
Chapter 17

Instabilities of Rotating Strati�ed
Flows

SUMMARY : In a strati�ed rotating �uid, not all geostrophic �ows are stable, for some are
vulnerable to growing perturbations. This chapter presents the two primary mechanisms
by which instability may occur: motion of individual particles (calledinertial instability)
and organized motions across the �ow (calledbaroclinic instability). In each case, kinetic
energy is supplied to the disturbance by release of potential energy from the original �ow.
Baroclinic instability is at the origin of the midlatitude cyclones and anticyclones that make
our weather so variable. Because the evolution of the weather perturbations is essentially
nonlinear, a two-layer quasi-geostrophic model is presented here to simulate the evolution of
the baroclinic instability past the linear-growth phase.

17.1 Two types of instability

There are two broad types of �ow instability. One islocal or punctualin the sense that every
particle in (at least a portion of) the �ow is in an unstable situation. A prime example of
this type is gravitational instability, which occurs in thepresence of a reverse strati�cation
(top-heavy �uid): if displaced, either upward or downward,a particle is subjected to a buoy-
ancy force that pulls it further away from its original location and, since all other particles
are individually subjected to a similar pull, the result is acatastrophic overturn of the �uid
followed by mixing. In the absence of friction, there is no speci�c temporal and spatial scales
for the event.

The second type of instability can exist only if the �ow is stable with respect to the �rst
kind. It is more gradual and relies on a collaborative actionof many, if not all, particles
and for this reason can be calledglobal or organized. The instability is manifested by the
temporal growth of a wave at a preferential wavelength that eventually overturns and forms
vortices. An example is the barotropic instability encountered in Chapter10(see Section10.4
in particular).
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510 CHAPTER 17. INSTABILITIES

Table 17.1 CONTRASTING CHARACTERISTICS OF THE TWO TYPES OF INSTABILITYTO WHICH A

FLUID FLOW MAY BE SUBJECTED

LOCAL INSTABILITY GLOBAL INSTABILITY
Particles act individually Particles act in concert

Motion proceeds randomly Motion proceeds in a wave arrangement

Instability criterion depends onlyInstability criterion depends
on local properties of the �ow on bulk properties of the �ow

and on wavelength of perturbation

Instability is independent of Instability is sensitive to
boundary conditions boundary conditions

Instability is catastrophic Instability is gradual
(major overturn, mixing) (growing wave and vortex formation)

Example: Example:
Overturning of a top-heavy �uid Kelvin-Helmholtz instability

In rotating strati�ed �ow: In rotating strati�ed �ow:
Inertial instability Mixed barotropic-baroclinic instability

Rotating strati�ed �ows can be subjected to either type of instability. If the instability
is local, it is calledinertial instability, and if it is global,baroclinic instability. Table17.1
summarizes the contrasting properties of the two types of instabilities.

Baroclinic instability is actually an end member of a more general instability, calledmixed
barotropic-baroclinic instability, which occurs when the �ow is sheared in both horizontal
and vertical directions. Baroclinic instability is the extreme when there is no shear in the
horizontal, and barotropic instability (Chapter10) is the other extreme, when the original
�ow has a no shear in the vertical.

17.2 Inertial instability

In this section, we consider the possibility of catastrophic instability, namely one in which a
�uid particle once displaced from its position of equilibrium keeps moving further away from
that position. Such instability is catastrophic because, if one such particle migrates away from
its initial position, all others can do so as well and the ensuing situation is overturn, mixing
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and chaos.
This instability can be characterized also asinertial because acceleration is the crux of the

growing displacement of the particles in the system. Finally, inertial instability is sometimes
calledsymmetric instability(Holton, 1992) because of some symmetry in its formulation,as
the following developments will shortly reveal.

Let us consider an inviscid steady �ow in thermal-wind balance with variation across the
vertical plane (x, z), with sheared velocityv(x; z) in equilibrium with a slanted strati�cation
� (x; z). Such �ow must be both geostrophic and hydrostatic:
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Elimination of pressurep between these two equations yields the thermal-wind balance
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From these �ow characteristics, let us de�ne the strati�cation frequencyN by
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and, similarly, two quantities that will be become useful momentarily:
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Note that the three quantitiesN 2, F 2 andfM all have the dimension of a frequency squared.
But, although they are de�ned as squares, we ought to entertain the possibility that they may
be negative.

Next, let us perturb such �ow by adding time dependency and velocity componentsu and
w within thex–z plane, while assuming still no variation in the perpendicular direction. For
clarity of exposition, we further assume inviscid �ow and restrict the attention to thef –plane,
but we allow for possible non-hydrostaticity in the vertical, in anticipation of large vertical
accelerations:
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in whichd=dt stands for the material derivative (following particle movement).
In this �ow, let us track an individual �uid particle with moving coordinates [x(t), z(t)].

Its velocity components in the vertical plane are

u =
dx
dt

; w =
dz
dt

; (17.7)

which transform equation (17.6b) into

dv
dt

+ f
dx
dt

= 0 : (17.8)

Sincef is constant in our model, the quantityv + fx is an invariant of the motion1, and it
follows that if the particle is displaced horizontally overa distance� x it undergoes a change
of transverse velocity� v such that

� v + f � x = 0 : (17.9)

Turning our attention to equations (17.6a) and (17.6c) and eliminating from themu and
w by use of (17.7), we obtain:
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Note that in these equations the pressure terms on the right-hand sides are complicated func-
tions of the particle position (x, z).

Let us now imagine that the �uid particle under consideration is only moved from its
original position by a small displacement� x in the horizontal and� z in the vertical:x(t) =
x0 + � x(t), z(t) = z0 + � z(t), so that we may linearize the equations. Note that any
displacement alongy has no effect on the dynamic balance and can be ignored. Neglecting
compressibility effects, we assume that the displacement causes no change in density for
the particle. At its new position, the particle is out of equilibrium. In the vertical, it is
subject to a buoyancy force, while in the horizontal, it is nolonger in geostrophic equilibrium.
These forces are re�ected in the new, local values of the pressure gradient, which for a small
displacement can be obtained from the original values by a Taylor expansion:
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After subtraction of the unperturbed state, the equations governing the evolution of the dis-
placement are:

1This is occasionally called thegeostrophic momentum.
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in which � v = � f � x according to (17.9). The �rst equation tells that the force imbalance
in the x–direction is due in part by the Coriolis force having changed by f � v and in part
by immersion in a new pressure gradient. By Newton's second law, this causes a horizontal
accelerationd2� x=dt2. Likewise, the second equation states that the modi�ed pressure en-
vironment causes an imbalance in the vertical. The new neighbors together exert a buoyancy
force on our particle and the latter acquires a vertical accelerationd2� z=dt2.

Since the equations are now linear, we may seek solutions of the form:

� x = X exp(i !t ); � z = Z exp(i !t ): (17.13)

If the frequency! is real, the particle oscillates around its original position of equilibrium,
and the �ow can be characterized as stable. On the contrary, should! be complex and have
a negative imaginary part, the solution includes exponential growth, the particle drifts away
from its original position, and the �ow is deemed to be unstable.

Substitution on the solution type in the governing equations yields a 2-by-2 system for
the amplitudesX andZ :

(F 2 � ! 2) � x + fM � z = 0 (17.14a)

fM � x + ( N 2 � ! 2) � z = 0 ; (17.14b)

in which we introduced quantities de�ned in (17.3), (17.4) and (17.5). A non-zero solution
exists only if! obeys

(F 2 � ! 2) (N 2 � ! 2) = f 2M 2; (17.15)

of which the! 2 roots are

! 2 =
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p
(F 2 � N 2)2 + 4 f 2M 2

2
: (17.16)

The question is whether one or both! 2 values can be negative, in which case there is at least
one! root with a negative imaginary part.

Before proceeding with the general case, it is instructive to consider two extreme cases.
First is the case of strati�cation without rotation (v is a constant and� is a function ofz only;
F 2 = fM = 0 andN 2 6= 0 ), for which

! 2 =
N 2 �

p
N 4

2
= 0 or N 2: (17.17)

All ! values are real ifN 2 � 0, which corresponds to a density increasing downward
(d�=dz < 0). Otherwise the �uid is top heavy and overturns. This is gravitational insta-
bility �rst encountered in Section11.2.
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The second extreme case is that of a pure shear (v is a function ofx only and� is a
constant:F 2 6= 0 andfM = N 2 = 0 ), for which

! 2 =
F 2 �

p
F 4

2
= 0 or F 2: (17.18)

All ! values are real ifF 2 � 0, which corresponds tof (f + @v=@x) � 0, i.e., (f + @v=@x)
of the same sign asf . ShouldF 2 be negative, the �ow mixes horizontally. This is inertial
instability in a pure form.
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Figure 17-1 A �uid particle displaced to the right by a distance� x > 0 conserves his geostrophic
momentum and sees its velocity drop tov(x) � f � x. In the case of theleft panel, the new particle
velocity is weaker than the ambient velocityv(x + � x) = v(x) + ( dv=dx)� x at its new place, and
its own Coriolis force (from left to right) is insuf�cient tomeet the local pressure gradient-force (from
right to left). Consequently the particle is subjected to a net residual force (from right to left) that
pushes it back toward its original position, a restoring force. In the case of theright panel, the situation
is reversed: the particle's new velocity exceeds the ambient velocity, and its Coriolis force (from left to
right) is stronger that the local pressure-gradient force (from right to left), leaving a difference that pulls
the particle from left to right and thus further away from itsoriginal place. The former case is stable,
whereas the latter is unstable.

This result is less intuitive than the �rst and begs for a physical explanation. So let us
follow the evolution of a particle displaced laterally (Figure17-1). During the displacement
� x, it conserves its geostrophic momentum and sees its velocity v change according to (17.9).
As it arrives at a new place, the Coriolis force exerted on theparticle no longer matches the
pressure gradient force, for two reasons: because the particle's own velocity has changed and
because the pressure gradient is different at the new place.Hence the particle is no longer
in geostrophic equilibrium and undergoes a net acceleration in thex–direction. It is either
pushed back toward its original location or further accelerated away from it, depending on
how the particle's Coriolis force compares to the local pressure-gradient force. As seen in
Figure17-1, in the Northern Hemisphere (f > 0), stability requires that a particle displaced
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Figure 17-2 Stability diagram in
the parameter space (F 2 , N 2) for
the inertial instability of a thermal-
wind �ow.

to the right (� x > 0) see its new velocityv � f � x fall below the surrounding velocity
v + � x(@v=@x) to be pushed back toward its original location, hence stability condition
f + @v=@x >0.

Returning to the general case, we realize that the switch between stability and instability
occurs when! 2 = 0 , which according to (17.16) occurs when

F 2N 2 = f 2M 2: (17.19)

Around this relation, the signs of the! 2 roots are as depicted in Figure17-2. It is clear from
this graph that stability demands three conditions2:

F 2 � 0; N 2 � 0 and F 2N 2 � f 2M 2: (17.20)

The third condition is the most intriguing of the group and deserves some physical in-
terpretation. For this, let us takeF 2 and N 2 both positive and de�ne the slope (positive
downward) of the lines in the vertical (x, z) plane along which the geostrophic momentum
v + fx and density� are constant:

Smomentum = slope of linev + fx = constant

=
@(v + fx )=@x
@(v + fx )=@z

=
F 2

fM
(17.21)

Sdensity = slope of line� = constant

=
@�=@x
@�=@z

=
fM
N 2 : (17.22)

The stability thresholdF 2N 2 = f 2M 2 then corresponds to equal momentum and density
slopes. Normally, the velocity varies strongly inx and weakly inz, whereas density behaves

2 Note thatF 2N 2 = f 2M 2 alone is not suf�cient because it could be obtained withF 2 andN 2 each negative.
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in the opposite way, varying more rapidly inz than inx. Typically, therefore, lines of equal
geostrophic momentum are steeper than lines of equal density. This, it turns out, is the stable
caseF 2N 2 > f 2M 2 (left panel of Figure17-3).
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Figure 17-3 Left panel: Stability when lines of constant geostrophic momentumv + fx are steeper
than lines of constant density� . Right panel: Instability when lines of constant geostrophic momentum
are less steep than lines of constant density; any particle (such as the one highlighted on the �gure) dis-
placed within the wedge is pulled further away by a combination of buoyancy force (1) and geostrophic
imbalance (2).

With increasing thermal wind, momentum lines become less inclined and density lines
more steep, until they cross. Beyond this crossing, the steeper lines are the density lines,
F 2N 2 < f 2M 2, and the system is unstable (right panel of Figure17-3). Particles quickly
drift away from their initial position and the �uid is vigorously rearranged until it becomes
marginally stable, just as a top-heavy �uid (N 2 < 0) is gravitationally unstable and becomes
mixed until its density is homogenized (N 2 = 0 ). In other words, a situation with density
lines steeper than geostrophic lines cannot persist and re-arranges itself quickly until these
lines become aligned.

In the unstable regime, it can be shown (see Analytical Problem 17-6.) that growing
particle displacements lie in the wedge between the momentum and density lines (right panel
of Figure17-3). This justi�es yet another name for the process:wedge instability.

17.3 Baroclinic instability – The mechanism

In thermal-wind balance, geostrophy and hydrostaticity combine to maintain a �ow in equi-
librium. Assuming that this �ow is stable with respect to inertial instability (previous section),
the equilibrium is not that of least energy, because a reduction in slope of density surfaces
by spreading of the lighter �uid above the heavier �uid wouldlower the center of gravity
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and thus the potential energy. Simultaneously, it would also reduce the pressure gradient, its
associated geostrophic �ow and the kinetic energy of the system. Evidently, the state of rest
is that of least energy (minimum potential energy and zero kinetic energy).

In a thermal wind, relaxation of the density distribution and tendency toward the state of
rest cannot occur in any direct, spontaneous manner. Such anevolution would require vertical
stretching and squeezing of �uid columns, neither of which can occur without alteration of
potential vorticity.

Friction is capable of modifying potential vorticity, and under the slow action of friction
a state of thermal wind decays, eventually bringing the system to rest. But, there is a more
rapid process that operates before the in�uence of frictionbecomes noticeable.
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Figure 17-4 Patterns of squeezing and stretching caused by lateral displacements in a two-layer �ow
in thermal-wind balance. Squeezing generates anticyclonic vorticity (clockwise motion in the Northern
Hemisphere), while stretching generates cyclonic vorticity (counterclockwise motion in the Northern
Hemisphere). The �exibility of the density interface distributes the squeezing and stretching across both
layers, and the result is that a cross-�ow displacement in the upper layer (upper-left of �gure) causes an
accompanying pattern of squeezing and stretching in the lower layer (lower-left of �gure). Vice versa, a
cross-�ow displacement in the lower layer (lower-right of �gure) causes a similar pattern of squeezing
and stretching in the upper layer (upper-right of �gure). Growth occurs when the two sets of patterns
mutually reinforce each other.
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Vertical stretching and squeezing of �uid parcels is possible under conservation of poten-
tial vorticity if relative vorticity comes into play. As we have seen in Section12.3, a column
of strati�ed �uid that is stretched vertically develops cyclonic relative vorticity, and one that
is squeezed acquires anticyclonic vorticity. In a slightlyperturbed thermal-wind system, the
vertical stretching and squeezing occurring simultaneously at different places generates a
pattern of interacting vortices. Under certain conditions, these interactions can increase the
initial perturbation, thus forcing the system to evolve away from its original state.

Physically, a partial relaxation of the density surfaces liberates some potential energy,
while the concomitant stretching and squeezing creates newrelative vorticity. The kinetic
energy of the new motions can naturally be provided by the potential-energy release. If con-
ditions are favorable, these motions can then contribute tofurther relaxation of the density
�eld and to stronger vortices. With time, large vortices canbe formed at the expense of the
original thermal wind. Vortices noticeably increase the amount of velocity shear in the sys-
tem, greatly enhancing the action of friction. The evolution toward a lower energy level is
therefore more effective via the transformation from potential into kinetic energy and gener-
ation of vortices than by friction acting on the thermal-wind �ow.

Let us now investigate how a disturbance of a thermal-wind �ow can generate a relative-
vorticity distribution favorable to growth. For this purpose, a two-�uid idealization, as de-
picted in Figure17-4, is suf�cient. For the discussion, let us also ignore the beta effect and
align thex–direction with that of the thermal wind (U1 � U2). The interface then slopes
upward in they–direction (middle panels of Figure17-4). A perturbation of the upper �ow
causes some of its parcels to move in the+ y–direction, into a shallower region (middle-left
panel of the �gure), and these undergo some vertical squeezing and thus acquire anticyclonic
vorticity (clockwise in the �gure). Because the density interface is not a rigid bottom but
a �exible surface, it de�ects slightly, relieving the upperparcels from some squeezing and
creating a complementary squeeze in the lower layer. Thus, lower-layer parcels, too, develop
anticyclonic vorticity at the same location. Note in passing that a lowering of the interface on
the shallower side is also in the direction of a decrease of available potential energy.

Elsewhere, the disturbance causes upper-layer parcels to move in the opposite direction
— that is, toward a deeper region. There, vertical stretching takes place, and, again, because
the interface is �exible, this stretching in the upper layeris only partial, the interface rises
somewhat, and a complementary stretching occurs in the lower layer. Thus, parcels in both
layers develop cyclonic relative vorticity (counterclockwise in the �gure). Note that a lifting
of the interface on the deeper side is again in the direction of a decrease of available potential
energy. If the disturbance has some periodicity, as shown inthe �gure, alternating positive
and negative displacements in the upper layer cause alternating columns of anticyclonic and
cyclonic vorticities extending through both layers. Parcels lying between these columns of
vortical motion are entrained in the directions marked by the arrows in the �gure (upper-left
and lower-left panels), creating subsequent displacements. Because these latter displace-
ments occur not at, but between the crests and troughs of the original displacements, they
lead not to growth but to a translation of the disturbance3. Thus, a pattern of displacement in
the upper layer generates a propagating wave. The directionof propagation (c1 in upper-left
panel of Figure17-4) is opposite to that of the thermal wind (U1 � U2).

Similarly, cross-�ow displacements in the lower layer (right panel of Figure17-4) gener-
ate patterns of stretching and squeezing in both layers. Thedifference is that, because of the

3The mechanism here is identical to that of planetary and topographic waves, discussed in Section 9.6.
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sloping nature of the density interface, displacements in the+ y–direction (middle-right panel
in �gure) are accompanied by stretching instead of squeezing. Fluid parcels lying between
vortical motions take their turn in being displaced, and thepattern again propagates as a wave
(c2 in lower-right panel of Figure17-4), this time in the direction of the thermal wind.

By itself, each displacement pattern in a layer only generates a vorticity wave, but growth
or decay of the whole can take place depending on whether the two separately induced pat-
terns reinforce or negate each other. If the vorticity patterns induced by the upper-layer and
lower-layer displacements are in quadrature with each other, the complementary vortical mo-
tions (upper-right and upper-left sides of Figure17-4, respectively) of one set fall at the crests
and troughs of the other set, and the ensuing interaction is either favorable or unfavorable to
growth. If the spatial phase difference is such that the displacement pattern in one layer is
shifted in the direction of the thermal-wind �ow in that layer (U1 � U2 in the upper layer —
the opposite in the lower layer), as depicted in Figure17-5, the vortical motions of one pattern
act to increase the displacements of the other, and the disturbance in each layer ampli�es that
in the other. The system evolves away from its initial equilibrium.

x

y

Figure 17-5 Interaction of displace-
ment patterns and vortex tubes in the
upper layer of a two-layer thermal-
wind �ow when displacements occur
in both layers. The illustration depicts
the case of a mutually reinforcing pair
of patterns, when the vortical motions
of one pattern act to increase the dis-
placements of the other. A similar �g-
ure could be drawn for the lower layer,
and it can be shown that, if the com-
bination of patterns is self-reinforcing
in one layer, it is self-reinforcing in the
other layer, too. This is the essence of
baroclinic instability.

The preceding description points to the need of a speci�c phase arrangement between the
displacements in the two layers and emphasizes the role of vorticity generation. A further
requirement is necessary for growth: The disturbance must have a wavelength that is neither
too short nor too long and must be such that the vertical stretching and squeezing effectively
generates relative vorticity. To show this in the simplest terms, let us consider the quasi-
geostrophic form of the potential vorticity (16.17), on thef –plane:

q = r 2 +
@
@z

�
f 2

N 2

@ 
@z

�
; (17.23)

where is the streamfunction,f the Coriolis parameter,N the strati�cation frequency, and
r 2 the two-dimensional Laplacian. For a displacement patternof wavelengthL , the �rst
term representing relative vorticity is on the the order of
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r 2 �
	
L 2 ; (17.24)

where the streamfunction scale	 is proportional to the amplitude of the displacements. If
the height of the system isH , the second term (representing vertical stretching) scales as
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where we have de�ned the deformation radiusR = NH=f .
Now, if L is much larger thanR, the relative vorticity cannot match the vertical stretching

as scaled. This implies that vertical stretching will be inhibited, and the displacements in the
layers will tend to be in phase in order to reduce squeezing and stretching of �uid parcels
in each layer. On the other hand, ifL is much shorter thanR, relative vorticity dominates
potential vorticity. The two layers become uncoupled, and there is insuf�cient potential en-
ergy to feed a growing disturbance. In sum, displacement wavelengths on the order of the
deformation radius are the most favorable to growth.

Another requirement for the two layers to interact is related to their relative propagation
speed. It is clear that the interaction described above mustbe persistent in order to allow the
positive feedback mechanism to continue. With propagatingpatterns in each layer this is only
possible if the two features are moving at the same speed withrespect to a �xed observer. The
upper-layer perturbation moves with a retrograde speedc1 with respect to the �ow velocity
U1, thus at speedU1 � c1. The lower-layer perturbation moves at a forward speedc2 with
respect to the �ow velocityU2, thus at speedU2 + c2. For the layers to interact in a persistent
matter, we therefore expect

U1 � c1 = U2 + c2: (17.26)

Neglecting momentarily the asymmetry in wave propagation due to the� –effect,c1 and
c2 are wave speeds of topographic waves associated with the sloping interface between the
layers. For identical layer thicknesses, symmetry dictates c1 = c2, and condition (17.26)
givesc1 = c2 = ( U1 � U2)=2. The absolute propagation speed of the instability isU1 � c1 =
U2 + c2 = ( U1 + U2)=2, the average �ow speed.

Because �uctuations are so ubiquitous in nature, an existing �ow in thermal-wind balance
will continuously be subjected to perturbations. Most of these will have a benign effect,
because they do not have the proper phase arrangement or a suitable wavelength. But, sooner
or later, a perturbation with both favorable phase and wavelength will occur, prompting the
system to evolve irreversibly from its equilibrium state. We conclude that �ows in thermal-
wind balance are intrinsically unstable. Because their instability process depends crucially
on a phase shift with height, the fatal wave must have a baroclinic structure. To re�ect this
fact, the process has been termedbaroclinic instability.

The cyclones and anticyclones of our midlatitude weather are manifestations of the baro-
clinic instability of the atmospheric jet stream. The person who �rst analyzed the stability
of vertically sheared currents (thermal wind) and who demonstrated the relevance of the in-
stability mechanism to our weather is J. G. Charney4. While Charney (1947) performed the
stability analysis for a continuously strati�ed �uid on thebeta plane, Eady (1949) did the

4For a short biography, see the end of Chapter 16.
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analysis on thef -plane independently. The comparison between the two theories reveals that
the beta effect is a stabilizing in�uence. Brie�y, a change in planetary vorticity (by merid-
ional displacements) is another way to allow vertical stretching and squeezing while preserv-
ing potential vorticity. Relative vorticity is then no longer as essential and, in some cases,
suf�ciently suppressed to render the thermal wind stable toperturbations of all wavelengths.

17.4 Linear theory of baroclinic instability

Numerous stability analyses have been published since those of Charney and Eady, exempli-
fying one aspect or another. Phillips (1954) idealized the continuous vertical strati�cation to
a two-layer system, a case which Pedlosky (1963, 1964) generalized by allowing arbitrary
horizontal shear in the basic �ow, and Pedlosky and Thomson (2003) generalized to tempo-
rally oscillating basic �ow. Barcilon (1964) studied the in�uence of friction on baroclinic
instability by including the effect of Ekman layers, whereas Orlanski (1968, 1969) investi-
gated the importance of non-quasi-geostrophic effects andof a bottom slope. Later, Orlanski
and Cox (1973), Gillet al. (1974), and Robinson and McWilliams (1974) con�rmed that
baroclinic instability is the primary cause of the observedoceanic variability at intermediate
scales (tens to hundreds of kilometers).

Here, we only present one of the simplest mathematical models, taken from Phillips
(1954), because it best exempli�es the mechanism describedin the previous section. The
�uid consists of two layers with equal thicknessesH=2 and unequal densities� 1 on top and
� 2 below, on the beta plane (� 0 6= 0 ) over a �at bottom (atz = 0 ) and under a rigid lid (at
z = H , constant). The �uid is further assumed to be inviscid (A and� E = 0 ). The basic
�ow is taken uniform in the horizontal and unidirectional but with distinct velocities in each
layer:

�u1 = U1; �v1 = 0 for
H
2

� z � H (17.27a)

�u2 = U2; �v2 = 0 for 0 � z �
H
2

: (17.27b)

As we shall see, it is precisely the velocity difference� U = U1 � U2 between the two layers,
the vertical shear, that causes the instability. For simplicity, the dynamics are chosen to be
quasi-geostrophic, prompting us to introduce a streamfunction  and potential vorticityq that
obey (16.16) and (16.17):

@q
@t

+ J ( ; q ) = 0 ; (17.28a)

q = r 2 +
f 2

0

N 2

@2 
@z2

+ � 0y: (17.28b)
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Because of identical layer thicknesses, the strati�cationfrequency may be considered uni-
form, in agreement with the layered model of Chapter12.2, where equal layer heights cor-
responded to a uniform strati�cation. The second equation contains derivatives inz, which
must be “discretized” to conform with a two-layer representation. For this, we place values
 1 and 2 at mid-level in each layer and two additional values 0 and 3 above and below at
equal distances (Figure17-6). These latter values fall beyond the boundaries and are de�ned
for the sole purpose of enforcing boundary conditions in thevertical. The �at bottom and
rigid lid require zero vertical velocity at those levels, which by virtue of (16.18e) translate
into @ =@z= 0 . In discretized form, the boundary conditions are 0 =  1 and 3 =  2.
The second derivatives may then be approximated as:

H 1 = H=2

H 2 = H=2

w = 0

w = 0

w1:5

 0(x; y; t ) =  1

a

 3(x; y; t ) =  2

z = H

z = 0

� 1

� 2  2(x; y; t )

 1(x; y; t )

Figure 17-6 Representation of the
vertical strati�cation by two layers of
uniform density in a quasi-geostrophic
model.

@2 
@z2

�
�
�
�
1

�
 0 � 2 1 +  2

� z2 =
 1 � 2 1 +  2

(H=2)2 =
4( 2 �  1)

H 2

@2 
@z2

�
�
�
�
2

�
 1 � 2 2 +  3

� z2 =
 1 � 2 2 +  2

(H=2)2 =
4( 1 �  2)

H 2 :

In a similar vein, we discretize the strati�cation frequency:

N 2 = �
g
� 0

d�
dz

� �
g
� 0

� 1 � � 2

� z
= +

2g (� 2 � � 1)
� 0H

=
2g0

H
; (17.29)

for which we have de�ned the reduced gravityg0 = g(� 2 � � 1)=� 0. It is also convenient to
introduce the baroclinc radius of deformation as

R =
1
f 0

r

g0 H1H2

H1 + H2
=

p
g0H

2f 0
: (17.30)
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The set of two governing equations can now be written:

@q1
@t

+ J ( 1; q1) = 0 (17.31a)

@q2
@t

+ J ( 2; q2) = 0 ; (17.31b)

where the potential vorticitiesq1 andq2 are expressed in terms of the streamfunctions 1 and
 2 as

q1 = r 2 1 +
1

2R2 ( 2 �  1) + � 0y (17.32a)

q2 = r 2 2 �
1

2R2 ( 2 �  1) + � 0y: (17.32b)

From these quantities, the primary physical variables are derived as follows [see Equa-
tions (16.18)]

ui = �
@ i
@y

; vi = +
@ i
@x

(17.33a)

w1:5 =
2f 0

N 2H

�
@( 2 �  1)

@t
+ J ( 1;  2)

�
(17.33b)

p0
i = � 0f 0 i ; (17.33c)

wherei = 1 ; 2. The vertical displacementa of the density interface between the layers can
be obtained from the hydrostatic balancep0

2 = p0
1 + ( � 2 � � 1)ga, which in terms of the

streamfunctions yields

a =
f 0

g0 ( 2 �  1): (17.34)

The same set of equations can be derived from the two-layer model of Section12.4, in which
the quasi-geostrophic approach is applied in each layer, following the technique of Chapter
16.

The basic-state values of i andqi corresponding to (17.27) are

� 1 = � U1y ; �q1 =
�

� 0 +
� U
2R2

�
y (17.35a)

� 2 = � U2y ; �q2 =
�

� 0 �
� U
2R2

�
y: (17.35b)
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Adding a perturbation 0
i to � i with corresponding perturbationq0

i to �qi , both of in�nites-
imal amplitudes so that the equations can be linearized, we obtain, from (17.31) and (17.32):

@q0i
@t

+ J ( � i ; q0
i ) + J ( 0

i ; �qi ) = 0 (17.36a)

q0
1 = r 2 0

1 +
1

2R2 ( 0
2 �  0

1) (17.36b)

q0
2 = r 2 0

2 �
1

2R2 ( 0
2 �  0

1) : (17.36c)

Elimination of q0 and replacement of the basic-�ow quantities with (17.35) yield a pair of
coupled equations for 0

1 and 0
2:

�
@
@t

+ U1
@

@x

� �
r 2 0

1 +
1

2R2 ( 0
2 �  0

1)
�

+
�

� 0 +
� U
2R2

�
@ 01
@x

= 0 ; (17.37a)

�
@
@t

+ U2
@

@x

� �
r 2 0

2 �
1

2R2 ( 0
2 �  0

1)
�

+
�

� 0 �
� U
2R2

�
@ 02
@x

= 0 : (17.37b)

Because both these equations have coef�cients independentof x, y and time, a sinusoidal
function in those variables is a solution, and we write:

 0
i = < [� i ei ( kx x + ky y � !t ) ]; (17.38)

where� 1 and� 2 form a pair of unknowns giving the vertical structure of the wave pertur-
bation,kx andky are horizontal wavenumber components (both taken as real),and! is the
angular frequency. The symbol< indicates that only the real part of what follows is retained.
Should the frequency! be complex with a positive imaginary part, exponential growth oc-
curs in time, and the wave is unstable. Substitution in (17.37) leads to algebraic equations for
� 1 and� 2:

(U1 � c)
�
� k2� 1 +

1
2R2 (� 2 � � 1)

�
+

�
� 0 +

� U
2R2

�
� 1 = 0 (17.39a)

(U2 � c)
�
� k2� 2 �

1
2R2 (� 2 � � 1)

�
+

�
� 0 �

� U
2R2

�
� 2 = 0 ; (17.39b)

in which we have de�nedc = !=k x andk2 = k2
x + k2

y . At this point, it is useful to decompose
the� values into barotropic and baroclinic components:

Barotropic component: A =
� 1 + � 2

2
(17.40a)

Baroclinic component: B =
� 1 � � 2

2
: (17.40b)
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The sum and difference of the preceding equations then yield:

�
2� 0 � k2(U1 + U2 � 2c)

�
A � k2� U B = 0 (17.41a)

�
1

R2 � k2
�

� U A +
�
2� 0 �

�
k2 +

1
R2

�
(U1 + U2 � 2c)

�
B = 0 : (17.41b)

Note that a purely barotropic solution (B = 0 , A 6= 0 ) is possible only in the absence of shear
(� U = 0 ), and for a wave speedc = U � � 0=k2 easily interpreted as a barotropic planetary
wave.

The preceding two equations form a homogeneous system of coupled linear equations for
the constantsA andB , the solution of which is triviallyA = B = 0 unless the determinant
of the system vanishes. This occurs when

R2k2(1 + R2k2)
�

U1 + U2 � 2c
� U

� 2

� 2
� 0R2

� U
(1 + 2 R2k2)

�
U1 + U2 � 2c

� U

�

+ 4
� 2

0R4

� U2 + R2k2(1 � R2k2) = 0 ; (17.42)

the solution of which is

U1 + U2 � 2c
� U

=
� 0R2

� U
2R2k2 + 1

R2k2(R2k2 + 1)

�
1

R2k2(R2k2 + 1)

r
� 2

0R4

� U2 � R4k4(1 � R4k4) : (17.43)

It is clear from this equation that the phase speedc of the wave is real as long as the quantity
under the square root is positive, that is, as long as the wavenumberk satis�es the condition:

R4k4(1 � R4k4) �
�

� 0R2

� U

� 2

: (17.44)

The functionR4k4(1 � R4k4) reaches a maximum of1=4 for Rk = 1 =21=4 = 0 :841(Figure
17-7), and therefore the condition is met for a perturbation of any wavenumber as long as

j� Uj � 2� 0R2 =
� 0g0H

2f 2
0

: (17.45)

In other words, the system is stable to all small perturbations when the velocity shear� U
is suf�ciently weak not to exceed2� 0R2. Put another way, shear is destabilizing because
the greater is� U, the higher is the likelihood that the threshold value will be exceeded. In
contrast, the beta effect is stabilizing because the greater is � 0, the more generous is the
threshold.
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Figure 17-7 Instability interval
for two-layer baroclinic instabil-
ity. Small-amplitude waves with
wavenumberk falling in the hatched
interval are unstable and grow in
time.

When the velocity shear exceeds the threshold value, condition (17.45) is not met, and not

all wavenumbers do satisfy condition (17.44). Perturbations of wavenumberk =
q

k2
x + k2

y

within the intervalkmin < k < k max are unstable, where

kmin =

 
1 �

p
1 � 4� 2

0R4=� U2

2R4

! 1=4

(17.46a)

kmax =

 
1 +

p
1 � 4� 2

0R4=� U2

2R4

! 1=4

: (17.46b)

Note that unstable waves not only grow but also propagate in time. According to (17.43), the
real part of the wave speed is

< (c) =
U1 + U2

2
�

� 0

2k2

1 + 2R2k2

1 + R2k2 (17.47)

whenc is complex, and thus the zonal propagation speed is(U1 + U2)=2, or the average
velocity of the basic �ow, minus a (westward) planetary wavespeed.

From Figure17-7or from Equation (17.45), we see that instability on the beta plane can
only occur for a suf�ciently large shear� U. With increasing� U starting from a stable �ow,
the �rst instability occurs when� U = 2 � 0R2. At this level of shear, the wavenumber of the
sole unstable mode isk = 1 =(21=4R) = 0 :841=R and has the wavelength

� =
2�
k

= 7 :472R: (17.48)

For a given� U > 2� 0R2, a range of wavelengths and wavenumbers (kmin < k < k max

correspond to unstable waves, and wavelength (17.48) happens not to be that of the fastest
growing wave.
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Finding the fastest-growing wave is rather complicated with a nonzero beta effect. To
keep the analysis to a minimum, we thus restrict our attention to thef –plane (� 0 = 0 ,
leading tokmin = 0 andkmax = 1 =R), which can be justi�ed when considering shorter
scales, more typical of the ocean than of the atmosphere. Allperturbations of wavenumber
k < 1=R are unstable, corresponding to all wavelengths longer than2� R . Until �nite-
amplitude, nonlinear effects become important, the perturbation that distorts the system most
— and thus the one most noticeable at the start of the instability — is the one with the largest
growth rate,! i (the imaginary part of! ). On thef –plane, Equation (17.43) givesc = cr +i ci

with real partcr = ( U1 + U2)=2 and positive imaginary part

ci =
� U
2

r
1 � k2R2

1 + k2R2 (kR < 1) (17.49)

The growth rate is! i = kx ci and reaches a maximum with respect tokx andky for

kx =

p p
2 � 1
R

=
0:644

R
; ky = 0 : (17.50)

The wavelength of the fastest growing mode is� = 9 :763R.
It is interesting at this point to return to our initial considerations (Section17.3) and to

con�rm them with the preceding solution. First and foremost, the fact that the critical wave-
length for instability (2�R ) and the wavelength of the fastest-growing perturbation (9:763R)
are both proportional toR validates the argument that self-ampli�cation requires a scale on
the order of the deformation radius. Physically, it also veri�es that the instability process
involves a rearrangement of potential vorticity between relative vorticity and vertical stretch-
ing.

The necessary phase relationship between the transverse displacements of the upper and
lower �uids can be checked as follows. We de�ne the transverse displacementd in terms of
the meridional velocity by

v0 =
@d
@t

+ �u
@d
@x

; (17.51)

after linearization. Expressingv0 in terms of the streamfunction perturbation (v0 = @ 0=@x)
and implementing the wave formdi = < [D i exp i (kx x + ky y � !t )], we then obtain

D i =
� i

Ui � c
; (17.52)

from which we can deduce the ratio of transverse displacements in the upper and lower layers:

D1

D2
=

U2 � c
U1 � c

A + B
A � B

: (17.53)

For the fastest growing wave on thef -plane in the caseU1 > U 2 (i.e., � U > 0), the
wavenumber isk = 0 :644=R, and the ratio of displacements is found to be:

D1

D2
= 0 :66� i 0:75

= cos(49� ) + i sin( � 49� ): (17.54)
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Physically, the negative49� angle corresponds to an advance (in the direction of the basic
�ow) of the top displacement over that in the bottom layer. The shift is not too far from the
quadrature shift anticipated from the simple physical argument of the previous section.

From an observational point of view, however, the interest lies in the pressure �eld, which
is proportional to the streamfunction [see (17.33c)]. Within an arbitrary multiplicative con-
stant, which the linear theory is unable to determine, the pressure �eld associated with the
fastest growing perturbation can be expressed in terms of the vertical structure of the stream-
function perturbation:

� 1

� 2
=

A + B
A � B

=
1 + i F
1 � i F

= cos(66� ) + i sin(66 � ): (17.55)

From this, we conclude that the crests and troughs of the pressure pattern at the top lag those
of the bottom pattern by a �fth to sixth of a wavelength.

Finally, the maximum growth rate itself is

! i = kx ci =
� U
R

p
2 � 1
2

(17.56)

If we assume the Rossby numberRo to be small, otherwise the whole quasi-geostrophic
approach breaks down, we �nd that! i . 0:2fRo � f . The time scale of the instability
evolution is therefore much larger thanf � 1 so that the solution remains coherent with the
quasi-geostrophic approach.

To conclude we can brie�y examine the effect of a con�nement by lateral boundaries,
schematized as vertical walls iny = 0 andy = L . The basic �ow naturally satis�es the
impermeability condition. For the perturbed state, normalvelocity must vanish at the bound-
aries, which according to (17.33a) demands@ =@x= 0 on the boundaries. With given by
(17.38), the streamfunction can satisfy these two boundary conditions only with a sinusoidal
dependence iny and withky L = n� , n = 1 ; 2; :::. In this case

k2R2 =
�

k2
x +

n2� 2

L 2

�
R2: (17.57)

Since according to (17.46), instability is only possible fork2R2 < 1, the lateral boundaries
must be suf�ciently far aways to satisfy

R2

L 2 �
1
� 2 : (17.58)

This means that the instability must at least �t into the domain, otherwise it cannot develop.
Interestingly, (17.58) shows that the Burger number associated with the basic �ow of scale
L needs to be 0.1 or less. Hence for the basic �ow, according to (16.34), there must be a
dominance of available potential energy. It is this pool from which the instability can draw
its energy for growth. Note that for the perturbation itself, the Burger number is always on
the order of one, since the scale of the instability is the deformation radius. JMB to*
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17.5 Heat transport

The qualitative arguments developed in Section17.3revolved around the idea that if a �ow
in thermal-wind equilibrium is unstable, it will seek a level of lower energy by relaxation of
the density surfaces toward static equilibrium. If we now think of the atmosphere, where the
heavier �uid is colder air and the lighter �uid warmer air, relaxation implies a �ow of warm
air toward the colder side (+ y–direction in Figure17-4) and of cold air to the warmer side
(� y–direction in Figure17-4). In other words, we expect a net heat �ux and, because the
atmospheric temperature increases toward the equator, a poleward heat �ux. Let us examine
what the preceding linear theory predicts.

The heat �ux in they–direction per unit length of thex–direction is de�ned as

q = � 0Cp

Z H

0
vT dz; (17.59)

whereCp is the heat capacity at constant pressure (1005 J kg� 1 K � 1 for air, 4186 J kg� 1 K � 1

for seawater),T is temperature, and an overbar indicates an average over a wavelength in
the x–direction. In the two-layer representation of Figure17-6, the vertical integration is
straightforward:

q = � 0Cp

h
v1T1(H1 � a) + v2T2(H2 + a)

i

= � 0Cp [v2a T2 � v1a T1] : (17.60)

since the temperature is uniform within each layer and the integral over a wavelength yields
v1 = 0 andv2 = 0 . Usingvi = v0

i = @ 0i =@xanda = f 0( 0
2 �  0

1)=g0 and then exploiting
@ 2i =@x= 0 and@( 2 1)=@x= 0 , we haveJMB from+

JMB to *

q =
� 0Cpf 0

g0

"

T2
@ 02
@x

( 0
2 �  0

1) � T1
@ 01
@x

( 0
2 �  0

1)

#

=
� 0Cpf 0

g0

"

� T2  0
1

@ 02
@x

� T1  0
2

@ 01
@x

#

=
� 0Cpf 0

g0 (T1 � T2)  0
1

@ 02
@x

: (17.61)

Some rather lengthy algebra using the periodic structure (17.38) and the modal decomposition
(17.40) successively provides:

 0
1

@ 02
@x

=
kx

2
[= (� 1) < (� 2) � < (� 1) = (� 2)] e2= ( ! ) t

= kx [< (A) = (B ) � = (A) < (B )] e2= ( ! ) t :

The real and imaginary parts of equation (17.41a) are
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�
2� 0 � k2(U1 + U2 � 2cr )

�
< (A) � k2ci = (A) = k2� U < (B )

�
2� 0 � k2(U1 + U2 � 2cr )

�
= (A) + k2ci < (A) = k2� U = (B );

wherecr andci stand respectively for the real and imaginary parts ofc. From these relations,
it follows that

< (A) = (B ) � = (A) < (B ) =
ci

� U
jAj2: (17.62)

Putting it altogether we �nally obtain the expression of theheat �ux JMB from+

q =
� 0Cpf 0= (! )

g0� U
(T1 � T2) jAj2 e2= ( ! ) t : (17.63)

JMB to *
It is clear from this expression that the heat �ux is non-zeroonly when the wave is un-

stable (= (! ) 6= 0 ) and is positive, as anticipated by the earlier schematic description. In the JMB from+
JMB to*atmospheric case, this means that the heat �ux is poleward.

Because the earth is heated in the tropics and cooled at high latitudes, the global heat
budget requires a net poleward heat �ux in each hemisphere. The �ux is carried by both
atmosphere and ocean. In the atmosphere, the higher temperatures in the tropics and lower
temperatures at high latitudes maintain an overall thermalwind system, which is baroclin-
ically unstable. Vortices emerge on the scale of the baroclinic radius of deformation (R �
1000 km), which carry the heat poleward and tend to relax the thermal-wind structure. The
latter, however, is maintained by continuous heating in thetropics and cooling at high lati-
tudes. As a consequence, the cyclones and anticyclones of our weather are the primary agents
of meridional heat transfer in the atmosphere. Without baroclinic instability, they would not
exist and weather forecasting would be a much simpler task, but the tropical regions would be
much hotter and the polar regions, much colder. Also, the dominance of zonal winds would
preclude ef�cient mixing across latitudes, exacerbating certain problems by severely limit-
ing, for example, the spread of volcanic ash. Moreover, lessatmospheric variability would
imply greatly reduced temperature and moisture contrasts and thus much less precipitation
at midlatitudes. All in all, we must concede that baroclinicinstability in our atmosphere is
highly bene�cial.

In the ocean, the situation is quite different. The pressureof meridional boundaries pre-
vents thermal-wind-type currents from encircling the globe, and ocean circulation consists of
large-scale gyres (Chapter20). The meridional branches of these gyres, especially the west-
ern boundary currents (Gulf Stream in the North Atlantic, Kuroshio in North Paci�c), are the
main conveyers of heat toward high latitudes (e.g., Siedleret al., 2001). This greatly reduces JMB from+

JMB to*the need for poleward heat transfer by eddies. Baroclinic instability is active in regions of
strong currents, such as the Gulf Stream and Kuroshio extensions in the deep ocean but the
eddies so created transport little net heat across latitudes.
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17.6 Bulk criteria

The theory exposed in Section17.4 is admittedly a very simpli�ed version of baroclinic-
instability physics. Since it is not our purpose here to review the many advanced analyses that
have been published over the years since the pioneering studies of Charney, Eady and Phillips
(the interested reader will �nd a survey in the book of Pedlosky, 1987), we will once again
turn to integral relations, from which some necessary but not suf�cient criteria for instability
can be derived. We already used this approach in the study of horizontally sheared currents in
homogeneous �uids (Section10.2) and of vertically sheared currents in nonrotating strati�ed
�uids (Section14.2). Although a general presentation that would encompass thepreceding
two situations as well as baroclinic instability could be formulated, it is most instructive to
emphasize the conditions necessary for baroclinic instability by basing the analysis on the
quasi-geostrophic equation5. The following derivations are based on the work by Charney
and Stern (1962).

We start again with equations (17.28) but this time retain continuous variation in the
vertical but with uniform strati�cation frequency. Addinga small perturbation to a basic
zonal �ow �u(y; z), possessing both horizontal and vertical shear, we obtain

@q0

@t
+ J ( � ; q 0) + J ( 0; �q) = 0 (17.64a)

q0 = r 2 0 +
f 2

0

N 2

@2 0

@z2
; (17.64b)

where � (y; z) is the streamfunction associated with the basic zonal �ow (�u = � @� =@y), and
the basic potential vorticity is related to it by:

�q =
@2 � 
@y2

+
f 2

0

N 2

@2 � 
@z2

+ � 0y: (17.65)

Substitution of (17.64b) and (17.65) into (17.64a) yields a single equation for the stream-
function perturbation 0, which includes non-constant coef�cients depending on thebasic
�ow structure via � and �q. Because those coef�cients depend only ony andz, a waveform
solution in x and time can be sought: 0(x; y; z; t ) = < [� (y; z)exp(i kx (x � ct))] . The
amplitude function� (y; z) must obey

@2�
@y2

+
f 2

0

N 2

@2�
@z2

+
�

1
�u � c

@�q
@y

� k2
x

�
� = 0 ; (17.66)

where�q is de�ned in (17.65).
The upper and lower boundaries are once again idealized to rigid horizontal surfaces,

where the vertical velocity must vanish. According to (16.18e), this implies after splitting
between basic �ow and perturbation, and linearizing:

(�u � c)
@�
@z

�
@�u
@z

� = 0 at z = 0 ; H: (17.67)

In the meridional direction, we idealize the domain to a channel of width L between two
vertical walls, where the meridional velocityv0 = @ 0=@xvanishes. We thus impose

5Actually, this equation eliminates the Kelvin–Helmholtz instability but not the barotropic instability.
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� = 0 at y = 0 ; L: (17.68)

Multiplying (17.66) by the complex conjugate� � of � , integrating over the meridional
and vertical extents of the domain, performing integrations by parts, and using the preceding
boundary conditions, we obtain
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j� j2
� H

0
dy: (17.69)

The imaginary part of this equation is

ci

( Z H

0

Z L

0

j� j2

j �u � cj2
@�q
@y

dy dz +
Z L

0

�
f 2

0

N 2

j� j2

j �u � cj2
@�u
@z

� H

0
dy

)

= 0 : (17.70)

A necessary condition for instability is thatci not be zero (so that the disturbance grows in
time). According to (17.70), this implies that the quantity within braces must vanish,and
therefore conditions for instability are

1. @�q=@ychanges sign in the domain, or

2. the sign of@�q=@yis opposite to that of@�u=@zat the top, or

3. the sign of@�q=@yis the same as that of@�u=@zat the bottom.

A suf�cient condition for stability is that none of the abovethree conditions is met.
Before proceeding, it is worth applying this result to the case of a uniform shear �ow

�u = Uz=H and in the absence of the beta effect (� 0 = 0 ). We then have�q = 0 and
@�u=@z= U=H, and (17.70) reduces to

ci

Z L
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f 2
0 U

N 2H

�
j� (y; H )j2

jU � cj2
�

j� (y; 0)j2

jcj2

�
dy = 0 ; (17.71)

in which the integral is obviously not sign de�nite. Stability cannot be guaranteed, and this
�ow is unstable (Eady, 1949). Had we instead chosen a weak �ow�eld with no vertical shear
at the boundaries [e.g., �u(z) = U(3z2=H2 � 2z3=H3)] and on the beta plane (@�q=@y' � 0),
we would have concluded (after much lengthier mathematics)that this �ow is stable to all
perturbations. This points to the sensitivity of baroclinic instability to the type of �ow �eld.
Another application of (17.70) is to laterally sheared but vertically uniform �ow,�u(y). Then,
the potential-vorticity gradient is@�q=@y= � 0 � @2 �u=@y2 and (17.70) reduces to
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= 0 : (17.72)
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Here, we recover the result of barotropic instability obtained in Section (10.2) [see equation
(10.13)]. We conclude that the instability conditions stated previously include both barotropic
and baroclinic instability criteria. Put another way, barotropic and baroclinic instabilities are
two end members of a more general barotropic-baroclinic mixed instability.

Charney and Stern (1962) explored the case when@�u=@zvanishes at both upper and
lower boundaries by assuming a vanishing thermal-wind there (e.g., uniform temperature)
and/or taking the limitsH ! 1 , �u(H ) ! 0. Of (17.70), only the �rst integral remains,
and the necessary condition for instability is that@�q=@yvanish somewhere in the domain, a
statement identical in form to — but differing in content from — the barotropic-instability
criterion of Section10.2.

According to Gillet al. (1974), the presence of a bottom slope in the meridional direction
modi�es the preceding third of the three conditions as follows:

3. The sign of@�q=@yis the same as that of@�u=@z� (N 2=f 0)d�b=dyat the bottom
z = �b(y).

Therefore, a bottom slope can act as either a stabilizing or destabilizing in�uence. It is
generally a stabilizing factor if it creates an ambient potential-vorticity gradient in the same
direction as the beta effect (i.e., shallower �uid toward higher latitudes; see Figure9-6) and
a destabilizing factor otherwise. However, the theory fails to take into account the zonal
topographic gradients that are more common on Earth (e.g., the Rocky Mountains in North
America for the atmosphere and the Mid-Atlantic Ridge alongthe North Atlantic for the
ocean).

There exist a number of other studies in baroclinic instability. The interested reader is
referred to Gill (1982, Chapter 13) and Pedlosky (1987, Chapter 7).

17.7 Finite-amplitude development

Once the onset of the instability is triggered, the exponential growth eventually leads to per-
turbations whose amplitudes are not small anymore comparedto the basic �ow. In this case
the linear theory ceases to be valid and the fully nonlinear equations must be solved. This
can be done with numerical models using the quasi-geostrophic approximation. To show how
to achieve this, we will use (17.32) and solve equations (17.31). Since these equations are
similar to those used in the two-dimensional QG model of Section 16.7, we can take the latter
and adapt it for our purpose. In addition, for the study of thebaroclinic instability, we can
exploit the fact that the basic �ow is stationary and we need to update only perturbations in
the governing equations:

@q01
@t

+ J ( 1; q1) = 0 ; (17.73)

@q02
@t

+ J ( 2; q2) = 0 : (17.74)

Note that the Jacobian is calculated using the streamfunction and potential vorticity of the
�ow made up by the basic �ow and the perturbations. Updating only perturbation does not
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involve any linearization though. These equations are readily discretized. In space we can
use the Arakawa Jacobian of Section16.7while in time, the simplest approach is the explicit
Euler method. In this case, we can calculate potential vorticities at time stepn + 1 knowing
values of streamfunction and vorticity at timen.
Once perturbationsq0

1 are known at the new time step, we have to invert Poisson equations
(17.36b) and (17.36b) to get access to the streamfunction values at the same moment. We
need these at the next time step to advance further in time. Solving this Poisson equation is
more complicated than in the two-dimensional QG model of Chapter16, because we are now
in the presence of two coupled equations. To solve the problem, we may for example use the
iterative Gauss-Seidel approach, working conjointly on 0

1 and 0
2. Formally, omitting the0

and referring to an iteration by superskript(k+1) , we can iterate as follows:

 (k+1)
1 =  (k )

1 + �

"

r 2 1 � q1 +
( (k )

2 �  (k )
1 )

2R2

#

 (k+1)
2 =  (k )

2 + �

"

r 2 2 � q2 �
( (k )

2 �  (k+1)
1 )

2R2

#

The operatorr 2 is calculated using the most recent values of on the grid and the iterations
are performed at a given time6. The parameter� contains discretization constants and over-
relaxation parameters. The proposed approach is easily implemented and generalized to more
than two layers. For the present two-layer model, another option is to decouple the equations
for q1 andq2 by decomposing them into their barotropic and baroclinic components. The
sum and difference of the preceding equations indeed yieldsthen two uncoupled equations
that can be solved independently, possibly with different pseudo-time steps.

Once the iterations have converged, perturbations are known at the new time step, the total
streamfunction and potential vorticity can be evaluated and the Arakawa Jacobian calculated.
This in turn allows to advance to the next time step for potential vorticity. To initialize the
whole procedure, providing initial conditions on the streamfunction allows to calculate as-
sociated potential vorticity by its de�nition. Then the time stepping can start. This was
implemented inbaroclinic.m and we will use it to simulate the baroclinic instability of
Section17.3. But before, we also have to provide adequate boundary conditions. Alongx
direction, the length of the domain is dictated by the wavelength whose stability is investi-
gated. Periodicity conditions are readily applied for bothstreamfunction and vorticity. For
they direction, contrary to the theoretical study, we will work in a channel con�guration. The
zero normal velocity on walls iny = 0 andy = L requests the streamfunction to be constant
on each of the walls. Att = 0 the value of the constant is �xed by the initial condition on the
basic �ow. In the analytical study, these initial constantswere kept �xed all the time on the
boundaries. This is justi�ed by the fact that analytical perturbations had a wave-structure in
x direction, which demands the amplitude of the wave to be zeroon the boundary.

With the fully nonlinear equations, the situation is different because all we have to ensure
is that the total streamfunction, combining the basic �ow and the perturbations, is constant
on the wall. The value of the constant can however change withtime. The physical reason
stems from the possibility that the interface between the layers �attens out, in which case the
baroclinic �ow will weaken. This in turn will decrease the total �ow in each layer which is

6Do not confuse the time indexn and iteration index( k ) .
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directly related to the streamfunction values on the boundaries. The problem we have to face
is similar to the one encountered in Section7.7, where values of the streamfunction on islands
had to be determined. For the correct and subtle way to specify such boundary conditions in
a general quasi-geostrophic model we refer to the note by McWilliams (1977). Here we will
follow the simpler approach of Phillips (1954) appropriatefor our special con�guration.

The original equation foru velocity in isopycnal coordinates reads

@u
@t

+
1
2

@u2

@x
+ v

@u
@y

= fv �
1
� 0

@p
@x

: (17.75)

For simplicity we do not indicate on which layer we work, the same type of equation being
valid in both layers. We can intergrate this equation over a wavelength� in x direction. By
periodicity, the second term on the left-hand side as well asthe second term on the right-
hand side will not contribute to the integral. If we perform the integration along the walls,
the third term in the left-hand side and the �rst term on the right-hand side are zero because
impermeability requiresv = 0 . Hence we remain with a single integrated term which must
be zero. We can express it in terms of the streamfunction byu = � @ =@y:

Z �

0

@2 
@y@t

dx = 0 on a wall aligned withx: (17.76)

Therefore, impermeability request streamfunction to be constant on a solid boundary without
actually prescribing thevalueof this constant. It is the use of (17.76) that allows to specify
how this value will change in time. Finally since the solution for streamfunction is de�ned
up to a global constant, we can enforce the constants found onthe different walls to sum up
to zero.

The practical use of this new boundary condition can be exempli�ed for the boundary
in y = 0 . We have to �nd the value of i; 1 = C1 on the boundary and we can discretize
equation (17.76) as

Cn +1
1 = C0

1 +
1
m

mX

i =1

�
 n +1

i; 2 �  0
i; 2

�
(17.77)

where the discrete sum covers the grid points in a wavelength. Hence the value to be pre-
scribed on the boundary depends on the yet unknown values n +1

i; 2 of the interior. The solu-
tion of this problem can then be wrapped into the iterations of the Poisson solver, updating
not only  in the interior but also the boundary values during the Gauss-Seidel iterations.
If the Poisson solver works only on the perturbations 0, then the boundary condition for-
mulation is even simpler: The initial value of

R�
0 @ =@y dxis �xed by the basic �ow and

R�
0 @ 0=@y dxmust be zero all the time.

Hence we now have all the necessary ingredients to simulate the evolution of the baro-
clinic instability and show results at different moments ofthe evolution (Figure17-8). For
simplicity we tookU2 = � U1, so that the linear perturbation theory predicts a stationary
wave that ampli�es.

Initially, the evolution is coherent with the analytical study. The perturbations gradually
increase their amplitude without displacement, keeping a phase shift between the layers. Af-
ter a while, the perturbation reaches a mature stage, with perturbations being of the same
order of magnitude as the basic �ow: we are in the fully nonlinear regime. At that point the



17.7. FINITE AMPLITUDE 537

phase shift between the layers decreases and the interface �attens out. Both changes indicate
a barotropisation of the �ow. This is also con�rmed by looking at the potential vorticity,
which is almost uniform on the vertical at the end of the simulation. Hence we conclude that
the baroclinic instability has released available potential energy to feed kinetic energy of the
eddies and a barotropic component.

Analytical Problems

17-1. Irrespectively of momentum considerations, suppose we exchange �uid parcels 1 and
2 of Figure17-10. Show that the potential energy released is maximum when theslope
of the line connecting points 1 and 2 is half that of the isopycnal slope. Show that in
this case, the release of potential energy per unit volume� P E is

� P E =
� 0

4
N 2L 2 (17.78)

17-2. Demonstrate the assertion made at the end of Section17.6that the vertically sheared
�ow

�u(z) = U
�

3
z2

H 2 � 2
z3

H 3

�

in 0 � z � H is baroclinically stable on the beta plane ifU falls below a critical value.
What is that critical value?

17-3. Establish an energy budget involving quadratic forms of theperturbation variables.
Then derive an energy budget involving quadratic forms of the total velocity. Identify
types of energy and the exchanges between them.

17-4. Compare the magnitudes of the potential and kinetic energies of the most unstable
wave described in Section17.4.

17-5. Assuming a general initial pro�le of the interfacea = �a(y), with zero total transport
in each column, establish the linearized equations a small perturbation of this situation
must obey. Verify that for a linear interface, you retrieve formulation (17.37) with
U1 = � U2.

17-6. Prove the assertion made at the end of Section17.2 that the unstable regime of the
wedge instability corresponds to particles moving along surfaces wedged between
geostrophic surfaces and isopycnals. (Hint: Solve for the equations of motion (17.14)
for the vector displacement (� x, � z) and study its direction.)



538 CHAPTER 17. INSTABILITIES

Figure 17-8 Evolution of a perturbed thermal wind. Two snapshots are shown. For each snapshot,
the four panels respectively show, in reading order, the upper-layer potential vorticity, the lower-layer
potential vorticity, the upper-layer streamfunction and lower-layer streamfunction. On the two latter, the
isolines depict the streamfunction perturbations. On the upper-layer streamfunction plot we add a cross
and a circle representing respectively the location of the maximum 0 value of the upper and lower layer.
On the lower-layer streamfunction plot we superpose a line depicting thex-averaged interface position.
Colorscales are blue for negative values, red for positive values. Colour scales are normalized by the
range in initial values. For perturbations, the isoline values change over time. For the full animation,
either runbaroclinic.m or look at the video on the CD-ROM.
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Figure 17-9 Further evolution of the instability with barotroposationof the �ow.
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Figure 17-10 An exchange of parcels 3 and 4 obviously would lead to an increase in potential energy,
while exchanging parcels 1 and 3 would reduce potential energy. Lighter shades represent lighter water.

17-7. Apply the two-layer model of baroclinic instability to an atmospheric situation, where
the domain heightH � 7 km covers the troposphere of a typical strati�cationN =
10� 2 s� 1. Calculate the wavelength of the most unstable mode. Compare to the
weather patterns of the synoptic maps you see in the newspaper or online every day.
Then calculate the growth rate and compare to the lead time ofa typical weather fore-
cast. JMB from+

17-8. Find the fastest growing instability in the case discussed at the end of Section17.4.
Possibly check with the help of Numerical Exercise 17-3. JMBto *
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Numerical Exercises

17-1. Program (17.43) and plot, as a function of� U, the wavenumber corresponding to the
maximum growth rate and the growth rate itself for differentvalues of� 0 andR.

17-2. Usebaroclinic.m to see what happens if instead of boundary condition (17.76),
the initial value of is kept on the boundaries. (Hint: There is a parameter in the �le
that allows to switch from one case to the other.)

17-3. Play withbaroclinic.m to see the effect of changing the domain width.

17-4. Use againbaroclinic.m and add the� term to the discretization. Apply the new
program in a wide domain and analyze the effect by placing yourself in situations
allowing to verify that (17.45) corresponds indeed to the stability limit. If necessary,
use the program you worked out for solving Numerical Exercise 17-1.

17-5. Include the possibility of more general interface pro�les in baroclinic.m and try
to analyze a localized baroclinic jet where the interface displacement around mid depth
is

a =
f 0UR

g0 tanh
� y

R

�
; (17.79)

whereR is the internal deformation radius,U the jet velocity andy the across-channel
coordinate, centered in the middle of the channel.

17-6. Include diagnostics of energy evolution and transfers of energy intobaroclinic.m .
Check to which extend the numerical discretization conserves energy. Verify if another
time discretization can improve things.



Joseph Pedlosky
1938 –

A student of J. G. Charney, Joseph Pedlosky �rst followed hismentor's footsteps and de-
veloped a fascination for baroclinic instability. He quickly became an authority in the sub-
ject, having derived new instability criteria and developed a nonlinear theory for growing
baroclinic disturbances in nearly inviscid �ow. He also made important contributions to the
general theory of rotating strati�ed �uids, the oceanic thermocline, the Gulf Stream, and the
general oceanic circulation. In 1979, Pedlosky published the �rst treatise on Geophysical
Fluid Dynamics, which greatly helped codify the discipline.

Pedlosky's approach to research is �rst to �nd a problem thatis simple enough to be
solved completely, yet physically informative, and then to“worry a great deal about it until I
could describe the results to an amateur.” This incessant quest for clarity has won him great
respect as a scientist and much admiration as a speaker. (Photo credit: J. Pedlosky)
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Peter Broomell Rhines
1942 –

Prof. Peter Rhines studied aerospace engineering, but his professors at MIT and Cambridge
University exposed him to Rossby waves and potential vorticity and he became hooked by
geophysical �uid dynamics. Over his career, his interests have covered a wide span of geo-
physical phenomena, ranging from the general ocean circulation and oceanic eddies, to the
dynamics of the atmosphere and climate. His approach to questions is equally diverse, re-
plete with paradigm-shifting theories (on potential vorticity homogenization in the ocean),
original laboratory experiments, incisive numerical simulations (in geostrophic turbulence),
and challenging oceanographic cruises to “white and blue rim of the Arctic world”.

The numerous awards Rhines has received emphasize his “amazing physical insight and
profound appreciation of observations” and honor his “elegant theoretical studies that have
initiated new �elds of inquiry.” But, Rhines remains modest, claiming that “in a sparsely
populated discipline like geophysical �uid dynamics, a short life is long enough to work on
many aspects of the �eld.”

(Photo courtesy of Peter B. Rhines)
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