Chapter 16

Quasi-Geostrophic Dynamics

SUMMARY : At time scales longer than about a day, geophysical flowsoedmarily in

a nearly geostrophic state, and it is advantageous to tiapitan this property to obtain a
simplified dynamical formalism. Here, we derive the tramitl quasi-geostrophic dynamics
and present some applications in both linear and nonliregames. The central component
of quasi-geostrophic models, namely advection of vogtigiéquires particular attention in
numerical models, for which the Arakawa Jacobian is present

16.1 Simplifying assumption

Rotation effects become important when the Rossby numlmar the order of unity or less
(SectionfL.3andZH). The smaller is the Rossby number, the stronger is theiooteffects,
and the larger is the Coriolis force compared to the ineftiede. In fact, the majority of at-
mospheric and oceanic motions are characterized by Rossbers sufficiently below unity
(Ro ~ 0.2 down to 0.01), enabling us to state that, in first appraexiom, the Coriolis force is
dominant. This leads to geostrophic equilibrium (Sedid) with a balance struck between
the Coriolis force and the pressure-gradient force. In @&épa theory was developed for
perfectly geostrophic flows, whereas in Chaflesome near-geostrophic, small-amplitude
waves were investigated. In each case, the analysis wagtestto homogeneous flows.
Here, we reconsider near-geostrophic motions but in the @bsontinuously stratified fluids
and nonlinear dynamics. Much of the material presented edralsed to the seminal article
by Charneﬂ (1948), which laid the foundation of quasi-geostrophicaiyics.

Geostrophic balance is a linear and diagnostic relatigmghere is no product of vari-
ables and no time derivative. The resulting mathematicabaihges explain why near-
geostrophic dynamics are used routinely: The underlyirsgiaption of near-geostrophy
may not always be strictly valid, but the formalism is muainigier than otherwise.

Mathematically, a state of near-geostrophic balance soshen the terms representing
relative acceleration, nonlinear advection, and frictaoe all negligible in the horizontal

1see biographical sketch at the end of the chapter.
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momentum equations. This requires (SecHd that the temporal Rossby number,

1
ROT = _QT’ (161)
the Rossby number,
U
and the Ekman number,
VE
Ek = — 16.3
G (16.3)

all be small simultaneously. In these expressiénss the angular rotation rate of the earth
(or planet or star under consideratiof)js the time scale of the motiom.€., the time span
over which the flow field evolves substantially),is a typical horizontal velocity in the flow,
L is the horizontal length over which the flow extends or exbilariationsy x is the eddy
vertical viscosity, and{ is the vertical extent of the flow.

The smallness of the Ekman number (Seddd) indicates that vertical friction is negli-
gible, except perhaps in thin layers on the edges of the fluidain (Chaptd8). If we exclude
small-amplitude waves that can travel much faster than flaiticles in the flow, the tempo-
ral Rossby numbefIG.)) is not greater than the Rossby numtfEE.Q). (For a discussion of
this argument, the reader is referred to Sed8dl). By elimination, it remains to require that
the Rossby numbdLf.2 be small. This can be justified in one of two ways: Either céies
are relatively weak (small’) or the flow pattern is laterally extensive (largg The common
approach, and the one that leads to the simplest formulagitmconsider the first possibility;
the resulting formalism bears the namegagsi-geostrophic dynamics. We ought to keep in
mind, however, that some atmospheric and oceanic motiams @ nearly geostrophic for
the other reason.e., large velocities on a large scale (Cushman-Roisin, 1986¢h motions
are called frontal geostrophic and would be improperlyespnted by quasi-geostrophic dy-
namics.

16.2 Governing equation

To set the stage for the development of quasi-geostrophiat&ms, it is most convenient
to begin with the restriction that vertical displacemerftdensity surfaces be small (Figure
@8=D). In the {, y, ) coordinate system, we write

p = pz) + p'(z,y,21) with |p'| < |p]. (16.4)

Because the variablgsand: are, in first approximation, uniquely related [via the func-
tion p(z) or its inversez(p)], there is no real advantage to be gained by using the gensit
coordinate system, and we follow the tradition here by fdating the quasi-geostrophic
dynamics in thed, y, z) Cartesian coordinate system.

The density profiles(z), independent of time and horizontally uniform, forms theiba
stratification. Alone, it creates a state of rest in hydrastaquilibrium. We shall assume
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equilibrium density surface

moving density surface

Figure 16-1 A rotating stratified fluid
undergoing weak motions, which can
be described by quasi-geostrophic dy-
namics.

depth scale of motion

that such stratification has somehow been established anid itymaintained in time against
the homogenizing action of vertical diffusion. The quasesgtrophic formalism does not
consider the origin and maintenance of this stratificatiohdnly the behavior of motions
that weakly perturb it.

The following mathematical developments are purposelyikc, with emphasis on the
exploitation of the main idea rather than on a systematicaaah. The reader interested in
a rigorous derivation of quasi-geostrophic dynamics basea regular perturbation analysis
is referred to Chapter 6 of the book by Pedlosky (1987).

The governing equations of SectiBd with p = p(z2) + p'(x, vy, z,t) and, similarly,

p =p(z) + p'(z,y, z,t) are, on the beta plane and, for simplicity, in the absenceiafdn
and diffusion:

du 1 op
q v = e = = - (16.5)
dv 1 op
7 fou + Boyu = — o 8_]; (16.5b)
6 /
0 = — a_i — g (16.5¢)

ou ov ow

- = — = 16.
8x+6y+8z 0 (16.5d)
op op op dp
E+u%+va—y+wa = 0, (16.5€)
where the advective operator is
d 0 0 0 0

The basic assumption thgt | is much less thafp| has been implemented in the density
equation {658 by dropping the termwdp’/0z. In writing that equation, we have also ne-
glected density diffusion (the right-hand side of the egumtin agreement with our premise
that the basic vertical stratification persists. Finallgcause the basic stratification is in hy-
drostatic equilibrium with the pressure at rest, the cqoesling terms cancel out, and only
the perturbed pressupé that due to motion, appears in the equations.
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If the density perturbations are small, so are the pressure disturbaptesnd by virtue
of the horizontal momentum equations, the horizontal vigexcare weak. While the Coriolis
terms are small, the nonlinear advective terms, which irevproducts of velocities, are even
smaller. For expediency, we shall use the phnasg small for these and all other terms
smaller than the small terms. Thus, the ratio of advectiv€doiolis terms, the Rossby
number, is small. Let us assume now and vedfposteriori that the time scale is long
compared to the inertial period«/ f), so the local-acceleration terms are, too, very small.
Finally, to guarantee that the beta-plane approximatiddshaeve further requir@soy| < fo.
Having made all these assumptions, we take pleasure ingibidétt the dominant terms in the
momentum equations are, as expected, those of the geastemplilibrium:

/

— fov = - 1o (16.7a)
po Ox
/

+ fou = L ai. (16.7b)
po 9y

As noted in Chaptdd this geostrophic state is singular, for it leads to a zendizbatal
divergencedu/0x+0v /0y = 0), which usually &g., over a flat bottom) implies the absence
of any vertical velocity. In the case of a stratified fluid,stlm turn implies no lifting and
lowering of density surfaces, and thus no pressure distedgsaand no variations in time.

To explore dynamics beyond such a simple state of affair;samsider that the velocity
includes a small ageostrophic (non geostrophic) correetia write

U=1Ug+ Uy, V=744 Vg, (16.8)
in which the first terms represent the geostrophic compoudefined as

1 op
= - — — 16.9a
t fopo Oy ( )
1 o
U= e (16.9b)

and @, v,) are the ageostrophic corrections.

In the smaller time-derivatives, advection and beta terihesjoationsl[6.53 and [[E.5h),
we replace the velocity by its geostrophic approximatfbi ), while we care to retain both
geostrophic and ageostrophic components in the largeol@oterms. Because it is small
compared to horizontal advection, itself already a smaltemion term compared to the
Coriolis term, vertical advection is neglected, and we iobta

1 0% 1 op’ By  Op 1 op
- - I ) — o - 2y~ 2P (1610
pofo Oyot  pEfd (p, 39) fov po fo Y ox po Ox ( )
1 9% 1 <, 819’) Bo op 1oy
+ VPN g g — 2y PP (16,100
wofo 220t g \Poar ) YT Yoy T oy UO1OD)

The symbolJ(-, -) stands for the Jacobian operator, defined@s b) = (0a/0x)(0b/dy) —
(Oa/0y)(0b)0x).
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From these equations, more accurate expressionsdndv can be readily extracted:

1 6p’ 1 32p’
U=1Ug+ Uy = _Ma_y_po—fgm
ﬁJ(p’,i—Z) + pf;gy%_g (16.11a)
/ 2,/
U:U9+Ua = +ﬁg—i —p%fg%
_pﬁlféj(p/’%_g) - pf;gyg_]i (16.11b)

which, unlike [[&), contain both the geostrophic flow and a first series of ageisic cor-
rections. This improved estimate of the flow field has a naw-désergence, which is small
because it is caused solely by the weak velocity departuoes the otherwise nondivergent
geostrophic flow.

Upon substitution of these expressions in continuity equdfle.5d), we obtain

ow 1 0o, 1 ;o op’

5 ol 6tv P+ oTo J', V") + Bo 9 | (16.12)
whereV? = §% /022 + 9% /0y? is the two-dimensional Laplacian operator. We note that the
right-hand arises only because of ageostrophic compon€nts, the vertical velocity is on
the order of ageostrophic terms, and this justifig®steriori our dropping of thaw-terms
from advection.

We now turn our attention to the density-conservation équafl6.59. The first term
is very small becausg’ is small and the time scale is long. Likewise, the last terwveiy
small because, as we concluded before, the vertical vglacises from the ageostrophic
corrections to the already weak horizontal velocity. Theldie terms involve the density
perturbation, which is small, and the horizontal velositieshich are also small. There is
thus no need, in this equation, for the corrections broughflB. 1)), and the geostrophic
expressiondl6.) suffice, leaving

op 1 poN?

— + —J,p) - w = 0, 16.13

ot T oofo ®"0") ( )
in which the stratification frequencw?(z) = —(g/po)dp/dz, has been introduced. Di-

viding this last equation byv2/g, taking itsz-derivative, and using the hydrostatic balance
(@559 to eliminate density, we obtain

o [0 1 op 1 , 0 (1 9p ow
a1 |:£ (m E):| + —pofo J [p . (m N + po % 0. (16.14)
Equations[[6.12 and [[6.13 form a two-by-two system for the perturbation pressiirand

vertical stretchingdw/9z. Elimination of ow/dz between the two yields a single equation
for p':
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o ([ f2 op 1 o ([ f2 op
2.7 >~ J0 ZFr - ! 2.7 I Ve
[Vp i <N2 62)} * pofo J[p,Vp N <N2 0z

/
Lo (16.15)
ox

at

This is the quasi-geostrophic equation for nonlinear nmtim a continuously stratified
fluid on a beta plane. Usually, this equation is recast as aatin for the potential vorticity,
and the pressure field is transformed into a streamfungtivia p’ = po fo1. The resultis

0
Ty I, =0, (16.16)
ot
wheregq is the potential vorticity:
o (2 oy
— 2 —~ (Lo ==
g = VY + g (N2 6z) + Boy. (16.17)

Once the solution is obtained fpandiy, the original variables can be recovered fri6.[73,

(6.7, and [6.13:

_ %

U, = 3y (16.18a)

v, = + ‘Z_i (16.18b)
B 1 9% 1 Y Bo O¢

Uy = _%@_%JQ%@_:C) +%y8_y (16.18c¢)
I O Bo 0¥

wos wamy 5l () R (16.184)
- fo [0 oy

R L%&z * J(“&)} (16.18¢)

Y= pofor (16.18f)

g o= - Pofo v (16.18g)

g 0z

If turbulent dissipation is retained in the formalism, tlygiation governing the evolution
of potential vorticity becomes complicated, but an appration suitable for most numerical
applicationsiis:

04 _ O (00, 0 (400, 0 (, 0
gt = 5 (A5L) ¢ o (agh) + £ (e l). asa9

whereq remains defined bYIG.T).
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16.3 Length and time scales

Expression[IG.1]) indicates thay is a form of potential vorticity. Indeed, the last term rep-
resents the planetary contribution to the vorticity, wheréhe first termy?2y = dv/0x —
Ou/dy, is the relative vorticity. The middle term can be tracedhe layer-thickness varia-
tions in the denominator of the classical definition of patrvorticity [e.g., @2Z23)]. In-
deed, in view of [[6.189, this term measures vertical variations @f directly related to
thickness changes between density surfaces. It is thugarlirersion of vertical stretching
(see Analytical Problem 16-7). Although expressilif.{]) for ¢ does not have the same
dimension as potential vorticity defined 223, we shall follow common practice here
and not coin another name but call it potential vorticity.

It is most interesting to compare the first two terms of thesptiél-vorticity expression,
namely, relative vorticity and vertical stretching. WithandU as the horizontal length and
velocity scales, respectively, the streamfunctioacales likeLU by virtue of [6.18h and
@&18b. If H is the vertical length scale, not necessarily the fluid dejbth magnitudes of
those contributions to potential vorticity are:

f3UL

. . U . .
Relative vorticity ~ — , Vertical stretching~ . 16.20
ty~ +, 9~ N2 ( )
The ratio of the former to the latter is
Relati ticit NZ2H?
elative vorticity _ Bu, (16.21)

Vertical stretching JeL?

which is the Burger number defined in SectflBhi@ For weak stratification or long length
scale {.e,, small Burger numberlVH < fyL), vertical stretching dominates, and the mo-
tion is akin to that of homogeneous rotating flows in nearlpsgephic balance (Chapter
[@), where topographic variations are capable of exertingtgrdluence. For large Burger
numbers VH > fyL), i.e, strong stratification or short length scales, relativetioity
dominates, stratification reduces coupling in the vertiaatl every level tends to behave in
a two-dimensional fashion, stirred by its own vorticity teah, independently of what occurs
above and below.

The richest behavior occurs when the stratification andtlesgale match to make the
Burger number of order unity, which occurs when

NH

fo -
As noted in SectiofZ2 this particular length scale is the internal radius of defation. To
show this, let us introduce a nominal density differedce typical of the density vertical
variations of the ambient stratification. Thudp/dz| ~ Ap/H and N? ~ gAp/poH.
Defining a reduced gravity a8 = gAp/po, which is typically much less than the full gravity
g, we obtain

L = (16.22)

N~ /L. (16.23)

Definition {I&.23 yields
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9 H
fo

Comparing this expression with definitidB L2 for the radius of deformation in homoge-
neous rotating fluids, we note the replacement of the fullitgional acceleration by a much
smaller, reduced acceleration and conclude that motiossatified fluids tend to take place
on shorter scales than dynamically similar motions in hoemagus fluids.

Before concluding this section, it is noteworthy to retuorthe discussion of the time
scale. Very early in the derivation, an assumption was madestrict the attention to slowly
evolving motions, namely, motions with time scalemuch longer than the inertial time
scalel/f, (i.e, T > Q). This relegated the terntg./dt anddv/dt to the rank of small
perturbations to the dominant geostrophic balance. Nowngaompleted our analysis, we
ought to check for consistency.

The time scale of quasi-geostrophic motions can be modyebiermined by inspection
of the governing equation in its potential-vorticity forifhe balance off6.18 requires that
the two terms on its left-hand side be of the same order:

Q ULq@

T L L’

where( is the scale of potential vorticity, regardless of whethés dominated by relative
vorticity (Q ~ U/L) or vertical stretching@ ~ f2UL/N?H?), andLU is the streamfunc-
tion scale. The preceding statement yields

L ~

(16.24)

L
T ~ ik (16.25)

in other words, the time scale is advective. The quasi-gepisic structure evolves on a time
T comparable to the time taken by a particle to cover the lescgtel. at the nominal speed
U. For example, a vortex flow (such as an atmospheric cyclora@yes significantly while
particles complete one revolution.

Because the quasi-geostrophic formalism is rooted in tladlsass of the Rossby number
(Ro = U/QL <« 1), it follows directly that the time scale must be long congzhwith the
rotation period:

T > (16.26)

Q 3
in agreement with our premise. Note, however, that a lacloafradiction is proof only of
consistency in the formalism. It implies that slowly evalgj quasi-geostrophic motions can
exist, but the existence of other, non-quasi-geostropbitans are certainly not precluded.
Among the latter, we can distinguish nearly geostrophiciomst of other types (Phillips,
1963; Cushman-Roisin, 1986; Cushman-Rokiral., 1992) and, of course, completely
ageostrophic motions (see examples in Chafff8rand[ld). Whereas ageostrophic flows
typically evolve on the inertial time scal@& (~ Q~1), geostrophic motions of type other than
quasi-geostrophic usually evolve on much longer time sodles> L/U > Q~1).
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16.4 Energetics

Because the quasi-geostrophic formalism is frequentlyl,ugds worth investigating the
approximate energy budget that is associated with it. Mlyitig the governing equation
@519 by the streamfunctiony and integrating over the entire three-dimensional domain,
we obtain, after several integrations by parts:

d 1 ,
E/// §p0|Vz/J| dedydz +

d 12 (op)® B

The boundary terms have all been set to zero by assumindaigidm and top surfaces, and,
in the horizontal, any combination of periodicity, verfieall, or decay at large distances.

Equation [[6.2] can be interpreted as a mechanical-energy budget: The Ekimetic
and potential energies is conserved over time. That theiffitsgral corresponds to kinetic
energy is evident once the velocity components have beaegsgd in terms of the stream-
function @? + v* = ¢ + ¥ = |V[?). By default, this leaves the second integral to play
the role of potential energy, which is not as evident. Bakigspcal principles would indeed
suggest the following definition for potential energy:

PE = /// pgz dx dy dz, (16.28)

which by virtue of [[6.18§ would yield a linear, rather than a quadratic, expressiap.i

The discrepancy is resolved by defining thailable potential energy, a concept first
advanced by M. Margules (1903) and developed by E. N. Lor#82%). Because the fluid
occupies a fixed volume, the rising of fluid in some locationsstrbe accompanied by a
descent of fluid elsewhere; therefore, any potential-gngain somewhere is necessarily
compensated, at least partially, by a potential-energp @eewhere. What matters then
is not the total potential energy of the fluid but only how mectuld be converted from the
instantaneous, perturbed density distribution. We defia@vailable potential energy,PE,
as the difference between the existing potential energyystsdefined, and the potential
energy that the fluid would have if the basic stratificatiomeuvenperturbed.

The situation is best illustrated in the case of a two-layetification (Figurdl6-3: A
lighter fluid of densityp; floats atop of a denser fluid of densjty. In the presence of motion,
the interface is at level above the resting heiglifs of the lower layer. Because of volume
conservation, the integral afover the horizontal domain vanishes identically. The ptdén
energy associated with the perturbed state is
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P1 Hl

P2 H>
Figure 16-2 A two-layer stratification,
for the illustration of the concept of

2= 0 N i i
T,y available potential energy.

PE(

a)
Ho+a H
// / p29% dz +/ p19z dz| dxdy
0 Ho+a

1 1
// [§p19H2 +3 Ang%] dx dy

C 1
+ // ApHsa dxdy + //5 Apga? dx dy,

where H is the total height and\p = p, — p; is the density difference. The first term
represents the potential energy in the unperturbed stdtereas the second term vanishes
because has a zero mean. This leaves the third term as the availatdatl energy:

APE = PE(a) — PE(a=0)
// % Apga? dz dy. (16.29)

Introducing the stratification frequendy? = —(g/po)dp/dz = gAp/poH and generalizing
to three dimensions, we obtain

APE = / / / % poN%a? dx dy dz. (16.30)

In continuous stratification, the vertical displacemenf a fluid parcel is directly related
to the density perturbation because the density anomalyeapoint is created by moving to
that point a particle that originates from a different veatilevel:

pl(mayazvt) = ﬁ[z—a(m,y,z,t)] - ﬁ(Z)
= 2
~ —a@ = polV a. (16.31)
dz g
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This Taylor expansion is justified by the underlying assuampbf weak vertical displace-
ments. Combinindl6.30) and [[6.3) and expressing the density perturbation in terms of
the streamfunction byI§.18§, we obtain

APE = /// fo (a—f) dz dy dz, (16.32)

which is the integral that arises in the energy bud@&.Z).
The time rate of change of the available potential energybeagxpressed as

%APE =g /// p'w dx dy dz, (16.33)

as can be verified by substitution @188 and [[6.18§ into (IE:3) and an integration
by parts of the Jacobian term. This shows that potentialggnecreases when heavy fluid
parcels rise ' andw both positive) and light parcels sink/(@andw both negative).

As a final note, we observe that a scale analysis providestheeaf kinetic energyx £
to available potential energyPE:

KE N2H?
——— ~ —— ~ Bu,
APE L2f2
which gives another interpretation to the Burger numbercolhpares kinetic to potential
energy.

(16.34)

16.5 Planetary waves in a stratified fluid

In Chapte[@ it was noted that inertia-gravity waves are superineftiab f) and that Kelvin
waves require a fundamentally ageostrophic balance in btiteedwo horizontal directions
[see Equatiorfl@.4H) with u = 0]. Therefore, the quasi-geostrophic formalism cannetdbe
these two types of waves. It can, however, describe the slavesvand, in particular, the
planetary waves that exist on the beta plane.

It is instructive to explore the three-dimensional behawibplanetary (Rossby) waves
in a continuously stratified fluid. The theory proceeds frdra linearization of the quasi-
geostrophic equation and, for mathematical simplicityyptie assumptions of a constant
stratification frequency and no dissipation. Equatii@&I8 and [[6.1]) then yield

O (o, 2 Pu o _
9 (v v+ 252 2> o =0 (16.35)

We seek a wave solution of the forfriz, y, 2, t) = ¢(2) cos(kyx+kyy—wt), with horizontal
wavenumbers:, andk,, frequencyw, and amplitudep(z). The vertical structure of the
amplitude is governed by

P N (5 o foks
@ (]gz+ky )¢ =0, (16.36)
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which results from the substitution of the wave solutiomif&.3%. To solve this equation,
boundary conditions are necessary in the vertical. Forethies us assume that our fluid
is bounded below by a horizontal surface and above by a frdacgu In the atmosphere,
this situation would correspond to the troposphere abovatdeftrain or sea and below the
tropopause.

At the bottom (sayz = 0), the vertical velocity vanishes, and the linearized forin o
([I&I8% impliesd?v /020t = 0, or

do

— =0 at z = 0. (16.37)
dz

At the free surface [say, = h(z,y, t)], the pressure is uniform. Because the total pres-
sure consists of the hydrostatic pressures due to the needensityp, (eliminated when
the Boussinesq approximation was made; see Sd&fi®iand to the basic stratificatigi( z),
together with the perturbation pressure caused by the waveyrite:

h
Py — pogz + g/ p(z') dz" + p'(x,y,h,t) = constant (16.38)

at the free surface = h. Because particles on the free surface remain on the fréscsuat
all times (there is no inflow/outflow), we also state

Oh oh oh
= — — — at z = h. 16.39
v ot T Ox v dy N ( )
The preceding two statements are then linearized. WritingH + 1, where the free-surface
displacement)(x, y, t) is small to justify linear wave motions, we expand the vasab’
andw in Taylor fashion from the mean surface legek H and systematically drop all terms
involving products of variables of the wave field. The twouggments then reduce to

an

—pogn +p =0 and w = yn at z = H. (16.40)
Elimination of yieldsdp’ /9t = ppgw and, in terms of the streamfunction,
o (oY N?
5(£+7¢) —0 at:=H (16.41)
or, finally, in terms of the wave amplitude,
2
@+N—¢:0 at z = H. (16.42)
dz g

Together, equatiofl.38 and its two boundary condition§[§.3) and [[6.43, define
an eigenvalue problem, which admits solutions of the form

#(z) = A cosk,z (16.43)

already satisfying boundary conditioif . 3]). Substitution of this solution into equation
(@539 yields the dispersion relation linking the wave frequendyp the wavenumber com-
ponentsk,, k, andk.:
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Dimensionless vertical wavenumber k,H

Figure 16-3 Graphical solution of equatiof {I6145). Every crossing wives yields an acceptable
value for the vertical wavenumbeét . The pair of values nearest to the origin corresponds touisol
fundamentally different from all others.

50/%
w = — , (16.44)
k2 + k2 + k2f2/N?

whereas substitution into boundary conditii&42 imposes a condition on the wavenumber
k,:

N2H 1
g k.H’

As Figurell6-3 demonstrates graphically, there is an infinite number afrdie solutions.
Because negative values/of lead to solutions identical to those with positivevalues [see
([@I543 and [[643)], it is necessary to consider only the latter set of valdgsx 0).

A return to the definitionV2? = —(g/po)dp/d= reveals that the rati&v? H /g, appearing
on the right-hand side ofl6. 49, is equal toAp/py, whereAp is the density difference
between top and bottom of the basic stratificatiin). The factorN?H/g is thus very
small, implying that the first solution ofl6.4% falls very near the origin (Figurigg=3.
Theretan k, H can be approximated to. H, yielding

tan k., H =

(16.45)

NH
k.H = — . (16.46)
vgH
The fraction on the right is the ratio of the internal gravitstve speed to the surface gravity
wave speed, which is small. Note also that this mode disappethe limitg — oo, which
we would have obtained if we had imposed a rigid lid at the toifhe domain.
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Becausek, H is small, the corresponding wave is nearly uniform in thetival. Its
dispersion relation, obtained from the substitution ofgiheceding value of. into (I6.43),

Y- Poka (16.47)

k2 +k2+ f5/9H '
is independent of the stratification frequengyand identical to the dispersion relation ob-
tained for planetary waves in homogeneous fluids [BEE]. It is almost uniform in the
vertical. Hence, we conclude that this wave is the barotropmponent of the set.
The remaining solutions fok, can also be determined to the same degree of approxi-
mation. Becausé&'?H /g is small, the finite solutions ofl6.49 fall very near the zeros of
tan k, H (Figurel6=3 and are thus given approximately by

kin = n — n=123 ... (16.48)

Unlike the barotropic wave, the waves with these wavenuséehibit substantial variations
in the vertical and can be callddroclinic. Their dispersion relation,
ﬂokz
T T R R (o /NH)E (1649)
is morphologically identical tdIl6.4]), implying that they, too, are planetary waves. In sum-
mary, the presence of stratification permits the existefiea dnfinite, discrete set of plane-
tary waves, one barotropic and all other baroclinic.

Comparing the dispersion relatioflES(4]) and [&.49 of the barotropic and baroclinic
waves, we note the replacement in the denominator of the fgtigH by a multiple of
(7 fo/N H)?, which is much larger, since — again 2 H /g is very small. Physically, the
barotropic componentis influenced by the large, extermtiliszof deformatior/g H / fo [see
@12], whereas the baroclinic waves feel the much shorterrniaieradius of deformation
NH/ f, [see (B2,

In the atmosphere, there is not always a great disparitydsithe two radii of deforma-
tion. Take, for example, a midlatitude region (such a¥\tswheref, = 1.03x 10~* s71),

a tropospheric heighf = 10 km, and a stratification frequendy = 0.01 s!. This yields
VIH  fo = 3050 km andV H/ f, = 972 km. (The ratiaV2H/g is then 0.102, which is not
very small.) In contrast, the difference between the twai @ddeformation is much more
pronounced in the ocean. Take, for example= 3 km andN = 2 x 10~3 s~!, which yield
VgH/ fo = 1670 km andV H/ fo = 58 km.

In any event, all planetary waves exhibit a zonal phase spemdhe baroclinic members
of the family, it is

_ Wn Bo

Because this quantity is always negative, the directiorocdybe westwalll Moreover, the
westward speed is confined to the interval

— BoR? < ¢, < 0, (16.51)

2The meridional phase speed, /k,, may be either positive or negative, depending on the sign, of
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with the lower bound approached by the longest wave k. — o0). The lengthsR,,,
defined as

Rn:lﬁ, n=123 ... (16.52)

n 7 fo

are identified as internal radii of deformation, one for ebahoclinic mode. The greater
the value ofn, the greater the value df.,,, the more reversals the wave exhibits in the
vertical, and the more restricted is its zonal propagatibimerefore, the waves most active
in transmitting information and carrying energy from easivest (or from west to east, if
the group velocity is positive) are the barotropic and thet fiaroclinic component. Indeed,
observations reveal that these two modes alone carry ggn@0&o to 90% of the energy in
the ocean.

Let us now turn our attention to the spatial structure of ablaric planetary wave. For
simplicity, we take the first mode:(= 1), which corresponds to a wave with one reversal of
the flow in the vertical, and we s&f, to zero to focus on the zonal profile of the wave. The
streamfunction, pressure, and density distributions sifelbows:

v = A cosk.z cos(kyx — wt) (16.53a)

P = poforv = pofo A cosk.z cos(kyr — wt) (16.53b)

P = - pofo 9 _ pofoks A sink,z cos(kyx — wt). (16.53c¢)
g 0z g

The geostrophic velocity component is

Uy = - Z—ZJ =0 (16.54a)
vg = + g—i] = — kA cosk.z sin(k,x — wt), (16.54b)

and we immediately recognize that it cannot be responsiiléhfe wave since it has no
associated vertical velocity needed to displace densifases and allow energy conversion
between kinetic and potential energy. Hence, the essentteealynamics resides in the
ageostrophic velocity component,

1 0%

= - k;w A cosk,z cos(kyx — wt) (16.55a)
0

Bo Oy
-7 v 5
Bokz
Jo

_ o 9%
N2 Otoz

= + foj;dkz A sink,z sin(kyz — wt). (16.55¢)

Va

+

y A cosk,z sin(k,z — wt) (16.55b)

2
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We leave it as an exercise to the reader to verify that thettimensional divergence of the
ageostrophic motion is zero as it should. The corresponaig structure is displayed in
Figurell6-4and can be interpreted as follows.

A\
WO
s=H ConVergence

-—

e

sin(kyz —wt) =1 sin(k,z —wt) = =1

Figure 16-4 Structure of a baroclinic planetary wave. In constructihis tliagram, we have taken
fo>0,k; >0,k, =0andk. = w/H, which yieldw < 0 and a wave structure with a single reversal
in the vertical.

At the bottom, vertical displacements are prohibited, drede is no density anomaly. At
the surface, vertical displacements would only be impaifahwere the barotropic (exter-
nal) mode, but this is a baroclinic (internal) mode, andigatdisplacements are negligible
at the top. In the interior, however, vertical displacemsent significant, with one maximum
at mid-level for the lowest baroclinic mode (depicted heihere the middle density sur-
face rises, heavier (colder) fluid from below is found, fangia cold anomaly. Similarly,
a warm anomaly accompanies a subsidence, half a wavelewgth &ecause colder fluid
is heavier and warmer fluid is lighter, the bottom pressurgigher under cold anomalies
and lower under warm anomalies. At the lowest order of apgpration, the resulting zonal
pressure gradient drives an alternating geostrophic noeadiflow v, given by [6.54. In
the Northern Hemisphere (as depicted in Fidlifed), the bottom velocity has the higher
pressure on its right and therefore assumes a southwadidireast of the high pressures
and a northward direction east of the low pressures. Duestbahoclinic nature of the wave,
there is a reversal in the vertical, and the velocities neartép are counter to those below
(FigurelIg=9).

On the beta plane, the variation in the Coriolis parameteses this meridional flow to
be convergentor divergent. In the Northern Hemispherentihward increase gf implies,
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under a uniform pressure gradient, a decreasing velocihttars convergence of northward
flow and divergence of southward flow. The resulting convecgedivergence pattern calls
for transverse ageostrophic velocities, either zonal atica or both. According to Figure
[I6-4 based onI6.55) and [I6.554, both transverse components come into play, each par-
tially relieving the convergence-divergence of the menidil flow. The relative importance

of vertical to horizontal convergence is

W f3k?
k.U — N2k2

and we recover the inverse of the Burger number based onnpthlscales of the wave.

The ensuing vertical velocities at mid-level cause sulmsideébelow a convergence and
above a divergence, feeding the excess of the upper flowhetdéficit of that underneath,
and create uplifting half a wavelength away, where the 8anas vertically reversed. Subsi-
dence generates a warm anomaly, while uplifting generateklaanomaly. As we can see in
Figurell6-4 this takes place a quarter of a wavelength to the west ofxistireg anomalies,
thus inducing a westward shift of the wave pattern over tiffiee result is a wave pattern
steadily translating to the west.

(16.56)

16.6 Some nonlinear effects

In its original form, the quasi-geostrophic equati®@B{l9 is quadratic in the streamfunction.
An assumption of weak amplitudes was therefore necessarptore the linear wave regime,
and it is proper to ask now what role nonlinearities could/pkor evident reasons, no gen-
eral solution of the nonlinear equation is available. Nosdirities cause interactions among
the existing waves, generating harmonics and spreadingrtbgy over a wide spectrum of
scales. According to numerical simulations (Rhines, 197aVilliams, 1989), the result is
a complicated unsteady state of motion, which has been tegaustrophic turbulence.

Although this topic will be more fully developed in a lateragiter (Sectiofl83), it
is worth mentioning here the natural tendency of geostmpirbulence to form coherent
structures (McWilliams, 1984, 1989). These take the formistinct and robust vortices that
can be clearly identified and traced for periods of time loampared to their turn-around
times. Figurdl8-IT provides an example. The vortices contain a disproport@amount
of the energy available, being therefore highly nonlinead keaving a relatively weak and
linear wavefield in the intermediate space. In other words)ature state of geostrophic
turbulence displays a dichotomous pattern of nonlineaglined vortices and linear, non-
localized waves.

To explore nonlinear effects, let us seek a localized, wetgpe solution of finite ampli-
tude. To simplify the analysis, we make the following asstioms of inviscid fluid ¢z = 0)
and uniform stratification/{' = constant). Furthermore, expecting a possible zonal reifi-
iniscent of planetary waves, we seek solutions that arelitygeanslating in thec-direction.
Thus, we state

dq B
% 4 S = 0 (16.57)
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2 2
2 fo 0%
= = 16.58
¢ =V + 35 gy + o (16.58)
in whichy =¢(x — ct, y, 2) is a function vanishing at large distances.
Because the variablasandt occur only in the combination — ct, the time derivative

can be assimilated to anderivative /0t = —c0/0x) and the equation becomes

J( + ey, q) =0,
which admits the general solution

fg %y
N2 922
The functionF' is, at this stage, an arbitrary function of its variahle;cy. Because the vortex

is required to be localized, the streamfunction must vaaisarge distances, including large
zonal distances at finite values of the meridional coordipaFrom [I&59, this implies

q = V% + + Boy = F(¥ + cy). (16.59)

ﬁoy = F(cy)7

and the function?' is linear: F(a) = (6o/c)a. Naturally, the functiont” may be multi-
valued, taking values along contours¥f+ cy not connected to infinity (and, therefore,
closed onto themselves within the confines of the vortex) dha different from the values
along other, open contours gf + cy. In other words, the same + cy on two different
contours could correspond to two distinct valuegof

Mindful of this possibility but restricting our attentionif now to the region extending to
infinity, where F is linear, we have fronfll6.59

2 f8 v _ Bo
Vo + N2 92— . 1. (16.60)
Now, assuming the existence of rigid surfaces at the top attdrn, we imposéi/0z = 0
atz = 0 and H, restricting the number of vertical modes. The gravestdiaric mode has
the structure) = a(r, ) cos(rz/H), where ¢, ) are the polar coordinates associated with
the Cartesian coordinates ¢ ct, ). The horizontal structure of the solution is prescribed

by the amplitude:(r, 8), which must satisfy

0%a 1 Oa 1 0%a 1 Bo
— - = = — — | =+ — = 16.61
or? + r Or r2 062 (R2 + c) ¢ =0, ( )
by virtue of [[&.60). Here,
r =1 (16.62)
7 fo

is the internal radius of deformation. (The factois introduced here for convenience.) Such
an equation admits solutions consisting of sinusoidaltions in the azimuthal direction and
Bessel functions in the radial direction.

Because the potential energy is proportional to the intedraquare of the vertical dis-
placements, a localized vortex structure of finite energyires a streamfunction field (pro-
portional toa) that decays at large distances faster than This requirement excludes the
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Bessel functions of the first kind, which decay onlyras/? and leaves us with the modified
Bessel functions, which decay exponentially:

a(r,0) = > (Am cos mf + By, sin mf) K, (kr), (16.63)

m=0

where the factok defined by

1 Bo
B = — + = 16.64
=T ( )
must be real. The condition thatbe real implies, fromlI6.69 that the drift speed of the
vortex must be either less tharns, R? or greater than zero. In other wordsnust lie outside
of the range of linear planetary wave speeds [E€€X]))]. Because: enters the solution in
multiplication with the radial distance its inverse, 1, can be considered as the width of

the vortex:

r-r_ B (16.65)

k V1 + BoR?/c .
The faster the propagation (either eastward or westwdrd)closerL is to the deformation
radiusR. Eastward-propagating vortices ¢ 0) are smaller thar?, whereas westward-
propagating ones: (< 0) are wider.

The Bessel functiong,,, are singular at the origin, and solutidbB&&J fails near the
vortex center. The situation is remedied by requiring thahe vicinity ofr = 0 the function
F assumes another form than that used previously, changinghéracter of the solution
there. Here, we shall not consider this solution, calledrtiodon, and instead refer the
interested reader to Fliegt al. (1980).

Let us now consider disturbances on a zonal jet, such as thedses of the atmospheric
Jet Stream. Waves and finite-amplitude perturbations graeazonally at a net speed that is
their own drift speed plus the jet average velocity. Theystmove away from their region
of origin, such as a mountain range, by traveling eitherngpst or downstream, unless their
net speed is about zero. In this last case, when the distcelsaown speed is equal and
opposite to the average jet velocity, the disturbance is stationary and can persist for a
much longer time. Typically, the zonal jet flows eastward &teeam in the atmosphere, Gulf
Stream in the ocean, and prevailing winds on Jupiter at tiitedie of the Great Red Spot),
and so we také/ positive. The mathematical requirementis- —U (westward), and two
cases arise: Eithd¥ is smaller thand, R? or it is not. ForU less than3,R?, ¢ falls in the
range of planetary waves, and the disturbance is a trainaofgphry waves, giving the jet a
meandering character. By virtue of dispersion relafl %), applied to the gravest vertical
mode ¢ = 1) and to the zero meridional wavenumber & 0), the zonal wavelength is

2 U
= — =21R\| 57—+ - 16.66
A o TR R T ( )

If the jet velocity varies downstream, the wavelength adjimscally, increasing with/. If,
on the other hand/ exceeds3, R2, finite-amplitude, isolated disturbances are possibld, an
the jet may be strongly distorted. The preceding theory ssigghe following length scale
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1 / U

16.7 Quasi-geostrophic ocean modeling

Quasi-geostrophic models were at the core of the first wedthecast systems (see biogra-
phies at the end of Chapfliand of the present chapter), and the reason for their sus@sss
their highly simplified mathematics and numerics while caipig the dynamics essential
to weather forecasting. Because of limited computing potherfirst few models were two-
dimensional. Here, we illustrate the core numerical pripeof these two-dimensional mod-
els because they are representative of the numerics udeel subsequent three-dimensional
models.

In two dimensions, in the absence of friction and turbulertbhe equation governing
quasi-gesotrophic dynamics reduces to

9q

2t W) = 0 (16.68)

with the potential vorticityy defined as

q = V% + Boy. (16.69)

It is clear from Equation{6.69 that the Jacobiad operator plays a central role in the
mathematics. This Jacobian can be expressed mathemagiticadiveral different ways:

W oqg O Iq

J(,q) = 920y 0y ox (16.70a)
_ 9 (,01\ _ 9 (, %
- = (way) 3 (%I) (16.70b)
Rl o [ oY
= o <q_ax> - 5 (q_ay) (16.70c)

so that we can readily write the corresponding finite-défere forms, all of second order
(see Figur@&-Gfor notation):

g (a — ¥8)(Gs — G2) — (vh6 — 2) (G — )

- Aony (16.71a)
. [1214((?5 — G3) — ¥s(dr — 51)} - ["/;6(@5 —Gr) — Pa(ds — (jl)}
g = ATA; (16.71b)
[@6(155 — 7)) — Go(ths — @1)} - {614(1@5 — 13) — Gs(¢r — @1)}
T = (16.71c)

4AxAy
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7 6 5

° ° ° Figure 16-5 Grid notation for Jaco-
bian J(v, ¢) around the central point

0 labeled 0. The discretizationJ*+

8 ® 4 [E713 usesy andq at side points 2,
4, 6 and 8, and/t* [IE.L1D takesy
values at side points 2, 4, 6, 8 apgal-
ues at corner points 1, 3, 5 and 7, while

‘]; g :Q’ J*T switches the values af andg.

With a multiplicity of discretizations at our disposal, waywonder which leads to the best
model. Since all are second order, we have to invoke othgrgpties than truncation error to

decide on the optimal discretization, such as conservégies. We can for example identify

the following integral constraints over a 2D domain of saef& within a close impermeable

boundary (uniform) along the boundary) or with periodic boundaries:

/Sj(w,q) dS = 0, (16.72)
/SqJ(wq) ds = 0, (16.73)
/Sw(zp,q) ds = 0. (16.74)

Expression[I6.73 can be related to the evolution of kinetic energy. In additwe have an
anti-symmetry property:

J(,q) = = J(g,%). (16.75)

Numerical discretization generally does not ensure coasien of the corresponding in-
tegral properties in the discrete solution. Akio Arakawee(biography at the end of Chapter
B had the brilliant idea of combining different versions bétdiscretized Jacobian in order
to preserve those properties in the discrete formulatitve. ddombination

J=101-a-3)J + aJ™™ + BJ*F (16.76)
for any value ofx and/ leads to a consistent discretization. We should therefgtte tassign
those values af and/ that ensure as many simultaneous conservation propestgssaible.

Integral [[6.73 in its discrete form sums up individual terms involving guetsy; ;J; ;
or, with the shorter notation of Figuliis-3, terms such as

For the Jacobian discretized accordindI&.[ZTh this involves

A0z Ay Yo It = Yothal(ds — Ga) + ... (16.78)

The sum (integral) over the domain includes the contributie.J,, in which we find similar
terms with the opposite sign:
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ANTAY Pa T = — dota(ds — G3) + - (16.79)

but the terms do not cancel each other because of the ddfexalues. However, if we look
at the alternative discretizatioh™*, we do find the terms that do cause cancellation:

AN AY Yo I = hotalds — G3) + ... (16.80)

and
ANz AY Py T = — utdo(do — G2) + -.. (16.81)

So, if we add J** + J**) and then integrate over the domain, thé products cancel one
another out in pairs. The same reasoning applies to othepioations of terms such as those
between point 0 and 6. Thus, constrall6{73 is respected if J*+ + J*)/2 is used for
the discretization of the Jacobian.

There is better. Because/* " does not contain the term%, andys but contains
terms with the produatoys

ANz AY oI5t = hots(Gs — Ga) + .- (16.82)
AN AY s I = thots (G — o) + .- (16.83)

which cancel each other out, it turns out that we can dilugestim(J ™+ + J ) with any
amount of/** (makel — o — 3 equal toa while keepings arbitrary).

Similarly, if we take the sunoJ*++.J**) or J** or combination, the sum @f/ over all
grid points of the domain vanishes, respecting const@BiZy. Thus, 679 and 67D
can be simultaneously respected if we takea — 3 = o« = 3, which calls fora = 5 = 1/3.

Let us now check on the antisymmetry conditific{79. It is satisfied withJ** and
with the sum(J+* 4+ J**). Thus, we happily note that our combinatioh* + J*> +
J*1)/3 already respects it. In conclusion, the valaes- 3 = 1/3 are ideal because they
carry [6.73, 673 and 6.7 from the continuum representation over to the discretized
formulation. This discretization, which is very populagshbecome known as teakawa
Jacobian.

The second essential ingredient in the quasi-geostropbiat®on is the relation between
q andz. Its core term is

0% 0%y

= o2 + R (16.84)
which is also the sole remaining term on tlieplane in two-dimensions. SincEG.6%
provides the equation to advangén time, [[6.89 can be considered as the equation to be
solved fromi) once an updated value has been calculated.fafdence we need to invert
a Poisson equation at each time step, a task already encediimeSectioiZ8 In the first
quasi-geostrophic models, inversion was done by suceessigr-relaxation, occasionally
with a red-black approach on vector computers.
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Analytical Problems

16-1. Derive the one-layer quasi-geostrophic equation

0 2 1 2 aw —
E(vw—ﬁ ) + JW, V) + fo 5 = 0, (16.85)
whereR = (gH)'/?/fy, from the shallow-water moddfTL}) assuming weak sur-

face displacements. How do the waves permitted by thesentigpaompare to the
planetary waves exposed in Sectiiih3?

16-2. Demonstrate the assertion made at the end of SdEfdtthat the time rate of change
of available potential energy is proportional to the ingd@f the product of density
perturbation with vertical velocity.

16-3. Elucidate in a rigorous manner the scaling assumptiongyjiugj simultaneously the
quasi-geostrophic approximation and the linearizatiothefequations for the wave
analysis. What is the true restriction on vertical disptaeats?

16-4. Show that the assumption of a rigid upper surface (combiagtd assumption of a
flat bottom) effectively replaces the external radius ofodefation by infinity. Also
show that the approximate solutions for the vertical waveer k. in SectionI6.%
then become exact.

16-5. Explore topographic waves using the quasi-geostrophiadtism on anf—plane 3y =
0). Begin by formulating the appropriate bottom-boundanmyditon.

16-6. Establish the so-calle@mega Equation on the f—plane for a quasi-geostrophic system
without friction and withN2 horizontally uniform. The Omega Equation provides the
vertical velocity in a diagnostic form.g€., without need for time integration). The for-
mulation involves the geostrophic flow(, v,) associated with the (observed) density

field:
LA NPT A SELC N T % (16.86)
Ox? Ay 022 Ox Ay '
with
Qo = +2f ( 0z Ox 0z Oy

Q, = —2f (%%ﬁi%)

Oy 0z 0z Ox

16-7. Show that potential vorticity defined by[[&.1]) is a linearization of potential vorticity
g defined in[[Z2Z) in the sense that for constaNt

- fo q
-2 L (16.87)
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in which hg is the unperturbed thickness of the layer, and the linetoizassumes
small vertical displacements and weak horizontal velesitiHint: The unperturbed
height is directly related tav2. For the linearization, expreds'h as a function of
vertical density gradients.)

16-8. Take the reduced-gravity version of the quasi-geostropti@tion:

0 .
00 = Jta) with =V oy (16.88)

and show that the center of mass of a vortex patch propagastsverd at a speed
BoR?, where the coordinates of the center of massét{,Y (¢)) are defined as

¥ ffxd)d:cdy v - ffyd)d:cdy

— I , = L , 16.89
[ ¥ dxdy [ ¥ dxdy ( )
(Hint: Calculated X /dt anddY/dt.)
Numerical Exercises
16-1. Verify numerical conservatiofle.7? by adaptindggnodel . njin a closed two-di-

16-2.

16-3.

mensional domain of size. Compare leapfrog and explicit Euler time discretizations
Initialize with a streamfunction given by

¥ = woL? sin (%) sin (%) . (16.90)
On all four sidesx = 0,z = L,y = 0 andy = L, the boundaries are imperme-
able, and the streamfunction is kept zero. Uge= 10~° s~! and L = 100 km. For
simplicity, also use zero vorticity along the perimeter.

Start withiggnmodeTl . mand generalize the code to allow dynamics on the two-dimen-
sional 5—plane. Also add superviscosity (biharmonic diffusionshswn in Section
[[08 Redo the simulation of Numerical Exercise 16-1 including beta term. Take

Bo =2 x 10" m~!'s~! andL = 3000 km. Observe the evolution of the streamfunc-
tion. (Hint: Keep relative vorticity as the dynamic variable and expthedeta effect

as a forcing term in the governing equation for relative iedst, for example within

the Jacobian operator.)

Simulate the evolution of an eddy on tlieplane. Begin with an eddy centered at the
origin with its streamfunction given by

2 2
Y= —wl?(r+1)e ", r=YTTY x; v (16.91)
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2 D DN

Figure 16-6 Evolution of a perturbed vorticity patch within a quasi-g&ophic framework.

with L = 100 km andvg = 10~° s, and then perturb it by multiplying used in
the initial calculation ofy) by 1 + € cos(26), wheref is the azimuthal angle anda
small parameter, for exampte 0.03. Perform the calculations in the square domain
[-10L,10L] x [-10L, 10L] with zero values fot) along the perimeter.

16-4. Redo Numerical Exercise 16-3 with an initial eddy defined by
W =wyl?e " /E (16.92)
and verify that you obtain the evolution shown in Figlitea

16-5. Adaptlggnodel . mto simulate the instability of the barotropic flow of Sectf@i.4
or analyzé&shear edi [ ow. m Initialize with the basic flow perturbed by an unstable
wave. Instead of an infinite domain in thyedirection, prescribe zero values for the
streamfunction ay = +10L. Apply periodic boundary conditions in the-direction.
What boundary conditions do you use for the potential vitytig? Which problem re-
lated to boundary conditions do you encounter if you wantsi hiharmonic diffusion
(SectiolIO.B? In any case, take a weak diffusion for the simulatiomini, Expect
to have time for a cup of coffee during the simulation.)

16-6. Implement a more efficient Poisson-equation solver usingrgugate-gradient ap-
proach (see Secti@fd) by using MATLAB [J routinecg, and redo Numerical Exercise
16-5. Search the worldwide web for a multigrid version of Besson equation solver
to further reduce calculation times if necessary.

16-7. Adapt the over-relaxation parameter to decrease the catiputime of simulations
in Numerical Exercise 16-5. Then simulate the schematimmdspheric jet stream of
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Analytical Problem 10-4 with a long wave-like perturbatidn a second experiment,
reduce the intensity of the jet stream by a factor 4. In a tlgeriment, keep the lower
velocity but disable the beta term. Discuss the stabilithancontext of the solution to
Analytical Problem 10-4.

16-8. Simulate the evolution of the triangular jet of AnalyticabBlem 10-5 withZ. =50 km
andU =1 m/s. Hint: Perturb the zonal flow by a rather long wave in a sufficieratyd
domain.



Jule Gregory Charney
1917 -1981

A strong proponent of the idea that intelligent simplifioais of a problem are not only nec-
essary to obtain answers but also essential to understandderlying physics, Jule Charney
was a major contributor to dynamic meteorology. As a studeaitstudied the instabilities
of large-scale atmospheric flows and elucidated the meshmathiat is now called baroclinic
instability (Chapter 17). His thesis appeared in 1947, Aeddllowing year, he published an
article outlining quasi-geostrophic dynamics (the matexf this chapter). He then turned his
attention to numerical weather prediction, an activityisioned by L. F. Richardson some
thirty years earlier. The success of the initial weatherusations in the early 1950s is to
be credited not only to J. von Neumann'’s first electronic cotap but also to Charney’s
judicious choice of simplified dynamics, the quasi-geqstiio equation. Later on, Charney
was instrumental in convincing officials worldwide of thgsificance of numerical weather
predictions, while he also gained much deserved recogrfitiohis work on tropical meteo-
rology, topographic instability, geostrophic turbulepaed the Gulf Stream. Charney applied
his powerful intuition to systematic scale analysis. Stphirguments are now a mainstay in
geophysical fluid dynamics. (Photo from archives of the Makssetts Institute of Technol-

0gy.)
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Allan Richard Robinson
1932 —

An avowed “phenomenologist”, Allan Robinson is counted amthe founding fathers of
geophysical fluid dynamics because of his seminal contabaton the dynamics of rotating
and stratified fluids, boundary-layer flows, continentalfsaves, and the maintenance of
the oceanic thermocline. Underlying his accomplishmentbé firm belief that “curiosity
about nature is the primary driving force and rational@afior research.” During the 1970s
he chaired and co-chaired a series of international progthat established the existence and
importance of intermediate-scale eddies in the open odbhamternal weather of the sea.
His research led him to formulate numerical models for odeagcasting and to emphasize
the role of ocean physics in regulating biological activiRpbinson has also contributed sig-
nificantly to the development of techniques for the assitoitaof data in ocean-forecasting
models. During the 1980s and 1990s he led a group of intemetiscientists, predomi-
nantly from bordering nations, to advance the science oMhditerranean Sea. Later, he
headed a program to synthesize knowledge of the interdiisary global coastal oceanA(

R. Robinson, Harvard University)
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