Chapter 2

The Coriolis Force

SUMMARY : The object of this chapter is to examine the Coriolis foredictitious force
arising from the choice of a rotating framework of referen8eme physical considerations
are offered to provide insight on this non-intuitive butergtsal element of geophysical flows.
The numerical section of this chapter treats time steppitrgdluced in the particular case of
inertial oscillations and generalized afterwards.

2.1 Rotating framework of reference

From a theoretical point of view, all equations governingeysical fluid processes could
be stated with respect to an inertial framework of refereffized with respect to distant
stars. But, we people on Earth observe fluid motions witheesto this rotating system.
Also, mountains and ocean boundaries are stationary wéipe to Earth. Common sense
therefore dictates that we write the governing equatiors iaference framework rotating
with our planet. (The same can be said for other planets ard.st The trouble arising
from the additional terms in the equations of motion is l&ésstthat which would arise from
having to reckon with moving boundaries and the need to aatslystematically the ambient
rotation from the resulting flow.

To facilitate the mathematical developments, let us firgegtigate the two-dimensional
case (Figur@=1). Let theX— andY —axes form the inertial framework of reference and the
X— andy—axes be those of a framework with the same origin but raatithe angular rat@
(defined as positive in the trigonometric sense). The cparding unit vectors are denoted
(1, J) and (, j). At any timet, the rotatingx—axis makes an angfet with the fixedX—axis.

It follows that

i = +1cosQt + JsinQt (2.1a) I = +icosQt — jsinQt (2.2a)
j = —1sinQt + J cosQt (2.1b) J = +isinQt + j cosQt, (2.2b)

and that the coordinates of the position veater X1 + Y J = xi + yj of any point in the

37



38 CHAPTER 2. THE CORIOLIS FORCE

o Jic

)
t - —
X Figure 2-1 Fixed (X, Y ) and rotating
(%, y) frameworks of reference.
plane are related by
= +X cosQt + Y sinQt (2.3a)
y = —XsinQt + Y cosQt. (2.3b)

The first time derivative of the preceding expressions wield

+
dx dX dy . L—— L]
— = + —c0sQt + —sinQt — QX sinQt + QY cosQt (2.4a)
dt dt dt
dy dx . dy .
il Wsm Qt + Ecoth =X cos Qt QY sin Qb (2.4b)

—Qx

The quantitiegix/dt anddy/dt give the rates of change of the coordinates relative to the
moving frame as time evolves. They are thus the componerheatlative velocity:

_dx . dy . . .
u-a|+aj—m+v1. (2.5)

Similarly, dX/dt anddY /dt give the rates of change of the absolute coordinates and form
the absolute velocity:

dXx dy
U_EI_FEJ'

Writing the absolute velocity in terms of the rotating urgtctors, we obtain [usin@()]

%I( I I I 1

dy . . . Y .
U = ECOSQtJrES'th i+ ESIth+ECOSQt ]

= Ui+ Vj. (2.6)
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Thus,dX/dt anddY /dt are the components of the absolute velotityn the inertial frame,
wheread) andV are the components of the same vector in the rotating frarse.cf[Z24)
and 3 in the preceding expression yields the following relasidretween absolute and
relative velocities:

U=u-—-Qy, V =v+ Qx (2.7)

These equalities simply state that the absolute velocitiigsrelative velocity plus the en-
training velocity due to the rotation of the reference frarek.
A second derivative with respect to time provides in a simitanner:

Ll 1 1 1
d?x X d?y . dy
[ [T11 1
\%
— 2 i
Q % cos Qt l;FI_I_IY sin ch (2.8a)
1 x 1 1
dy d2X d2y X dy .
W - - W SIn Qt + W COSQt - 2Q E COSQt"' E Sin Qt
[ [T11 1
U
— 2(— i
Q g_lx sin Qtl_l—_lk_lY coth?:I (2.8b)
y

Expressed in terms of the relative and absolute accelestio

2 2
dx_+dy_ du .

a = i = |+dv'—ai+b'
Tode? ! T a atd T )
2 2
A= XL
1 —1
= >(cos§2t+dQY sinQt i+ M cos Qt — ¢°X sinQt j = Ai + Bj
B dt2 dt2 dt2 dt2 1= J

expressiondd.d condense to

a=A+20V —02x, b=B—2QU — QY.

In analogy with the absolute velocity vecto?X/dt? andd?Y /dt? are the components of
the absolute accelerati@n in the inertial frame, whereas andB are the components of the
same vector in the rotating frame. The absolute acceleraimmponents, necessary later to
formulate Newton'’s law, are obtained by solving fsandB and usingZ4):

A=a—2Qv— 0% B =b+ 2Qu — Q%. (2.9)

We now see that the difference between absolute and rektiveleration consists of two
contributions. The first, proportional @ and to the relative velocity, is called the Coriolis
acceleration; the other, proportional @ and to the coordinates, is called the centrifugal
acceleration. When placed on the other side of the equalityawton’s law, these terms
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can be assimilated to forces (per unit mass). The centlifogee acts as an outward pull,
whereas the Coriolis force depends on the direction and imaof the relative velocity.

Formally, the preceding results could have been derivedviactor form. Defining the
vector rotation

Q = Qk,

wherek is the unit vector in the third dimension (which is common tahHsystems of refer-
ence), we can writd2 ) and 9 as

U = u+Qxr
A a+2Q xu+ Q x (Q xr), (2.10)

where the symbok indicates the vectorial product. This implies that takirigree derivative
of a vector with respect to the inertial framework is equavilto applying the operator

d
at + Q x
in the rotating framework of reference.
A very detailed exposition of the Coriolis and centrifugatelerations can be found in the
book by Stommel and Moore (1989). In addition, the readdrfimidl a historical perspective

in Ripa (1994) and laboratory illustrations in Marshall &idmb (2008).

2.2 Unimportance of the centrifugal force

Unlike the Coriolis force, which is proportional to the veity, the centrifugal force depends
solely on the rotation rate and the distance of the partilthé rotation axis. Even at rest
with respect to the rotating planet, particles experiemcewtward pull. Yet, on the earth as
on other planetary bodies, objects don’t fly out to space. li4othiat possible? Obviously,
gravity keeps everything together.

In the absence of rotation, gravitational forces keep thieenegether to form a spherical
body (with the denser materials at the center and the ligities on the periphery). The
outward pull caused by the centrifugal force distorts tpisesical equilibrium, and the planet
assumes a slightly flattened shape. The degree of flattesyprgcisely that necessary to keep
the planet in equilibrium for its rotation rate.

The situation is depicted in FiguEEd By its nature, the centrifugal force is directed
outward, perpendicular to the axis of rotation, whereagtigitational force points toward
the planet’s center. The resulting force assumes an inthatgedirection, and this direction
is precisely the direction of the local vertical. Indeeddenthis condition a loose particle
would have no tendency of its own to fly away from the planebther words, every particle
at rest on the surface will remain at rest unless it is subgetd additional forces.

The flattening of the earth, as well as that of other celelstidies in rotation, is important
to neutralize the centrifugal force. But, this is not to dagttit greatly distorts the geometry.
On the earth, for example, the distortion is very slight,saese gravity by far exceeds the
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Figure 2-2 How the flattening of the
rotating earth (grossly exaggerated in
this drawing) causes the gravitational
and centrifugal forces to combine into
a net force aligned with the local verti-
cal, so that equilibrium is reached.

centrifugal force; the terrestrial equatorial radius iF8&m, slightly greater than its polar
radius of 6357 km. The shape of the rotating oblate eartle&dd in detail by Stommel and
Moore (1989) and by Ripa (1994).

For the sake of simplicity in all that follows, we will call ghgravitational force the resul-
tant force, aligned with the vertical and equal to the sumhefttue gravitational force and
the centrifugal force. Due to inhomogeneous distributioit®cks and magma on Earth, the
true gravitational force is not directed towards the ceatéhe earth. For the same reason as
the centrifugal force has rendered the earth surface gltlkaseinhomogeneous true gravity
has deformed the earth surface until the total (appareatjtgtional force is perpendicular to
it. The surface so obtained is calleg@oidand can be interpreted as the surface of an ocean
at rest (with a continuous extension on land). This virti@itmuous surface is perpendic-
ular at every point to the direction of gravity (includingetbentrifugal force) and forms an
equipotentiaburface, meaning that a particle moving on that surfacengo@s no change in
potential energy. The value of this potential energy pet nnaiss is called the geopotential,
and the geoid is thus a surface of constant geopotentiak Sthface will be the reference
surface from which land elevations, (dynamic) sea surfes&gons and ocean depth will be
defined. For more on the geoid, the reader is referred to Rohi(2004), Chapter 11.

In a rotating laboratory tank, the situation is similar bat identical. The rotation causes
a displacement of the fluid toward the periphery. This prdsamtil the resulting inward
pressure gradient prevents any further displacement. liBqum then requires that at any
point on the surface, the downward gravitational force avel dutward centrifugal force
combine into a resultant force normal to the surface (FigeBg so that the surface becomes
an equipotential surface. Although the surface curvatsi@ucial in neutralizing the cen-
trifugal force, the vertical displacements are rather §nhal tank rotating at the rate of one
revolution every two seconds (30 rpm) and 40 cm in diaméherdifference in fluid height
between the rim and the center is a modest 2 cm.
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Net Figure 2-3 Equilibrium surface of a
rotating fluid in an open container. The
surface slope is such that gravitational
and centrifugal forces combine into a
net force everywhere aligned with the
local normal to the surface.

2.3 Free motion on a rotating plane

The preceding argument allows us to combine the centrifiayak with the gravitational
force, but the Coriolis force remains. To have an idea of whigt force can cause, let us
examine the motion of a free particle, that is, a particlesutject to any external force other
than apparent gravity (true gravity combined with ceng#lforce) on the horizontal plane
extending from the North Pole.

If the particle is free of any force in this plane, its accatem in the inertial frame is
nil, by Newton’s law. According to.9), with the centrifugal-acceleration terms no longer
present, the equations governing the velocity compondritegarticle are

du dv
pr 2Qv = 0, pr + 2Qu = 0. (2.11)

The general solution to this system of linear equations is

u =V sin(ft + 9), v =V cos(ft + @), (2.12)

wheref = 2Q, called the Coriolis parameter, has been introduced fovemience, an
andg are two arbitrary constants of integration. Without losgefieralityV can always be
chosen as nonnegative. (Do not confuse this constarith they—component of the absolute
velocity introduced in Sectid&l) A first result is that the particle spe@af+v2)'/2 remains
unchanged in time. It is equal 16, a constant determined by the initial conditions.
Although the speed remains unchanged, the componearislv do depend on time, im-
plying a change in direction. To document this curving dfféds most instructive to derive
the trajectory of the particle. The coordinates of the pltposition change, by definition of
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the vector velocity, according tx/dt = u anddy/dt = v, and a second time integration
provides

X = Xg — % cos(ft + o) (2.13a)

y Yo + ¥ sin(ft + @), (2.13b)

wherex, andy, are additional constants of integration to be determinechfthe initial
coordinates of the particle. From the last relations, iofes directly that
L1 1

R DEEN D R (2.14)

This implies that the trajectory is a circle centered, (yo) and of radiusV/|f|. The
situation is depicted on FiguEe4

—_ F
Q=3

Figure 2-4 Inertial oscillation of a free
particle on a rotating plane. The or-
bital period is exactly half of the am-
bient revolution period. This figure has
been drawn with a positive Coriolis pa-
rameter;f, representative of the North-
ern Hemisphere. If were negative (as
in the Southern Hemisphere), the parti-
cle would veer to the left.

In the absence of rotatiorf (= 0), this radius is infinite, and the particle follows a straigh
path, as we could have anticipated. But, in the presencetafion (f & 0), the particle
turns constantly. A quick examination G{J reveals that the particle turns to the right
(clockwise) iff is positive or to the left (counterclockwise)fiis negative. In sum, the rule
is that the particle turns in the sense opposite to that cdithisient rotation.

At this point, we may wonder whether this particle rotatisnone other than the negative
of the ambient rotation, in such a way as to keep the partiadlesa in the absolute frame of
reference. But, there are at least two reasons why this mmdthe first is that the coordinates
of the center of the particle’s circular path are arbitrangl are therefore not required to
coincide with those of the axis of rotation. The second andtmmompelling reason is that
the two frequencies of rotation are simply not the same: thigi@nt rotating plane completes
one revolution in a time equal 16, = 2n1/Q, whereas the particle covers a full circle in a
time equal toT, = 2n/T = n/Q, calledinertial period Thus, the particle goes around its
orbit twice as the plane accomplishes a single revolution.
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\\Q/{:I Figure 2-5 Geometrical interpretation

of the apparent veering of a particle tra-
jectory viewed in a rotating framework.

The veering is to the right when the am-
bient rotation is counterclockwise, as
shown here for two particular trajecto-
ries, one originating from the rim, the

other from the axis of rotation.

The spontaneous circling of a free particle endowed witiral velocity in a rotating
environment bears the name iaertial oscillation Note that, since the particle speed can
vary, so can the inertial radiug/|f|, whereas the frequendy,| = 2|Q|, is a property of the
rotating environment and is independent of the initial dbods.

The preceding exercise may appear rather mathematicalesoitcbf any physical inter-
pretation. There exists, however, a geometric argumentgnttysical analogy. Let us first
discuss the geometric argument. Consider a rotating tadalean it, a particle initially { =
0) at a distanc® from the axis of rotation, approaching the latter at a speéeigurelZ=5).

At some later timd, the particle has approached the axis of rotation by a distaihand has
covered the distand@Rt laterally. It now lies at the position indicated by a solid.dduring
the lapsd, the table has rotated by an an@lg and, to an observer rotating with the table,
the particle seems to have originated from the point on tinenticated by the open circle.
The construction shows that, although the actual trajgésoperfectly straight, the apparent
path as noted by the observer rotating with the table cuosésetright. A similar conclusion
holds for a particle radially pushed away from the centehwispeed. In absolute axes, the
trajectory is a straight line again arriving at a distantdérom the center. During the lapse
t, the table has rotated and for an observer on the rotatirifppia the particle, instead of
arriving in the location of the asterisk, apparently veerethe right.

The problem with this argument is that to construct the aliedrajectory, we chose a
straight path, that is, we implicitly considered the totasalute acceleration, which in the
rotating framework includes the centrifugal acceleratidrhe latter, however, should not
have been retained for consistency with the case of telaksbdtation, but because it is a
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radial force, it does not account for the transverse digplent. Therefore, the apparent
veering is, at least for a short interval of time, entirelyda the Coriolis effect.

2.4 Analogy and physical interpretation

Figure 2-6 Side view (a) and top view (b) of a mass on a paraboloid surface

Considdl a particle of mas#/ in a gravitational fieldy on a paraboloid surface (FiguZeg)
of elevationZ given by

2 [ ]
z=L %2y (2.15)
29

Provided that the paraboloid is sufficiently flat compareiigoadiusR (Q?R/2g [I)]the
equations of motions of the mass are easily derived

d2y 0z
= — sz, W = _ga_Y = - QQY, (216)

X _ 0z
az ~  9ax
and describe a pendulum motion.
The frequencyQ measures the curvature of the surface and is the pendulatisah
frequency of oscillation. Note how the gravitational restg force takes on the form of a

negative centrifugal force. Without loss of generality,ae@ choose the initial position of the
particle asX = Xy, Y = 0. In that location, we launch the particle with an initial @eity

1A similar analogy was suggested to the authors by Prof. BiaGakai at Kyoto University.
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I Figure 2-7 Oscillation of the
paraboloid pendulum viewed in
absolute axes. Dots represent the

Trajectory in absolute axedmprint of the mass on the paraboloid
which rotates with the rotation rafe

of dX/dt = Uy anddY/dt = V; in absolute axes. The trajectory in absolute axes is easily
found as the solution oB(18)

Uop .
X = Xy COSQH_HO sin Qt (2.17a)

Y = % sin Qt. (2.17b)
Two particular solutions are noteworthy. If the initial abtion is a pure radial displace-
ment (/o = 0), the particle forever oscillates along the lile = 0. The oscillation, of
period2n/Q, takes it to the center twice per period, that is, evefQ time interval. At the
other extreme, the particle can be imparted an initial agi@uelocity of magnitude such
that the outward centrifugal force of the ensuing circlingtion exactly cancels the inward
gravitational pull at that radial distance:

Uy =0, Vo = £QXo, (2.18)

in which case the particle remains at a fixed distance fronmcémger K2 + Y2 = X¢2)
and circles at a constant angular r&gcounterclockwise or clockwise, depending on the
direction of the initial azimuthal velocity.

Outside of these two extreme behaviors, the particle dess@n elliptical trajectory of
size, eccentricity, and phase related to the initial caoitThe orbit does not take it through
the center but brings it, twice per period, to a distance o$e$t approactpérigeg and,
twice, to a distance of largest excursi@pogeg.

At this point, the reader may rightfully wonder: Where is #relogy with the motion of
a particle subject to the Coriolis force? To show this angldgt us now view the particle
motion in a rotating frame, but, of course, not any rotatiragfe: Let us select the angular
rotation rateQ equal to the particle’s frequency of oscillation. This aw®is made so that, in
the rotating frame of reference, the outward centrifugedéois everywhere and at all times
exactly canceled by the inward gravitational pull expeceghon the parabolic surface. Thus,
the equations of motion expressed in the rotating frameidecbnly the relative acceleration
and the Coriolis force, that is, they are none other tRah}.

Let us now consider the oscillations as seen by an obsertkeirotating frame (Figure
E=8. When the particle oscillates strictly back and forth, th&ting observer sees a curved
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trajectory. Because the particle passes by the origin tpéreoscillation, the orbit seen by
the rotating observer also passes by the origin twice péngewWhen the particle reaches its
extreme displacement on one side, it reaches an apogeearhiitas viewed in the rotating
frame; then, by the time it reaches its maximum displacerante opposite sida;/Q
later, the rotating framework has rotated exactly by halfiratso that this second apogee
of the orbit coincides with the first. Therefore, the readmar ceadily be convinced that the
orbit in the rotating frame is drawn twice per period of dstibn. Algebraic or geometric
developments reveal that the orbit in the rotating framévismcircular (Figuré=-8a).

In the other extreme situation, when the particle circlea abnstant distance from the
origin, two cases must be distinguished, depending on vendthircles in the direction of or
opposite to the observer’s rotating frame. If the directiothe same [positive sign iZ{19],
the observer simply chases the particle, which then aps¢atisnary, and the orbit reduces
to a single point (FigurB=8b). This case corresponds to the state of rest of a particke in
rotating environment\| = 0 in @12 through E13)]. If the sense of rotation is opposite
[minus sign inEZI8)], the reference frame rotates at the r@ta one direction, whereas the
particle circles at the same rate in the opposite direcliorthe observer, the particle appears
to rotate at the rate2 The orbit is obviously a circle centered at the origin andaafius
equal to the particle’s radial displacement; it is covemgite per revolution of the rotating
frame (Figurd2=8c). Finally, for arbitrary oscillations, the orbit in thetating frame is a
circle of finite radius that is not centered at the origin,slnet pass by the origin, and may or
may not include the origin (FigulE8d). The reader may experiment with AviLAB [0 code
[parabol 1 c. nifor further explorations of trajectories.

Looking at the system from an inertial framework, we obséhet the oscillation of the
particle is due to the restoring force of gravity. In part&uits projection on the parabolic
surface is responsible for the tendency to move towards é¢héec of the paraboloid. If
we look from the rotating framework, this component of gtais always cancelled by the
centrifugal force associated with the rotation, and théoresy force responsible for the os-
cillation is now the Coriolis force.

2.5 Acceleration on a three-dimensional rotating planet

For all practical purposes, except as outlined earlier wherentrifugal force was discussed
(SectioriZ?), the earth can be taken as a perfect sphere. This sphetesratzout its North
Pole — South Pole axis. At any given latitudiethe north—south direction departs from the
local vertical, and the Coriolis force assumes a form déiferfrom that established in the
preceding section.

Figure2-9depicts the traditional choice for a local Cartesian framvef reference: the
Xx—axis is oriented eastward, tireaxis, northward and the-axis, upward. In this framework,
the earth’s rotation vector is expressed as

Q =Qcospj + QsindKk. (2.19)

The absolute acceleration minus the centrifugal component
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Figure 2-8 Orbits (full line) in absolute axes with imprint of trajecies (dots) on rotating framework
(apparent trajectory). Each row shows the situation forffemint initial condition and after 1/8, 1/4,
1/2 and a full period2nQ 1. Orbits differ according to the initial velocity: the firsow (a) shows
oscillations obtained without initial velocity, the secbrow (b) was created with initial velocityo =
0, Vo = XoQ, the third row (c) corresponds to the opposite initial véhotlo = 0, Vo = —XoQ, and
the last row (d) corresponds to an arbitrary initial velgcit
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Figure 2-9 Definition of a local Carte-
sian framework of reference on a spher-
ical earth. The coordinate is directed
eastwardy northward, anad upward.

d_u +2Q x u,
dt
has the following three components
X : (;—ltj + 2Q cospw — 2Q sindv (2.20a)
dv .
y: @ + 2Qsindu (2.20b)
z: (?j_vtv — 2Q coso u. (2.20c)

With X, y, andz everywhere aligned with the local eastward, northward,\arttical direc-
tions, the coordinate system is curvilinear, and addifiterans arise in the components of the
relative acceleration. These terms will be dismissed ini&eB.2because of their relatively
small size in most instances.

For convenience, we define the quantities

f = 2Qsind (2.21)
f = 2Qcosod. (2.22)

The coefficientf is called theCoriolis parameterwhereast has no traditional name and
will be called here theeciprocal Coriolis parameter In the Northern Hemispherd, is



50 CHAPTER 2. THE CORIOLIS FORCE

positive; it is zero at the equator and negative in the Sonthiemisphere. In contrask,
is positive in both hemispheres and vanishes at the polesexamination of the relative
importance of the various terms (Sectid@) will reveal that, generally, thé—terms are
important, whereas the —terms may be neglected.

Horizontal, unforced motions are described by

Z—‘t’ —fv = 0 (2.23a)
dv

Y ifu =0 2.23b
5+ fu ( )

and are still characterized by solutiddT?. The difference resides in the valuetafnow
given by E2Z3). Thus, inertial oscillations on Earth have periodicitezual to2n/f =
n/Qsin¢, ranging from 11 h 58’ at the poles to infinity along the equatéure inertial
oscillations are, however, quite rare because of the ugeakpce of pressure gradients and
other forces. Nonetheless, inertial oscillations are mmommonly found to contribute to
observations of oceanic currents. An example of such anrcaaee, where the inertial oscil-
lations made up almost the entire signal, was reported bya®os and Kullenberg (1936).
Current measurements in the Baltic Sea showed periodidaigris about a mean value.
When added to one another to form a so-called progressivengiagram (Figur2=10), the
currents distinctly showed a mean drift, on which were sungeosed quite regular clockwise
oscillations. The theory of inertial oscillation prediaci®ckwise rotation in the Northern
Hemisphere with period din/f = n/Qsin ¢, or 14 h at the latitude of observations, thus
confirming the interpretation of the observations as iaedscillations.

2.6 Numerical approach to oscillatory motions

The equations of free motion on a rotating pldB€l) have been considered in some detail
in SectiorZ3 and it is now appropriate to consider their discretizatamthe corresponding
terms are part of all numerical models of geophysical flowgpotJintroducing the time
incrementAt, an approximation to the components of the velocity will leéedmined at the
discrete instant8” = nAtwithn = 1,2, 3, ..., which are denote@" = T(t,) andV" =
V(tnh), with tildes used to distinguish the discrete solution fribva exact one. The so-called
Euler methodbased on first-order forward differencing yields the sirspliscretization of

equationsiZT):

du _ gntl —gn —
pr fv=0 ~ —QaAr fv" =0
dv gn+l —gn

- 4+ = —_ -+ fU" = .
pm fu 0 A fo 0

The latter pair can be cast into a recursive form as follows:
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Figure 2-10 Evidence of inertial os-
cillations in the Baltic Sea, as reported
by Gustafson and Kullenberg (1936).
The plot is a progressive—vector dia-
gram constructed by the successive ad-
dition of velocity measurements at a
fixed location. For weak or uniform
velocities, such a curve approximates
the trajectory that a particle starting at
the point of observation would have
followed during the period of obser-
vation. Numbers indicate days of the
month. Note the persistent veering to
the right, at a period of about 14 hours,
which is the value oPni/f at that lat-
itude (57.8N). (From Gustafson and
Kullenberg, 1936, as adapted by Gill,
1982)

"+ fALT" (2.24a)
7 — fALTN. (2.24b)

Thus, given initial value&® and¥® att?, the solution can be computed easily at tithe

—

<
—

0 + fAtv° (2.25)
7 — fALoC. (2.26)

Then, by means of the same algorithm, the solution can béngltéeratively at times?, t3
and so on (do not confuse the temporal index with an exporemeténd in the following).
Clearly, the main advantage of the preceding scheme isnitgligity, but it is not sufficient

to render it acceptable, as we shall soon learn.

To explore the numerical error generated by the Euler metivedcarry out Taylor ex-

pansions of the type

an+1 —

At? %u‘ =
+

"+ At — -
dt?

+ O(AtY)

t=t"
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and similarly forV to obtain the following expressions frof&.22)

& P

— — fv = - — + O(At?) (2.27a)
dt n ez . . 2

& = UL HPN

JR— il = —_— R —_ 2

it O e © .2 + O(At?). (2.27b)

Derivation of ZZ78 with respect to time and use @&.27T) to eliminatedv/dt allow us to
recastZZ73 into a simpler form, and similarly folIZ7h:

~n 2

d:'t = T 2At "+ O(AR) (2.28a)
fyial 2
dst +fon= T ZAt ™+ O(Ar). (2.28b)

Obviously, the numerical scheme mirrors the original eigpuat except that an additional
term appears in each right-hand side. This additional tedes the form of anti-friction
(friction would have a minus sign instead) and will therefancrease the discrete velocity
over time.

Thetruncation errorof the Euler scheme — the right-hand side of the precedingesxp
sions — tends to zero &t vanishes, which is why the scheme is said tacbasistent The
truncation is on the order At at the first power and the scheme is therefore said to be
first-order accuratewhich is the lowest possible level of accuracy. Nonettsldss is not
the chief weakness of the present scheme, since we musttékpethe introduction of anti-
friction will create an unphysical acceleratation. Indeelémentary manipulations of
time-stepping algorithnfZ3) lead to(G"+1)2 + (V"1)2 = (1+f2At?) (@)% + (V")?
so that by recursion

@] = @)+ @)? = 1+ f2Aah)" %I‘O)Q + (7%)? I:I (2.29)
Thus, although the kinetic energy (directly proportiorattie squared norniiil2) of the
inertial oscillation must remain constant, as was seen @ti@d2.3 the kinetic energy of
the discrete solution increases without bdlieden if the time step\t is taken much smaller
than the characteristic time/f. Algorithm €29 is unstable Because such a behavior is
not acceptable, we need to formulate an alternative typésofetization.

In our first scheme, the time derivative was taken by going/éwd from time levet" to
t"+1! and the other terms &f, and the scheme became a recursive algorithm to calcukate th
next values from the current values. Such a discretizataralled arexplicit scheme By
contrast, in anmplicit schemethe terms other than the time derivatives are taken at thve ne
timet"+! (which is similar to taking a backward difference for the ¢iterivative):

Gn+1 _ Un

A =0 (2.30a)
gn+1 _ gn
% + fo"! = 0. (2.30b)

2From the context it should be clear tHain (1 + F2At?)" is an exponent, whereas ' it is the time index.
In the following text, we will not point out this distinctioagain, leaving it to the reader to verify the context.
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In this case, the norm of the discrete solution decreasestopoically toward zero, according
to

[ 1
@2+ @? = A+ F2AtH)™" @)+ T0)? . (2.31)
This scheme can be regardedstéable but as the kinetic energy should neither decrease or
increase, it may rather be considereduasrly stable

Of interest is the family of algorithms based on a weightegtage between explicit and
implicit schemes:

Un+1 _ Un

At — f[l—apV" + a?™ '] = 0 (2.32a)
vn+1 _ vn

A ¢ fla—ou + at"™t'] = o, (2.32b)

with0 < a < 1. The numerical scheme is explicit whan= 0 and implicit whena = 1.
Hence, the coefficierd may be regarded as the degree of implicitness in the scheihas |
a crucial impact on the time evolution of the kinetic energy:

]
T+ (1—a2f2ae ™

1+ o2f2At2
According to whethea is less than, equal to or greater tHaf2, the kinetic energy increases,
remains constant or decreases over time. It seems theggdprepriate to select the scheme
with a = 1/2, which is usually said to bgemi-implicit

It is now instructive to compare the semi-implicit approxgit@ solution with the exact
solution 2. For this to be relevant, the same initial conditions aespribedj.e., G =
V sing and@® = V cos@. Then, at any timd", the discrete velocity may be shown (see
Numerical Exercise 2-9) to be

@2 + @) = ey @™ 233

~n

=V sin(ft" + )
v =V cos(ft" + ),

with the angular frequencﬁgiven by

1 fAt
f = E arctan m . (234)
_ Although the amplitude of the oscillatioN { is correct, the numerical angular frequency,
T, differs from the true valu€. However, the smaller the dimensionless produfst, the

smaller the error:

as fAt - 0.

In other words, selecting a time increméxttmuch shorter that/f, the time scale of inertial
oscillations, leads to a frequency that is close to the exaet
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2.7 Numerical convergence and stability

A Taylor-series expansion performed on the discrete egustof the inertial oscillations
revealed that the truncation error vanishes/ststends to zero. However, we are not so
much interested in verifying that the limit of the discretizequation for increasing resolution
returns the exact equationgnsistencyas we are in making sure that tlelution of the
discretized equation tends to th@utionof the differential equations.€., the exact solution).

If the difference between the exact and discrete solutiends to zero aAt vanishes, then
the discretization is said twonverge

Unfortunately proving convergence is not a trivial taslpexsally as we generally do not
know the exact solution, in which case the use of numericairdiization would be superflu-
ous. Furthermore, the exact solution of the discrete egu&ikn very rarely be written in a
closed form because the discretization only provides a aggtimalgorithm, to construct the
solution in time.

Without knowing precisely the solutions of either the coaotius problem or its discrete
version, direct proofs of convergence involve mathematiei beyond the scope of the
present book and will be not pursued here. We will, howeady; on a famous theorem
called theLax-Richtmyer equivalence theorébax and Richtmyer, 1956), which states that

A consistent finite-difference scheme for a linear partificential equation for
which the initial value problem is well posed is convergdrand only if it is
stable.

So, while proof of convergence is a mathematical exercisesfgearchers well versed in
functional analysis, we will restrict ourselves here anehiary other instance across the book
to verify consistency and stability and will then invoke tifeeorem to claim convergence.
This is a particularly interesting approach, not only beseachecking stability and consis-
tency is much easier than proving convergence, but alscubecstability analysis provides
further insight in propagation properties of the numeriaztieme (see Secti@@d). There
remains, however, to define stability and to design effiarethods to verify the stability of
numerical schemes. Our analysis of the explicit Euler seh@aZ9) for the discretization of
inertial oscillations led us to conclude that it is unstdiBeause the velocity norm, and hence
the energy of the system, gradually increases with every sitap.

The adjectivainstableseems quite natural in this context but lacks precision ganekact
definition is yet to be given. Imagine for example the use oinaplicit Euler scheme (gen-
erally taken as the archetype of a stable scheme) on a sthlintizar differential equation:

ou _ ot -on
9t u - Sy (2.35)
We readily see that fdi < yAt < 1, the norm ofti increases:
L1 1 Lad
= —— . 2.36
. 1—vyAt (2.36)

We would however hardly disqualify the scheme as unstabtegeghe numerical solution
increases its norm simply because the exact solutisnu®e¥! does so. In the present case
we can even show that the numerical solution actually cgaseto the exact solution:
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L] Lad L1 Lerde
lim " =0° lim s a¥ lim _ = %", (2.37)
At-0 At-0 1—yAt At-0 1—yAt
with t = nAt.

Stability is thus a concept that should not only be relatetthéobehavior of the discrete
solution, but also to the behavior of the exact solution. 4edp speaking, we will qualify a
numerical scheme as unstable if its solution grows muclerfdsain the exact solution and,
likewise, overstable if its solution decreases much fabin the exact solution.

2.7.1 Formal stability definition

A mathematical definition of stability, one which allows tHescrete solution to grow but
only to a certain extent, is as follows. If the discrete stateable is represented by an array
X (collecting into a single vector the values of all varialkdésll spatial grid points), which
is stepped in time by an algorithm based on the selectedetization, the corresponding
numerical scheme is said to be stable over a fixed time int&rifethere exists a constaft
such that

X' < C X [ (2.38)

for all nAt < T. A scheme is thus stable if regardles&xif (< T), the numerical solution
remains bounded far< T.

This definition of stability leaves the numerical solutionite some room for growth,
very often well beyond what a modeler is willing to tolerat€his definition of stability
is, however, the necessary and sufficient stability usedhénlLiax-Richtmyer equivalence
theorem and is thus the one to utilize to ascertain convergdhwe permit a slower rate of
growth in the numerical solution, we will not destroy corgence. In particular, we could
decide to use the so-called strict stability condition.

2.7.2 Strict stability

For a system conserving one or several integral norms (ssuithta energy or wave action),
we may naturally impose that the corresponding norm of threarical solution not grow at
all over time:

XN <X [] (2.39)

Obviously, a scheme that is stable in the sens®@&Y is also stable in the sense of
E&39, while the inverse is not necessarily true. The more stimglefinition will
be calledstrict stability conditionand refers to the condition that the norm of the numerical
solution is not allowed to increase at all.

2.7.3 Choice of a stability criterion

The choice of stability criterion will depend largely on tirathematical and physical prob-
lem at hand. For a wave-propagation problem, for exampiet stability will be the natural
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choice (assuming some norm is conserved in the physicaépspcwhile for physically un-

bounded problems, the less stringent numerical stabiéfindion may be used.

We can now examine two previous discretization schemesitight of these two stabil-
ity definitions. For the explicit Euler discretizatidB.Z9) of inertial oscillation, the scheme
is unstable in the sense @89 (and deserves this label in view of the required energy con-
servation), although it is technically stable in the serf{€&9, as we will proceed to show.
Since the norm of the velocity is, according E2Z9),

]
o= T fae ™2 m [ (2.40)

we simply need to demonstrBtthat the amplification is limited by a constant independent
of n andAt:

Lk

ey = efzgtT < ef22T2 . (2.42)

|?+ A T < I?+ 2At?
The scheme is thus stable in the sens®®&8 and even if growth of the norm can be quite
important, according to the Lax-Richtmyer equivalencetbe, the solution will converge
as the time step is reduced. This is indeed what is observigadiré2-T1) and can be proved
explicitly (see Numerical Exercise 2-5). In practice, hoese the time step is never allowed
to be very small for obvious computer constraints. Also, tihee window T over which
simulations take place can be very large, and any incredke w€locity normis unacceptable
even if the solution is guaranteed to converge for smaltee steps. For this reason, the strict
stability condition 2239 is preferred, and the semi-implicit Euler discretizatahosen.

In the second example, that of the implicit Euler schemeiagpb the growth equation,
the schemdZ 39 is stable in the sense dZGY (since it converges), but allows growth in
the numerical solution in accordance with the exact satutio

Recapitulating the different concepts encountered in timerical discretization, we now
have a recipe to construct a convergent method: Design eetliztion for which consistency
(an equation-related property) can be verified by stragghifird Taylor-series expansion,
then check stability of the numerical scheme (some prdatiethods will be provided later)
and finally invoke the Lax-Richtmyer equivalence theoremruve convergence (a solution-
related property). But, as the equivalence theorem istlgtiialid only for linear equations,
surprises may arise in nonlinear systems. We also have ttionghat establishing conver-
gence by this indirect method demands that initial and bagndonditions, too, converge
to those of the continuous differential system. Finallypwergence is assured only for well
posed initial-value problems. This, however, is not a combere, since all geophysical fluid
models are physically well posed.

3 For the demonstration we use the inequality
(L+a)P <=eforab=0 (2.41)

which can be easily be proved by observing tfiat- a)° = ePI"(1+2) and thatin(1 + a) < a whena = 0.
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Figure 2-11 Representation (called a hodograph) of the numericalisol(ti, V) (Z324)-12.32b) of
the explicit discretization of the inertial oscillationt (= 0), the implicit version ¢ = 1) and the
semi-implicit schemed = 1/2). The hodograph on the left was obtained witht = 0.05 and the
one on the right panel witfiAt = 0.005. The inertial oscillation (FigurE2l4) is clearly visibleut
the explicit scheme induces spiralling out and the impkciieme spiralling in. When the time step
is reduced (moving from left panel to right panel), the solutapproaches the exact solution. In both
cases, 10 inertial periods were simulated.

2.8 Predictor-corrector methods

Up to now, we have illustrated numerical discretizationgtwalinear equations describing
inertial oscillations. The methods can be easily genazdlio equations with a nonlinear
source tern@Q in the equation governing the variahleas

du
i Q(t, u). (2.43)

For simplicity, we consider here a scalar variabjéut extension to a state vectorsuch as
X = (u, V), is straightforward.
The previous methods can be recapitulated as follows:

» The explicit Euler methodf@rward schemp
gntt =" + AtQ" (2.44)
» The implicit Euler methodi{ackward scheme
gttt =" + AtQ" ! (2.45)
* The semi-implicit Euler schemérgpezoidal schen)e

1 1
UI’H-I — ﬁn + % Qn+Qn+1 (246)
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A general two-points scheme (with= a < 1):

] O
gt = 0" + At 11— a)Q" +aQ" ! | (2.47)
Q Q
_—
t t
th (a) th+1 th (b) th+1
Q Q
_—
t t
th (C) th+1 tn (d) th+1

Figure 2-12 Time integration of the source ter@ betweent™ andt"**: (a) exact integration, (b)
explicit scheme, (c) implicit scheme, and (d) semi-implitiapezoidal scheme.

Note that these schemes may be interpreted either as fifféeedce approximations of
the time derivative or as finite-difference approximatiofithe time integration of the source
term. Indeed,

Ijt|1+l
u(t"t) = u(t") + Q dt, (2.48)

n
and the various schemes can be viewed as different ways obxpmating the integral, as
depicted in Figur@=1I2 All discretization schemes based on the exclusive us@'baind
Q"*! to evaluate the integral betweghandt"*!, which are calledwo-point methodsare
inevitably first-order methods, except the semi-implioit fapezoidal) scheme, which is of
second order. Second order is thus the highest order atiéawéth a two-point method. To
achieve an order higher than two, denser sampling oftkerm must be used to approximate
the time integration.

Before considering this, however, a serious handicap shzrihoted: The source tei@
depends on the unknown variatileand we face the problem of not being able to calculate
Q"*! beforewe know{"*!, which is to be calculated from the value @ t!. There is a
vicious circle here! In the original case of inertial osgfibns, the circular dependence was
overcome by an algebraic manipulation of the equations pisolution (gathering ath + 1
terms on the left), but when the source term is nonlineas aftén the case, such preliminary
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manipulation is generally not possible and we need to cik@mhthe exact calculation by
searching for a good approximation.
Such an approximation may proceed by using a first gliéds the Q term:

Qn+1 m(ﬂ’l-&-ly GL_)‘,I (249)

as long agiis a sufficiently good estimate & +!. The close™i5 toG"**, the more faith-
ful is the scheme to the ideal implicit value. If this estim&tis provided by a preliminary
explicit (forward) step, according to:

L]
o= e 2 Q. o) + Q™ oYy, (2.500)

we obtain a two-step algorithm, called tHeun methodIt can be shown to be second-order
accurate.

This second-order method is actually a particular membefarfnily of so-callegbredictor-
corrector methodsin which a first gues8™i5 used as a proxy fdi" ! in the computation
of complicated terms.

2.9 Higher-order schemes

If we want to go beyond second-order methods, we need tonékaccount a greater number
of values of theQ term than those a andt"*!. We have two basic possibilities: either
to include intermediate points betwegh andt"*!, or to useQ values at previous steps
n—1,n—2,.... Thefirst approach leads to the so-called familjRohge-Kutta methodsr
multi-stage methodswhile the second generates the so-caffedti-step methods

Q Q Q

/

th (a) th+t th (b) th+1 th (C) th+1 t

Figure 2-13 Runge-Kutta schemes of increasing complexity: (a) midypioitegration, (b) integration
with parabolic interpolation, (c) with cubic interpolatio

The simplest method, using a single intermediate poinhgso-calleanid-point method
In this case (FigurB=I3, the integration is achieved by first calculating the valife /2



60 CHAPTER 2. THE CORIOLIS FORCE

(playing the role ofiat an intermediate stagé+'/? and then integrating for the whole
step based on this mid-point estimate:

At
gntiz = g o+ — Q(t", ") (2.51a)
ﬁrH_l = 0" + AtQ(tn+1/2,ﬁn+1/2). (251b)

This method, however, is only second-order accurate aratsoffo improvement over the
earlier Heun method2(50).

A popular fourth-order method can be constructed by usingralwlic interpolation be-
tween the values o with two successive estimates at the central point befavegqading
with the full step:

otz = g+ % Q(t", T (2.52a)
GQ+1/2 = o+ %Q(tn+1/2,a2+1/2) (2.52b)
i = "+ AtQET2,art?) (2.52¢)
gt = g" + At %Q(tn’ﬁn)_'_%Q(th/Q"?g:IHn)
+%Q(t“+1/2,’u[,’“/2) + %Q(t”“,fj‘-_)r‘ : (2.52d)

We can increase the order by using higher-polynomial imtetjpns (Figur@=13).

As mentioned earlier, instead of using intermediate pdmiacrease the order of accu-
racy, we can exploit already available evaluation®ofrom previous steps (Figu&I3).
The most popular method in GFD models is taapfrog methodwhich simply reuses the
value at time step — 1 to “jump over” theQ term att" in a2At step:

gt = g™+ 2At QM. (2.53)

This algorithm offers second-order accuracy while beirly fxplicit. An alternative second-
order method using the valuerat- 1 is the so-calledddams-Bashforth method
%IQH — Qn—l L]
> ,

which can be interpreted in the light of FigiZel4 (bottom panel).

Higher-order methods can be constructed by recalling monetp from the pastr{ —
2,n — 3,...), but we will not pursue this approach further for the follog/ two reasons.
Firstly, using anterior points creates a problem at the sfaihe calculation from the initial
condition. The first step must be different in order avoichgsine or several points that do
not exist, and an explicit Euler scheme is usually perform@de such step is sufficient to
initiate the leapfrog and Adams-Bashforth schemes, bubhaust that use earlier values (at
n—2,n—3,...) require more cumbersome care, which can amount to corditdeeffort in
a GFD code. Secondly, the use of several points in the pasinigsra proportional increase

ottt = 0" + At (2.54)
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Q

! t" (b)y

Figure 2-14 (a) Exact integration from
t"~1 or t" towardst™*?, (b) leapfrog
integration starts fromt"~! to reach
t"*1, whereas (c) Adams-Bashforth in-
tegration starts from" to reacht™*?,
using previous values to extrapolage
T t" (c) [ over the integration interval, t"*?.

in computer storage, because values cannot be discardedickdydoefore making room
for newer values. Again, for a single equation, this is notimaf a trouble, but in actual
applications, size matters and only a few past values catobedsin the central memory of
the machine. A similar problem arises also with multi-stegethods, although these do not
need any particular starting mechanism.

We can conclude the section by remarking that higher-oraghads can always be de-
signed but at the price of more frequent evaluations of thkt#and side of the equation
(potentially a very complicated term) and/or greater ggeraf numerical values at different
time steps. Since higher-order methods create more burd#greaccomputation, we ought to
ask whether they at least provide better numerical solatiban lower-order methods. We
have therefore to address the question of accuracy of thetfens, which will be considered
in SectiorZ.3

A fundamental difference between analytical solutions aatherical approximations
emerges. For some equations, properties of the solutiorbeasterived without actually
solving the equations. It is easy to prove, for example, tihatvelocity magnitude remains
constant during an inertial oscillation. The numericalsioh on the other hand is generally
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Discrete equations \n:.

Deduced discrete properties

Primitive equations g

Discretized deduced properties

Deduced properties /ZI

Figure 2-15 Schematic representation of discretization propertigsraathematical properties inter-
play.

not guaranteed to satisfy the same property as its andlgtemterpart (the explicit Euler
discretization did not conserve the velocity norm). Therefwe cannot be sure that math-
ematical properties of the analytical solutions will alsogyesent in the numerical solution.
This might appear as a strong drawback of numerical methotlsaém actually be used to
assess the quality of numerical schemes. Also, for numegb@mes with adjustable param-
eters (as the implicit factor), those parameters can beechss that the numercial solution
respects as best as possible the exact properties.

We can summarize by recognizing the fact that numericatiswis generally do not in-
herit the mathematical properties of the exact solutiogféZ=I9, a handicap particu-
larly easy to understand in the case of inertial oscillathowl its discretization by an ex-
plicit scheme (Figur2=18). Later we will encounter other properties (energy coreon,
potential-vorticity conservation, positiveness of camications, etc.) that can be used to guide
the choice of parameter values in numerical schemes.
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antl = " + ALY,
vt = vt — fAtan \C‘

@l (23 ?erzf?@mf?rﬂ
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§ T=mu ]y Tem
%(u2+v2):0 /ZI

Figure 2-16 Schematic representation of discretization propertigsraathematical properties inter-
play exemplified in the case of inertial oscillation.

Analytical Problems

2-1. On Jupiter, a day lasts 9.9 Earth hours and the equator@airiierence is 448,600 km.
Knowing that the measured gravitational acceleration @ttuator is 26.4 misde-
duce the true gravitational acceleration and the centaifagceleration.

2-2. The Japanese Shinkansen train (bullet train) zips from do&yOzaka (both at approx-
imately 35N) at a speed of 185 km/h. In the design of the train and tradfis;ou
think that engineers had to worry about the earth’s rot&tigptint: The Coriolis effect
induces an oblique force, the lateral component of whicHdtptoduce a tendency of
the train to lean sideways.)

2-3. Determine the lateral deflection of a cannonball that is gihdondon (5X31N) and
flies for 25 s at an average horizontal speed of 120 m/s. Whatdnme the lateral
deflection in Murmansk (6&%2 N) and Nairobi (£18 S)?

2-4. On a perfectly smooth and frictionless hockey field at DarithdCollege (4338 N),
how slowly should a puck be driven to perform an inertial leiraf diameter equal to
the field width (26 m)?

2-5. A stone is dropped from a 300-m-high bridge at ®5In which cardinal direction is it
deflected under the effect of the earth’s rotation? How famfthe vertical does the
stone land? (Neglect air drag.)
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2-6. At43°N, raindrops fall from a cloud 2500 m above ground throughrégedly still atmo-

sphere (no wind). In falling, each raindrop experiencesityza linear drag force with
coefficientC = 1.3 s™! (i.e., the drag force in the&, y andz directions is respectively
—Cu, —Cv and—Cw per unit mass) and is also subjected to the three-dimensiona
Coriolis force. What is the trajectory of one raindrop? Haw éastward and north-
ward has the Coriolis force deflected the raindrop by the tirhigs the ground?Hlint:

It can be shown that the terminal velocity is reached vergkjuirelatively to the total
falling time.)

2-7. A set of two identical solid particles of mab4 attached to each other by a weightless

rigid rod of lengthL. are moving on a horizontal rotating plane in the absencetefex
nal forces (Figur2=I1J). As in geophysical fluid dynamics, ignore the centrifugate
caused by the ambient rotation. Establish the equationsrging the motion of the set
of particles, derive the most general solution, and disttagshysical implications.

Figure 2-17 Two linked masses on a

X i rotating plane (Problem 2-7).

2-8. At t = 0, two particles of equal masa but opposite electrical chargesare released

from rest at a distanck from each other on a rotating plane (constant rotation rate
Q = f/2). Assuming as in GFD that the centrifugal force caused byatmbient
rotation is externally balanced, write the equations ofiarobf the two particles and
the accompanying initial conditions. Then, show that theeeof mass (the mid-point
between the particles) is not moving, and write a differrguation governing the
evolution of the distance(t) between the two particles. Is it possible that, as on a
non-rotating plane, the electrical attraction betweenttiweparticles will make them
collide (r =0)?

2-9. Study the trajectory of a free particle of mast released from a state of rest on a

rotating, sloping, rigid plane (Figu&I8. The angular rotation rate i@, and the

angle formed by the plane with the horizontabis Friction and the centrifugal force
are negligible. What is the maximum speed acquired by thecfigrand what is its

maximum downbhill displacement?
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Figure 2-18 A free particle on a rotat-
ing, frictionless slope (Problem 2-9).

5+ £
T T Figure 2-19 Progressive vector dia-

T T gram constructed from current-meter
T T observation in the Mediterranean Sea
i . T taken in October 1973 (Problem 2-10).

Oo +—+——t t ——t—t 110 ——t—t 1=5 Fkm (Courtesy of Martin Mork, University

of Bergen, Norway

2-10. The curve reproduced in FiguPeIQis a progressive vector diagram constructed from
current-meter observations at latitude’@3 N in the Mediterranean Sea . Under the
assumption of a uniform but time-dependent flow field in thenity of the mooring,
the curve can be interpreted as the trajectory of a wateepassing the marks count-
ing the days along the curve, show that this set of obsemnatieveals the presence of
inertial oscillations. What is the average orbital velp@it these oscillations?

Numerical Exercises

2-1. When using the semi-implicit schenB823 — @321 with a = 1/2, how many time
steps are required per complete cycle (perio@roff) to guarantee a relative error on

T not exceeding 1%?
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. Develop an Euler scheme to calculate the position cooresnatandy of a particle
undergoing inertial oscillations from its velocity commarisu andv, themselves cal-
culated with an Euler scheme. Graph the trajecf&fy §"]forn = 1,2,3,... of the
particle. What do you notice?

. For the semi-implicit discretization of the inertial osailon, calculate the number of
complete cycles it takes before the exact solution and itsemical approximation are
in phase opposition (180phase shift). Express this number of cycles as a function
of the parametef At. What can you conclude for a scheme for whiciit = 0.1 in
terms of time windows that can be analyzed before the seligiout of phase?

. Devise a leapfrog scheme for inertial oscillations and yarealts stability and angular
frequency properties by searching for a numerical soluticthe following forntd:
" =V [MSin(fnAt + @), 7" =V [Mkos(fnAt + ¢).

. Calculate the discrete solution of the explicit Euler-sokeapplied to inertial oscilla-
tions by searching for a solution of the same form as in Protdet where[@ndf are
again parameters to be determined. Show that the discrietiiosoconverges to the
exact solutioniZ12.

. Prove the assertion that schel@&) is of second order.

. Adaptlcori ol sdi s. mhfor a discretization of inertial oscillation with a frictal
term

du

i fv —cu (2.55)
dv
Fra —fu — cv, (2.56)

wherec = f k. Run the explicit discretization with increasing valuesan [0, 1]. For
which value ofk does the explicit Euler discretization give you a solutigthwonstant
norm? Can you interpret this result in view of the modifiedagtpn?

. Try several time discretization methods on the followingafeequations:
du
il fv (2.57)
Z—\; = —fu+fk (@1 —u?y, (2.58)

with initial conditionu = 2, v = 0 att = 0. Use two values for the parameterfirst
k = 0.1 and therk = 1. Finally tryk = 5. What do you notice?

4For [M] n is an exponent, not an index.
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2-9. Prove that an inertial oscillation with modified angularduency B39 is the exact
solution of the semi-implicit schemB33. (Hint: Insert the solution into the finite-
difference equations and find a conditiontof



Pierre Simon Marquis de Laplace
1749 - 1827

From humble roots in rural France, Pierre Simon Laplacdrdjgtshed himself early by
his abilities and went on to Paris. There, at the AcadémgSirences, Jean D’Alembert
recognized the talents of the young Laplace and securedrfoalposition in the military
school. Set with this appointment, Laplace began a studyasfgpary motions, which led
him to make advances in integral calculus and differentiglations. Skillful at changing
his political views during the turbulent years of the Fremwolution, Laplace managed
to survive and continued his research almost without infgion. In 1799, he published
the first volume of a substantial memoir titldEecanique @leste which later grew into a
five-volume treatise and has since been regarded as a domedf classical physics. Some
have said that this work is Isaac Newto®sincipia (of 1687) translated in the language
of differential calculus with the clarification of many imgant points that had remained
puzzling to Newton. One such aspect is the theory of oceas tighich Laplace was the first
to establish on firm mathematical grounds.

The name Laplace is attached today to a differential ope(dte sum of second deriva-
tives), which arises in countless problems of physics uidiclg geophysical fluid dynamics
(see Chaptdig). (Portrait taken from a 19th century colored engraving, The@ger Col-
lection, New York

68



Gaspard Gustave de Coriolis
1792 -1843

Born in France and trained as an engineer, Gaspard Gusta@erddis began a career in
teaching and research at age 24. Fascinated by problenedrétarotating machinery, he
was led to derive the equations of motion in a rotating fraoref reference. The result of
these studies was presented to the Académie des Scientbessnmmer of 1831. In 1838,
Coriolis stopped teaching to become director of studieb@tHcole Polytechnique, but his
health declined quickly and he died a few short years later.

The world’s largest experimental rotating table, at theitasde Mécanique in Grenoble,
France, is named after him and has been used in countlesigona of geophysical fluid
phenomena.Rhoto from the archives of the Adahie des Sciences, Pajis.
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CHAPTER 2. THE CORIOLIS FORCE



