit.

The coupling with the atmosphere (see Secfi®r¥) remains a dif cult problem because
the ocean model must simulate both surface temperature amdi#ayer depth correctly.
The former is essential for air-sea exchanges while theyatoof temperature and mixed-
layer depth is directly related to the heat content of theeweblumn and therefore also the
heat budget. Because of the low heat capacity of air, thesgheric component of the model
can be very sensitive to a small error in the heat contentetifper ocean. Furthermore,
because mixed-layer evolution critically depends on tlahce, special care is needed in the
speci cation of the eddy viscosity and diffusivities, pattlarly if vertical grid spacing is
coarse. Turbulence-closure schemes were described iln$eb4.3-14.5
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20.6.1 Coordinate systems

Vertical resolution near the surface is essential to captir-sea interactions, and most
oceanic models use shorter vertical grid spacing near tifacgu For the ocean interior,
vertical gridding is again considered crucial, and a sigant part of the problem is the sep-
aration between vertical and horizontal coordinates, iwisaecessary because of the small
geometric aspect ratio and the vast difference in dynangtsden the vertical and horizon-
tal directions. We therefore assume that the horizontateigation is performed using one
among the methods outlined earlier in this text and focus mowertical gridding.

Vertical gridding can be done quite freely, with variablsalkition permitting higher res-
olution in sensitive segments (near the surface, acrossreopline, and near the bottom) and
lower resolution at less important levels for the sake of potational economy. About the
only requirement is that a grid point topologically abovel@w) another grid point corre-
sponds to a physical point also physically above (below)ather point. The nature of the
vertical coordinate can very well change from top to bottewitching from depth to density
to a bottom-following coordinate. The generation of suchrigrgrid models can be achieved
in one of two ways: We can subject the governing equationsdortite-volume integration
technique over the desired vertical spacings and write afsgverning equations for each
cell, or we can rst perform a change of coordinates afterclihive discretize the equations
along a uniform grid in that new coordinate system (Fig20el§ see also Sectioh’.6).

Direct integration in physical space exposes the need fiampeterization because inte-
grals of nonlinear terms cannot be expressed in terms ofeetlhiges unless some assump-
tions are made. In contrast, a coordinate transformatibm#ed by nite differencing runs
the risk of masking the need for parameterization of subgcale processes. Ultimately,
however, the discrete equations that are obtained will indagi, and the choice of approach
depends on the path preferred by the modeler.

Vertical coordinate change

Primitive equations Equations in new coordinates

Vertical integration Vertical integration
between moving interfac in xed coordinates

Moving layer model

Figure 20-16 Equations for discrete layers can be obtained either byiatag the governing equa-
tions across each chosen layer or by a transformation tong@aordinates followed by discretization
on a xed grid. The discrete equations to be solved by the agepare the same.

Here we present the coordinate transformation approachg$e analogy with the isopyc-
nal coordinate change of Chapie& Inthe original Cartesian system of coordindtes/; z; t),
z is an independent variable, while in the transformed caoaid systen(x;y; s;t) the new
coordinatesreplaceg as an independent variable ar(; y; s, t) becomes a dependent vari-
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able giving the depth at which the valaés found at locatior{x;y) and at time.. A surface
along whichsis constant is called eoordinate surfaceFrom a differentiation of the expres-
siona = a(x;y; s(x;y; z;t);t), wherea stands for any variable, the rules for the change of
variables follow:

@, @ _ @a @G
@x @xXz @Xs @ @xXz
@, @ _ @, QG

@y @y: @ys @ @y:
@, @i 06

@z ° @z @ @z

@, @ _@a, 6 0@

@t - @tz @ts @ Otz

in analogy with the isopycnal coordinate system preseme@hapterl2. A noteworthy
difference with isopycnal coordinates is tisaay no longer be a physical property conserved
along the ow. An important expression in the coordinatesfmrmation is the quantity

_ @z
&
which denotes the changeirfor a unit change irs. Hence, it is a measure of tikeordinate
layer thicknessanalogous to the thickness of a density layer. It can bdipesir negative
depending on whetherincreases upward or downward. (It is negative # , the density
coordinate of Chaptet2.)
The material derivative in the new coordinate system take$drm:

da _ @a, @a, @a, A6 @a

— = — 4+ U— + v— + | —;

d¢ @ @x @y @&
where all derivatives are taken in the transformed sp@a=@ig performed at constast
etc.) and wheré substitutes for the vertical velocity. It is de ned as

C: @ @3 @,
- @tz " u@Xz * V@yz * W@Z

The product! is the vertical velocity of the ow relative to the movingcoordinate
surface (recall Sectioh5.6). Clearly, if sis density and if density is conserved with the ow
(i.e., in the absence of mixing), = 0, and we recover the isopycnal coordinate system,
which has the advantage of eliminating the vertical velocif the ocean surface and/or
ocean bottom are taken as coordinate surfaces, the “Véniglacity ! vanishes at those
boundaries, because the ow must follow that material b@ugdin general, howevet! is
not zero.

The transformation of the volume-conservation equatib8) (using the preceding rules
of change of variables and the de nition of the vertical @ty leads to

@
@t

(20.42)

(20.43)

(20.44)

@ @ @ _
+ @)Sw) + @)Sw) + @(~! )=0 (20.45)
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with derivatives taken is space. Interestingly, if we integrate from bottom to topha tase
of sconstant along both ocean surface and bottom, we obtain

@ @ @
=+ 4 = =0 20.46
@t @x @y ( )
because
z surface
~dS = Zsurface  Zbottom (20.47)
bottom

which, for a time-independent bottom, leads after tempdealvation to the time derivative
of the surface elevation. The other two terms involve U and V, which are the vertically
integrated transports
z z z z
U= u-~ds= udz V= v-~ds= vdz (20.48)

where the integration is performed from bottom to top. Weovec a vertically integrated
volume-conservation equation.

Irrespective of whether or not the ocean surface and bottenaéten as coordinate sur-
faces, volume conservation leads to a conservative formmeofrtaterial derivative

@a+ u@a+ V@a+ | @a
@t @x @y @
@@ra) + @@)s~au) + @@§~av) + g(~a! ); (20.49)

which we can interpret as the evolution of the contera @fithin a layer ofs. This form is
particularly well suited for integration over a nite volurin the transformed space.
The vertical diffusion term is readily transformed in thev@ordinate system:

@ @a _ 1@ e@a,

@ ‘6z " @ -6 (20:50)
so that the governing equation for a vertically diffusingcerc becomes
@@rc) + @@)g-«cu) + @@)§~CV) + @@3(«:!) = g TE%C: (20.51)

We could also transform the horizontal diffusion term, batherally this operation is com-
bined with the parameterization of subgrid-scale proce&see next section).

In view of the isomorphy 0fZ0.5]) with a Cartesian-coordinate versionsanodel can
thus be implemented in a general way without much additiew@ak once the functional
relationships(x; y; z; t) is speci ed. The choice is at the modeler's discretion.

Besides the isopycnal transform wgh= ors= = |, another coordinate change
is the so-called coordinate system, a particular form of terrain-followtaprdinates. It is
very popular in coastal modeling. This coordinate is de asd
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s = = ——; ~=h; (20.52)

so that it varies between 0 at the bottom+ b(x;y)] and 1 at the surfacez[= b(x;y) +
h(x;y;t)], which are therefore coordinate surfaces (Fige@el?. All topographic slopes
and free surface movements are naturally followed, avgidive problem of discretizing
equations in a changing domain. Also, calculation poingssdiciently used because they all
fall into the water columnQ 1), and vertical boundary conditions are straightforward.
Moreover, and this is the main advantage in coastal modeijrig points are more closely
spaced in shallow water than in deep water, providing thedsgvertical resolution where it
is the most needed (Figug®-17).

z=b+ h= ,surface =1

”’"\),/z = b, bottom =0

Figure 20-17 Sigma coordinates di-
vide the entire water column into an
equal number of vertical grid cells re-
gardless of local depth and surface ele-
vation.

The use of this coordinate transform in global-ocean modhawever, has raised some
concern about the so-call@dessure-gradient probleife.g, Haney, 1991; Deleersnijder and
Beckers, 1992). Although the problem was initially ideweti for the coordinate, it is more
general, and we describe it here in a general coordinatesfremi.

The horizontal pressure gradieetg, alongx, can be evaluated in the new coordinate
system by using the following transformation rules:

@p _ @p , @p@

@x: @xs @ @x’ (20.53)
while the hydrostatic balance used to calculate pressuenbes
@p_ 1@p
=M= Z =V : 20.54
@z -G g ( )

This allows us to write several, mathematically equivaéressions for the horizontal pres-
sure force
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1@p _ 1@, g @z
"B - o Bxs + ~ @xe (20.55a)
- L im (20.55b)
0
1 @p g @ Zs
= - = + = = J(;z)ds 20.55c¢
o @xsurface o @x J surface (z) ( )
_ 1lwe@P gz @
= ~ Oxe  @xe (20.55d)

where the last expression uses the Montgomery potetial p+ gz. For the second
and third expressions, the Jacobian operatis de ned asJ(a;b) = ( @ a=@KD b=¢p
(@a=8 @b=@n the transformed space.
A standard test for terrain-following models is to preseritensity and pressure elds
that depend solely on (e.g, Beckmann and Haidvogel, 1993; Numerical Exercise 20+4). |
this way, the horizontal pressure gradient should be idaltyizero, and no motion should be
generated in the absence of external driving forces. Thedwos on the right-hand side of
(20.553 and @0.55d cancel each other exactly in the continuous representatid should
continue to do so after discretization. Due to the differature of the two terms, however,
even very careful numerical discretization will most liké&tave a residual that acts as a non-
zero pressure force and hence generates unphysical hiadizootion. The main problem
is that this error is most often not small because the vénigaation of pressurg(z) is
very large and taking the pressure gradient along a slapitigection entails a large vertical
component. JMB from+
Should we argue that the problem would be eliminated withdased resolution, anotheymB to *
problem would appear, the problem of so-calsdirostatic consistency increasing reso-
lution more rapidly in the vertical than the horizontal ditien, the numerical stencil involved
in the calculation of a horizontal pressure gradient mapliver grid points vertically too far JMB from
away, and horizontal derivatives may be evaluated by eatatipn instead of interpolationgmB to *
Such extrapolation leads to large relative errors (see NigaleExercise 3-5) as well as to
an inconsistency. The vertical gradients #0(553—(20.55d are then not calculated at the
same depth as the horizontal gradient. For simple niteedéhce schemes, extrapolations
are avoided if the following criterion between slopes is:met
@z=@x s, (20.56)
@z=© X
The slope ot lines in the transformed space (left-hand side) cannotrgetdhen the aspect JMB from
ratio of the grid in the same space (right-hand side), sdlitieg of constant remain within
the local stencil. This constraint is not unlike the coristran the domain of dependence JMB*to
of advection schemes (Sectiérd). Contrary to the problem in Figu20-13 we now have
a lower bound for vertical grid spacing, in relation to thep& of the coordinate surfaces.
Alternatively, for a xed vertical grid and given slopesgthequirement imposes a horizontal
grid that must be suf ciently ne to resolve the slopes acatety.
For the -coordinaté, this translates into a constraint that involves the watduran

8We neglect here any surface gradient for the sake of sirpplici
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heighth:

1 @h 1

h @x x 1 '
where  and are the values at the numerical grid level under considarakor a uniform
gridin  space, the constraint is the most severe for the bottom.layer

Hence, the worst problems will be encountered where thegigpdy is shallow but steep,
such as near a shelf break, where the length scale relategdgraphyj(1=h)(@h=@jx *
is shortest and must be resolved by the grid spacing. ThigtHescale thus appears as an
additional scale to be considered in the design of horizartds. Since strati cation on
the shelf break is typically intersecting topography, peafs with the pressure gradient will
be exacerbated: Regions of large variations inoincide with regions of larg@ z=@x
and the two contributions to the horizontal pressure foredlage, leading to a signi cant
numerical error. Solutions to this problem include highester nite differencing (using
more grid points and being less prone to extrapolatioeg-McCalpin, 1994), subtraction
of average density pro les = (z) before any pressure calculatiang, Mellor et al., 1998),
specialized nite differencingd.g, Song, 1998), partial masking of topography (replacing
slopes by vertical sectionse-g, Beckers, 1991; Gerdes, 1993) or, simply, smoothing the
bottom topography.

With the aforementioned provision for the proper treatnafrthe pressure gradient, a
generalized vertical coordinate can be very attractivd,smaveral models have implemented
the approachg(.g, Pietrzaket al., 2002), without actually using them at their full potentat
prescribinga priori the position of coordinate surfaces. The general rule ®ptacement of
coordinate surfaces is to match as closely as possible tfezswn which physical properties
remain smooth (Figur20-18 see also adaptive grids in SectidB.6. In ocean circulation
models, grids should therefore follow closely density aoefk in the ocean interior, where
mixing is weak.

Because a density coordinate is ill-suited to represenediayers, the use of tteco-
ordinate should be preferred near the surface. An implemtientthat nearly achieves this
requirement iHYCOM (HYbrid Coordinate Ocean Modele.g, Bleck, 2002), which is an
extension of an earlier density model allowing for an uppéeth layer spread over several
z levels. For further improvement, the vertical coordinatamthe bottom may be made to
follow the topography and thus behave as eoordinate.

(20.57)

20.6.2 Subgrid-scale processes

Once the grid is de ned, and the shortest resolved scale knsubgrid-scale processes must
be considered. Up to this point, subgrid-scale proces$es ttan turbulence were modeled
by horizontal diffusion such as

c c
- @ a0, 0 @
@x @x @y @y
for any quantityc, be it a tracer concentration, temperature, salinity, @ne velocity com-
ponent. One question that arises is whether the derivaitivdss expression ought to be
those in Cartesian coordinates or in any other set of coatein The choice of Cartesian

coordinates implies that there exists a tendency to mixgntags along the horizontal plane,

(20.58)
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Geopotential and surface following

_ Mixed layer

Density following

Terrain following

Bottom

Figure 20-18 Most physically meaningful types of coordinate surfacesa &snction of water depth.
Near the surface and in the mixed layer, lateral coordinatashorizontally, or nearly horizontally,
in order to follow the surface. In the ocean interior, wheration proceeds with little or no mixing,
density becomes the best vertical coordinate, and codedfuafaces follow density surfaces. Near the
bottom, which the ow is forced to follow, a terrain-followg coordinate is best.

but this may not always be representative of what is actusdfypening. The case in point
is preferential mixing along (possibly sloping) densityfaoes because this is the direction
in which mixing motions are not inhibited by buoyancy forc&®, let us suppose that to be
faithful to the physics, mixing occurs along surfaces of¢hastant coordinate, and thex—
andy—derivatives in the preceding expression are to be takeoretant .

The diffusion operator expressed as classical diffusiothéncoordinate of choice can
then be translated back into Cartesian coordinates, aslijoRedi (1982). The price to pay
is the presence of additional terms and non-constant ciagits, and, contrary to the original
operator, its discretization may no longer be monotoeig,(Beckerset al., 1998).

Diffusion-like parameterizations are, of course, basetherexpectation that unresolved
eddies act similarly to diffusion. However, depending oa #tales under consideration,
some subgrid-scale processes may not be considered asmgnuxing the ocean, espe-
cially at the larger scales. The internal radius of deforomais a locus of energetic motions,
in large part due to baroclinic instability (see Chapit@. Because the deformation radius
in the ocean is at most a few tens of kilometers, global oceadets typically do not re-
solve baroclinic instability and hence the eddies that &dsh Unless regional models are
used, coarse-resolution ocean models must parameteazefféct of mesoscale motions.
Baroclinic instability releases potential energy by atiteg density surfaces, a process quite
different from pure mixing. Isopycnal diffusion cannot aoat for such a attening since by
construction it diffuses only along isopycnals, hence patihg them to atten out.

Instead of a diffusion-type parameterization, the soechlEent—McWilliams parame-
terization (Gent and McWilliams, 1990; Geet al, 1995) is recommended. The scheme
proceeds by adding a so-callbdlus velocityto the large-scale currents, the components of
which, marked with a star, are:

,. @ ,_ @Q ,_@Q, @

u? = (20.59)

@z @z’ @x @y’
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Figure 20-19 Vertical section across a density eld with frontal struetas shown by sloping isopyc-
nals (left panel) and the corresponding bolus velocityhfriganel, with velocities originating from the
dotted ends). Note how the bolus velocity acts to relax tmsite eld in time, so that some time later
the front has indeed been weakened (right panel, solid)liriisce the bolus velocity depends on the
existing slope, the attening of isopycnals slows down ctiare.

with the pair Qx, Qy) taken as

_ @ _ @z

Qx = —ax.  @x (20.60a)
- _@_ @z

Y= ey ey (20.606)

where ; = @ =@z

As it immediately appears, these quantities are propatitmthex andy slopes of
the isopycnals, with the coef cient of proportionality being a tunable model parameter with
dimension of a diffusion coef cient (length squared pere)mSince the derivatives are ex-
pressed in Cartesian coordinates, it is easily veri ed thatolus velocity is divergence-free,
a property that should be preserved by the numerical digati&n. The bolus velocity effec-
tively advects the density eld and, with the chosen sigeads to a reduction of the frontal
slope (Figure20-19, substituting therefore for baroclinic instability. # important to note
that this advection is performed without any underlying @yiical equation, re ecting the
fact that this is a parameterization of unresolved dynaniibge strength of the effect is con-
trolled by the parameter, and Grif es (1998) shows how one may combine bolus advectio
with the isopycnal diffusion into a single operator as losgbath “diffusion” coef cients
are equal. For additional information and a recent reviemogfan model developments, the
reader is referred to Grif est al. (2000) and references therein.
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Analytical Problems

20-1. Derive the expression for the Sverdrup transport on anutegdpottom.

20-2. Derive the veering of the horizontal velocity with respextepth, working with den-
sity as the vertical coordinate. Show that one can reca2@rl@ by changing to
z-coordinates.

20-3. Given that the North Paci c Ocean is about twice as wide as\ibeh Atlantic Ocean
and that both basins are subjected to equally strong wirmapare their Sverdrup
transport cumulated over the width of the basin. Express woswers in Sverdrup
units (1 Sv = 16 m3/s).

20-4. Demonstrate that western intensi cation would still oc@uhe global wind patterns
were reversed,e., if Ekman pumping were upward and Sverdrup transport paiewa
at mid-latitudes. In other words, show that the return owarfrthe Sverdrup transport
must be squeezed against the western boundary regardtbsssign of the wind-stress
curl over the ocean.

20-5. Imagine that a single ocean were covering the entire glab#¢heatmosphere does.
With no western wall to support a boundary current returtimegequatorward Sverdrup
ow, what would be the circulation pattern? Relate your llesto the existence of the
Antarctic Circumpolar Current. [For a succinct descriptaf this major current, see
Section 7.2 of the book by Pickard and Emery (1990) or someratheanography
textbook.]

20-6. Consider the Stommel-Arons model of the abyssal circulatiith zero total ow
across the equator. Show that the travel time to reach theipahdependent of the
initial longitude of a water parcel released at latitude Calculate this travel time by
time integration of the trajectory in the case of uniform @fiimg velocity. Hint: Use
the de nition of velocities in spherical coordinates frohetmaterial derivativeX.13)
and integrate trajectories in the,( ) domain.)

20-7. Consider the bolus velocity of equatio?(59, with constant diffusion coef cient.
Investigate the possibility of stationary solutions fag ttensity eld solely advected by
this bolus velocity in thex; z) vertical plane for convenience. After nding a general
condition onQx and , assume a linear relationship between those variables and a
uniform vertical strati cation to determine a particulatationary solution for.

Numerical Exercises

20-1. Take the density data usediimavemed.m and calculate the geostrophic velocities.
Work in z coordinates withe levels corresponding to the data. First assume a level
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20-2.

20-3.

20-4.

20-5.
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of no motion at 500 m and calculate currents at the surface2806 m down. Then
repeat with level of no motion at 1500 m.

Experiment wittbolus.m to see the attening of isopycnals in a vertical section with
at bottom. Then implement a sigma-coordinate change inréica section with at
surface and topography given by

h(x) = hg+ Xx; (20.61)

where the domain extends from= L=2tox = L=2 and whereL = hg. Start
from the same physical density distribution as in the attbm case. (Hint: Express
the bolus advection term as a Jacobian in the vertical plai®n use the rules of
change of variables to express this Jacobian in the new t@dedsystem. Do not
forget to calculate the slopes using the rules of changearadives.)

Obtain a density section from somewhere and calculate belosity usingoolus.m .
Which problems do you expect near boundarig¢didtf You might consider as a cal-
ibration parameter that varies in space.)

Usepgerror.m to explore the pressure-gradient error for a xed densitgraaly
pro le depending only orz according to

z+D
W

= tanh (20.62)

in whichD andW control the position and thickness of the pycnocline. Butto-
pography is given by

h(x) = Ho + H tanh E ; (20.63)
whereL andH control the steepness of the slope. Calculate the error ssutited
geostrophic velocity fof = 10 4 s 1. Vary the number of vertical grid points, hori-
zontal grid points, the position of the pycnocline, its deptd strength. What happens
if you increase only the number of vertical grid points? lempent the discretization
of another pressure gradient expressior20f%5 in bcpgr.m and compare.

Bottom topography is generally smoothed before it is used model, by the re-

peated application of a Laplacian-type diffusion. In viefitlee hydrostatic consis-

tency constraint, which adapted lter technique would yaolyecate? Kint: Remem-

BeRthat a Laplacian Iter applied to a functidh decreases the norm of the gradient
(@F=@%+ (@F=@% dx dy over the domain.)



Henry Melson Stommel
1920 - 1992

At an early age, Henry Melson Stommel considered a careestioreomy but turned to
oceanography as a way to make a peaceful living during Wodd NWWHaving been denied
admission to graduate school at the Scripps Institutionagadography by H. U. Sverdrup,
then its director, Stommel never obtained a doctorate. @itisot deter him; having soon
realized that, in those years, oceanography was largelyperigéve science almost devoid
of physical principles, he set out to develop dynamic hypsés and to test them against
observations. To him, we owe the rst correct theory of thef@iream (1948), theories
of the abyssal circulation (early 1960s), and a great nurabsigni cant contributions on
virtually all aspects of physical oceanography.

Unassuming and avoiding the limelight, Stommel relied orearkphysical insight and
plain common sense to develop simple models that clarifydtes and implications of phys-
ical processes. He was generally wary of numerical modelgidalarly inspiring to young
scientists, Stommel continuously radiated enthusiasrhitochosen eld, which, as he was
the rst to acknowledge, is still in its infancyPtoto by George Knapp
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Kirk Bryan
1929 -

As soon as computer mainframes became available for scie@siearch, in the 1960s, Kirk
Bryan in collaboration with colleague Michael Cox (19418%9and student Bert Semtner
began to develop codes for the simulation of oceanic citimla This was truly pioneer-
ing work not only in the face of stringent hardware limitatiobut also because little was
still known at the time about numerical stability, accurasgurious modes, etc. The so-
called “Bryan-Cox code” of Princeton University's Geoploa Fluid Dynamics Laboratory
quickly became a staple in oceanic modeling, often at theabethers' codes.

Concerns over climate change have prompted Bryan latesinadreer to construct fully
coupled atmosphere—ocean models, which are extremelienbalg in view of their com-
plexity and vastly different temporal scales. Rather thaimdp daunted by this complexity,
Bryan stresses the complementarity between atmospheatio@anic processes and scales
of motion.

Fame and numerous awards have come his way, but Kirk Bryanetaised a gentle-
manly demeanor, with a kind word for all with whom he comesadntact. Photo courtesy
of Princeton University
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