Chapter 15

Dynamics of Strati ed Rotating
Flows

SUMMARY : Geostrophic motions can arise during the adjustment teigenhomogeneities
and maintain a strati ed uid away from gravitational eqibitium. The key is a relationship
between the horizontal density gradient and the verticklcy shear, called the thermal-
wind relation. Oceanic coastal upwelling is consideredt és & good example of rotating
dynamics in a strati ed uid. Because large gradients anscdntinuities (fronts) can form
during geostrophic adjustment, the numerical section shwow to treat large gradients in
computer models.

15.1 Thermal wind

Consider a situation where a cold air mass is wedged betweeground and a warm air
mass (Figurdlb=-J). The strati cation has then both vertical and horizontalmponents.
Mathematically, the density is a function of both heighand distance (say, from cold to
warm). Now, assume that the ow is steady, geostrophic, amutidstatic:

- 1@
fv = ~ ox (15.1)
@p _ .
er- 9 (15.2)

Here,v is the velocity component in the horizontal directipnandp is the pressure eld.
Taking thez-derivative of [[5.J) and eliminating@ p=@with (I5.2), we obtain

@v. 9@,
@z of @x
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(15.3)
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it Figure 15-1 Vertical shear ofa ow

~ in the presence of a horizontal den-
sity gradient. The change of ve-
locity with height is called thermal
wind.

Therefore, a horizontal density gradient can persist iadstestate if it is accompanied by a
vertical shear of horizontal velocity. Where density vaiie both horizontal directions, the
following also holds:

@u_, 8 @, (15.4)
@z of @y
These innocent-looking relations have profound meaningeyTstate that, due to the
Coriolis force, the system can be maintained in equilibriwithout tendency toward leveling
of the density surfaces. In other words, the rotation of #rthecan keep the system away
from its state of rest without any continuous supply of egyerg
Notice that the velocity eld ¢, v) is not speci ed, only its vertical shea@ u=@and
@v=@ Z his implies that the velocity must change with height. tfia case of Figurlgh-],
@ =@1s negative an@® v=@gz positive.) For example, the wind speed and direction aieso
height above the ground may be totally different from thasgraund level. The presence of
a vertical gradient of velocity also implies that the vetg@annot vanish, except perhaps at
some discrete levels. Meteorologists have named such ahethermal wind
Inthe case of pronounced density contrasts, such as acidssa warm fronts, a layered
system may be applicable. In this case (FidlEed), the system can be represented by
two densities (1 and ,, 1 < ») and two velocities\; andv,). Relation [[5.3 can be
discretized into

v o_ g .
z of  x’
where we take v=v; vy and = 5 1 to obtain
z
woves (e ) (15.5)
0 X

Theratio z= x is the slope of the interface. The equation is called\taggules relation
(Margules, 1906), although a more general form of the mafior zonal ows was obtained
earlier by Helmholtz (1888).

The thermal-wind concept has been enormously useful iryaimg) both atmospheric and
oceanic data, because observations of the temperaturetzerdvariables that in uence the
density (such as pressure and speci ¢ humidity in the aisatinity in seawater) are typically
much more abundant than velocity data. For example, knaygled temperature and mois-
ture distributions with height and of the surface wind (tarsthe integration) permits the

1Although thermal wind is a meteorological expression, aogsaphers use it, too, to indicate a sheared current
in geostrophic equilibrium with a horizontal density g
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Figure 15-2 The layered version of
Figure[I5=1, which leads to the Mar-
gules relation.

calculation of wind speed and direction above ground. Inoitean, especially in studies of
large-scale oceanic circulation, for which sparse cufneater data may not be representative
of the large ow due to local eddy effects, the basinwide rilisttion may be considered as
unknown. For this reason, oceanographers typically asshat¢he currents vanish at some
great depthé.g, 2000 m) and integrate the “thermal-wind” relations frorerén upward to
estimate the surface currents. Although the method is coemé(the equations are linear
and do not require integration in time), we should keep indrihmat the thermal-wind rela-
tion of I53) and [[5.9 is rooted in an assumption of strict geostrophic balandrii@usly,
this will not be true everywhere and at all times.

15.2 Geostrophic adjustment

We may now ask how situations like the ones depicted in FaJlEel and[I5-2 can arise.

In the atmosphere, the temperature gradient from the wanpics to the cold polar regions
creates a permanent feature of the global atmosphereughhsiorms do alter the magnitude
of this gradient in time and space. Ocean currents can bningear contact water masses
of vastly different origins and thus densities. Finallyastal processes such as fresh water
runoff can create density differences between saltiernwatiishore and fresher waters closer
to shore. Thus a variety of mechanisms exists by which diffemid masses can be brought
in contact.

Oftentimes, the contact between different uid masses¢en¢ and the ow has not yet
had the time to achieve thermal-wind balance. An exampleast&l upwelling: Alongshore
winds create in the ocean an offshore Ekman drift and theetieplof surface water near the
coast brings denser water from below (see later sectionisnctiapter). Such a situation is
initially out of equilibrium and gradually seeks adjustrhen

Let us explore in a very simple way the dynamical adjustmentvben two uid masses
recently brought into contact. Let us imagine an in nitelyegh ocean that is suddenly heated
over half of its extent (FigurE5=3a). A warm upper layer develops on that side, while the
rest of the ocean, on the other side and below, remainsvelatiold (FigurdI5=J). (We
could also imagine a vertical gate preventing buoyant wiaden spilling from one side to the
other.) After the upper layer has been created — or, equitlgyevhen the gate is removed —
the ocean is not in a state of equilibrium, the lighter swerfaater spills over to the cold side,
and an adjustment takes place. In the absence of rotatiingproceeds, as we can easily
imagine, until the light water has spread evenly over thig@iomain and the system has
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come to rest. But, this scenario, as we are about to notet ishmat happens when rotational
effects are important.

localized
heating
EREE
i
%%% % o air i X
ocean H ] 1= 0
0
(a) Initial state (b) Immediately after heating event

Figure 15-3 A simple case of
(c) After adjustment geostrophic adjustment.

Under the in uence of the Coriolis force, the forward acecet®n induced by the ini-
tial spilling creates a current that veers (to the right ia Morthern Hemisphere) and can
come into geostrophic equilibrium with the pressure dédfere associated with the density
heterogeneity. The result is a limited spill accompanied ligteral ow (FigurdIh=3).

To model the process mathematically, we use the reducedbgnaodel [[ZI9 on anf -
plane and where the reduced-gravity constaglis g( ¢  1)= o according to the notation
of Figurdl5=3b. We neglect all variations in thedirection, although we allow for a velocity,
v, in that direction, and write

@u @u _ o @h

@t+ u @x fv = g @x (15.6a)

@v @v

@t+@: @@; fu = 0 (15.6b)
ot @)ghu) = 0: (15.6¢)

The initial conditionsi(e., immediately after the warming event) are= v =0, h = H for

x < 0,andh =0 forx > 0. The boundary conditionsatev! Oandh! Hasx!1
whereas the velocity componantt the front is given by the material derivative= dx=dt
whereh = 0 atx = d(t), the moving point where the interface outcrops. This na@adm
problem cannot be solved analytically, but one propertybmstated. Fluid parcels governed
by the preceding equations conserve the following form efgibtential vorticity:
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f + @v=@x

h :
Initially, all particles haver = 0, h = H and share the same potential vortiaify= f=H .
Therefore, throughout the layer of light uid and at all tisyehe potential vorticity keeps the
uniform valuef=H :

(15.7)

f + @v=@x f
— i (15.8)

This property, it turns out, allows us to relate the initits to the nal state without having
to solve for the complex, intermediate evolution.

Once the adjustment is completed, time derivatives vaighation[[5.649 then requires
thathu be a constant; sinde = 0 at one point, this constant must be zero, implying that
must be zero everywhere. Equati@R{Gh) reduces to zero equals zero and tells nothing.
Finally, equation[[2.63 implies a geostrophic balance,

0 dh .
9 ax
between the velocity and the pressure gradient set by tipnglinterface. Alone, equation
@59 presents one relation between two unknowns, the veloaitythe depth pro le. The
potential-vorticity conservation principlE%.8), which still holds at the nal state, provides
the second equation, thereby conveying the informatiomethe initial disturbance into the
nal state.

Despite the nonlinearities of the original governing etprat [I5.63 through [[5.64d), the
problem at hand[I5.® and [[5.9), is perfectly linear, and the solution is relatively easy t
obtain. Elimination of eithev(x) or h(x) between the two equations yields a second-order
differential equation for the remaining variable, whichvats two exponential solutions. Dis-
carding the exponential that grows foit 1 and imposing the boundary conditibn= 0
atx = dlead to:

fv = (15.9)

h = H 1 exp XR—d (15.10)

v = pgWexp XR—d : (15.11)

whereR is the deformation radius, de ned by

R = ?—_LW ; (15.12)
andd is the unknown position of the outcrop (whdr@anishes). To determine this distance,

we must again tie the initial and nal states, this time by osjmg volume conservatifin

2The reason why we use a volume conservation to determinedhiaf position but let some energy be lost from
the system, and not the reverse, is rooted in the very difterature of mass and energy propagation. The latter can
be transported far away (to in nity) by waves without netpl&cement of uid, while mass propagation demands
advection by the ow.
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Ruling out a nite displacement at in nity where there is not&ity, we require that the
depletion of light water on the left of = 0 be exactly compensated by the presence of light
water on the right, that is,

Z, Zy

(H h)ydx = h dx; (15.13)
1 0

which yields a transcendental equationdiothe solution of which is surprisingly simple:

d=R= —~: (15.14)

Thus, the maximum distance over which the light water haldespin the adjusted state is
none other than the radius of deformation, hence the nanteedétter.

Notice thatR has the Coriolis parametérin its denominator. Therefore, the spreading
distanceR, is less than in nity becausk differs from zero. In other words, the spreading is
con ned because of the earth's rotation via the Corioli®eff In a non-rotating framework,
the spreading would, of course, be unlimited.

Lateral heterogeneities are constantly imposed onto thesghere and oceans, which
then adjust and establish patterns whereby these lateteiogeneities are somewhat dis-
torted but maintained. Such patterns are at or near gedstreguilibrium and can thus
persist for quite a long time. This explains why discontifas such as fronts are common
occurrences in both the atmosphere and the oceans. As tbedprg example suggests,
fronts and the accompanying winds or currents take placedistances on the order of the
deformation radius. To qualify the activity observed at {bagth scale, meteorologists refer
to thesynoptic scalewhereas oceanographers prefer to use the adjentg@scale

We can vary the initial, hypothetical disturbance and gateea variety of geostrophic
fronts, all being steady states. A series of examples, takempublished studies, is provided
in Figurel[3=4 They are, in order: surface-to-bottom front on a at bottowhich can
result from sudden and localized heating (or cooling); atefto-bottom front at the shelf
break resulting from the existence of distinct shelf andodeater masses; double, surface-
to-surface front; and three-layer front as the result oalazed mixing of an otherwise two-
layer strati ed uid. The interested reader is referred e toriginal articles by C. G. Rossby
(1937, 1938), the article by Veronis (1956), the review byrBén (1972), and other articles
on speci ¢ situations by Stommel and Veronis (1980), Hsuett @ushman-Roisin (1983),
and van Heijst (1985). Ou (1984) considered the geostrogdijicstment of a continuously
strati ed uid and showed that, if the initial condition isu§ ciently away from equilibrium,
density discontinuities can arise during the adjustmeatgss. In other wordgronts can
spontaneously emerge from earlier non-discontinuousitiond.

The preceding applications dealt with situations in whillré is no variation in one
of the two horizontal directions. The general case (see ldemat al, 1989) may yield a
time-dependent ow that is nearly geostrophic.
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Figure 15-4 Various examples of geostrophic adjustment.

15.3 Energetics of geostrophic adjustment

The preceding theory of geostrophic adjustment relied aergil-vorticity and volume
conservation principles, but nothing was said of energyiclvimust also be conserved in
a nondissipative system. All we can do, now that the solutiasmbeen obtained, is to check
on the budget, where a surprise is awaiting us!

Initially, the system is at rest and there is no kinetic epéktE ;| = 0), whereas the initial
potential energy (per unit length in the transverse dioeti

3To verify that [I2.Ib) is the correct form for the potentiakegy, solve Analytical Problem 12-2 and use as a
template for demonstration the approach used in estafdjgiriergy conservation for the two-layer system in Section

023
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1 %o
PE = 5 o gH 2 dx: (15.15)
1
Although this expression is in nite, only the differencettvithe nal potential energy will
interest us. So, there is no problem. At the nal state, thieaity u is zero, leaving the
kinetic energy to be

1 “d
KEf = = o hv? dx; (15.16)
2 1
and the potential energy is
1 Lo
PEr = 5 o gh? dx: (15.17)
1

During the spreading phase, some of the lighter water has taéged and some heavier
water has been lowered to take its place. Hence, the cengeawaty of the system has been
lowered, and we expect a drop in potential energy. Calaratyield

PE = PE; PEf = %

Some kinetic energy has been created by setting a transueremt. The amount is

0 PH?R: (15.18)

KE = KEy KE; = 132 0 g°H2R: (15.19)

Therefore, as we can see, only one-third of the potentiatggndrop has been consumed
by the production of kinetic energy, and we should ask: Wizt lappened to the other
two-thirds of the released potential energy? The answeritighe presence of transients,
which occur during the adjustment: Some of the time-depethah®tions are gravity waves
(here, internal waves on the interface), which travel tanity, radiating energy away from
the region of adjustment. In reality, such waves dissipirgathe way, and there is a net
decrease of energy in the system. The ratio of kinetic-gngmgduction to potential-energy
release varies from case to case (Ou, 1986) but tends tomrdraaveen 1/4 and 1/2.

An interesting property of the geostrophically adjustedests that it corresponds to the
greatest energy loss and thus to a level of minimum energyus. demonstrate this proposi-
tion in the particular case at hand. The energy of the sysdeahall times

A
E = PE + KE = 70 g2 + h(u? + v3)]dx; (15.20)
1

and we know that the evolution is constrained by consematigotential vorticity:

A (15.21)

@x H

Let us now search for the state that corresponds to the Iqesstble level of energyIE.20),
under constrainflle.2) by forming the variational principle:
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Z+l
g2+ h(u? + v?) 2 f+%)‘: % dx  (15.22)

F=0 forany h; u; v and : (15.23)

Because expressidfif.20) is positive de nite, the extremum will be a minimum. The izar
tions with respect to the three state varialfieg, andv and the Lagrange multiplier yield,
respectively:

F(huv, )= 70
1

heo g %(uz )+ L_ -0 (15.24a)

u: hu = (15.24b)

Vo hv + %x: 0 (15.24c¢)
@v f _ .

ft ox H h=0: (15.24d)

Equation [[5.24D) providesu = 0, whereas the elimination of between[[5.24% and
=248 leads to

— gh+ v+ L—( hv) = 0;
or,

p@h, , @t
@x @x H
Finally, use of [[5.244 reduces this last equation to
g° %h
X
In conclusion, the state of minimum energy is the state inctvhivanishes, and the cross-
isobaric velocity is geostrophic — that is, the steady, gephic state.

It can be shown that the preceding conclusion remains valithé general case of ar-
bitrary, multilayer potential-vorticity distributiongs long as the system is uniform in one
horizontal direction. Therefore, it is a general rule thabsfrophically adjusted states cor-
respond to levels of minimum energy. This may explain whypissical ows commonly
adopt a nearly geostrophic balance.

fv = 0:

15.4 Coastal upwelling
15.4.1 The upwelling process

Winds blowing over the ocean generate Ekman layers andrasrreThe depth-averaged
currents, called the Ekman drift, forms an angle with thedyimhich was found to be 9qto
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Figure 15-5 Schematic development of coastal upwelling.

the right in the Northern Hemisphere) according to a simpd®ty (Sectiofg.d). So, when a
wind blows along a coast, it generates an Ekman drift dicketéher onshore or offshore, to
which the coast stands as an obstacle. The drift is offslithhe iind blows with the coast on
its left (right) in the Northern (Southern) Hemisphere (FglI5-5). If this is the case, water
depletion occurs in the upper layers, and a low pressurargéisrcing waters from below
to move upward and replenish at least partly the space \&gtéhe offshore drift. This
phenomenon is callecbastal upwelling The upward movement calls for a replenishment at
the lower levels, which is accomplished by an onshore owegitth. To recapitulate, a wind
blowing along the coast (with the coast on the left or thetrighrespectively, the Northern
or the Southern Hemisphere) sets an offshore current ingperdevels, an upwelling at the
coast, and an onshore current at lower levels.

This circulation in the cross-shore vertical plane is netilinole story, however. The low
pressure created along the coast also sustains, via gelogtan alongshore current, while
vertical stretching in the lower layer generates relatiogivity and a shear ow. Or, from a
different perspective, the vertical displacement crelattesal density gradients, which in turn
call for a thermal wind, the shear ow. The ow pattern is thieher complex.

At the root of coastal upwelling is a divergent Ekman drifndA we can easily conceive of
other causes besides a coastal boundary for such divergbmaether upwelling situations
are noteworthy: one along the equator and the other at highdas. Along the equator, the
trade winds blow quite steadily from East to West. On the hreart side of the equator, the
Ekman drift is to the right, or away from the equator, and angbuthern side, it is to the left,
again away from the equator (FigliiB=8). Consequently, horizontal divergence occurs along
the equator, and mass conservation requires upwellingh{tfas1959; Gill, 1982, Chapter
11).

At high latitudes, upwelling frequently occurs along the é@lge, in the so-called marginal
ice zone. A uniform wind exerts different stresses on ice@yeh water; in its turn, the mov-
ing ice exerts a stress on the ocean beneath. The net effeedbmplex distribution of stresses
and velocities at various angles, with the likely result tiv@ ocean currents at the ice edge
do not match (FigurE5=8). For certain angles between wind and ice edge, these ¢sirren
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Figure 15-6 Other types of upwelling: (a) equatorial upwelling, (b) wgling along the ice edge.

diverge, and upwelling again takes place to compensatdédivergence of the horizontal
ow (Hakkinen, 1990).

The upwelling phenomenon, especially the coastal typepbas the subject of consid-
erable attention, chie y because of its relation to biotjioceanography and, from there, to
sheries. In brief, small organisms in the ocean (phytojgtan) proliferate when two con-
ditions are met: sunlight and a supply of nutrients. In gahatutrients lie in the deeper
waters, below the reach of sunlight, and so the waters telagkeeither nutrients or sunlight.
The major exceptions are the upwelling regions, where dagpient-rich waters rise to the
surface, receive sunlight, and stimulate biological atgtivJpwelling-favorable winds most
generally occur along the west coasts of continents wheretévailing winds blow toward
the equator. For a review of observations and a discussitimedbiological implications of
coastal upwelling, the interested reader is referred todheme edited by Richards (1981).

15.4.2 A simple model of coastal upwelling

Consider a reduced-gravity ocean onfaplane € > 0), bounded by a vertical wall and
subjected to a surface stress acting with the wall on it{fefiurel5=9a). The upper moving
layer, de ned to include the entire vertical extent of thentdn layer, supports an offshore
drift current. The lower layer is, by virtue of the choice akaluced-gravity model, in nitely
deep and motionless. In the absence of alongshore vasatimmequations of motion are

@u @u _ o @h
_t + U _X fv = g _X (15.253)
@v @v _
_t + U _X+ fu = —oh (15.25b)
@h, @ - n-
o) = 0; (15.25c)

wherex is the offshore coordinate,is the alongshore wind stress, and all other symbols are
conventional (FigurBE5=1b).
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Despite its apparent simplicity, the preceding set of dquatis nonlinear, and no ana-
lytical solution is known. We therefore linearize these atépns by assuming that the wind
stress and, in turn, the ocean's reaction are weak. Noting H  a, whereH is the depth
of the undisturbed upper layer aadhe small upward displacement of the interface, we write

@u _ o@a
@v _
@a @u _ .
o H_@x = 0: (15.28)

This set of equations contains two independederivatives and thus calls for two boundary
conditions. Naturally vanishes at the coast € 0) anda vanishes far offshorex(! +1 ).
The solution to the problem depends on the initial cond#jomhich may be taken to

correspond to the state of the rest£ v = a = 0). Yoshida (1955) is credited with
the rst derivation of the problem's solution (extended teot moving layers). However,
because of the uctuating nature of winds, upwelling is haamn isolated event in time, and
we prefer to investigate the periodic solutions to the pdewglinear set of equations. Taking

= psin !t , where ¢ is a constant in both space and time, we note that the soloticst
be of the typau = up(x)sin It , v = vg(x)cos!t anda = ap(x)cos!t . Substitution and
solution of the remaining ordinary differential equations yield

fo X ,
= - e |
u HGZ 179 1 exp R~ sintt (15.29a)
Vv = |—0 1 ﬁ ex L cos |t (15 29b)
= OH (f 2 | 2) | 2 p R! . .
le 0 X
= - - - - It:
a SoH exp = cost; (15.29¢)
whereR, is a modi ed deformation radius de ned as
s
_ gH

From the preceding solution, we conclude that the upweltindownwelling signal is
trappedalong the coast within a distance on the ordeRof Far offshorex ! 1 ), the
interfacial displacement vanishes, and the ow eld redsite the Ekman drift

Ugk sinlt; veggx = 0: (15.31)

0
ofH
At long periods such as weeks and mornths f), the distanc&, becomes the radius of
deformation, the vertical interfacial displacements Imeewery large (indeed, the wind blows
more steadily in one direction before it reverses), anddhedid inertial oscillations become
much smaller than the Ekman drift. Obviously, for very lavgetical displacements and low
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frequency, we must ensure that tBe linearization hypothesnains validi.e., jaj H. In
terms of the forcing and witR, =f , this condition translates into

0 p
o'H

a condition for which an interpretation will soon be found.

At superinertial frequencies ¢ f ), the quantityR, becomes imaginary, indicating
that the solution does not decay away from the coast butadstscillates. Physically, the
ocean's response is not trapped near the coast and ineatiygwaves (Sectio®.J are
excited. These radiate outward, lling the entire basinughdepending on its frequency, the
energy imparted by the wind to the ocean may either remaadileed or be radiated away.

gH; (15.32)

15.4.3 Finite-amplitude upwelling

If the wind is suf ciently strong or is blowing for a suf cietty long time, the density in-
terface can rise to the surface, forming a front. Continu@tvaction displaces this front
offshore and exposes the colder waters to the surface. Tatigrenstate is calletull up-
welling (Csanady, 1977). Obviously, the previous linear theorptsapplicable in such case.
Because of the added complications arising from the noaitities, let us now restrict
our investigation to the nal state of the ocean after a windré of nite duration. Equation

[@525D, expressed as

%(v + fx) = (15.33)

“oh”’
whered=dt = @ =@ u@=@ig the time derivative following a uid particle in the offsine
direction, can be integrated over time to yield:

(Vv + X)at end of event (v + fx )initially =L (15.34)

Thewind impulsd is the integration of the wind-stress term, gh, over time and following
a uid particle. Although the wind impulse received by evergrcel cannot be precisely
determined, it can be estimated by assuming that the winat é&veelatively brief. The time
integral can then be approximated by using the local strals®\and replacing by H :
1 z
Y — dt: (15.35)
oH event
If the initial state is one of rest, relatiofi%.39 implies that a particle initially at distance
X from the coast is at distanceimmediately after the wind ceases and has an alongshore
velocity v such that

v + fx fX =1 (15.36)

During adjustment and until equilibrium is reached, Equa{l5.33 (with = 0) implies
that the quantity + fx remains unchanged, and relatifita(3%) continues to hold after the
wind has ceased.

If a spatially uniform wind blows over an ocean layer of umifodepth, the drift velocity,
too, is uniform, and no vorticity is imparted to uid parcel$lence, potential vorticity is



450 CHAPTER 15. STRATIFIED ROTATING FLOWS

conserved during a uniform wind event over a uniform layee(also Analytical Problem
15-9). After the event, in the absence of further forcingeptial vorticity remains conserved
throughout the adjustment phase:

1 @v f

= + = = —: .

h f @x H (15.37)
Once a steady state has been achieved, there is no longeffstmyre velocity (1 = 0),

according to[[2.25). The remaining equationI%. 258, reduces to a simple geostrophic

balance, which together witfl5.3) provides the solution:

h = H Aexp = (15.38)
. R
_ q° X
v = A w exp R (15.39)

whereR is now the conventional radius of deformatianﬂUWm‘ ). The constant of integra-
tion A represents the amplitude of the upwelled state and is cetatthe wind impulse via
[@539. Two possible outcomes must be investigated: Either ttexface has not risen to
the surface (Figuf&5=4 case ) or it has outcropped, forming a front and leaving ewmters
exposed to the surface near the coast (Fified case ).

In case |, the particle initially against the coaxt € 0) is still there & = 0), and relation
(=39 yieldsv(x = 0) = |. Solution meets this condition iA = | (H=g%*2.
The depth along the coast(x = 0) = H A, must be positive requiring  H; that s,

I (g°H)*2. In other words, the no-front situation or partial upwedliof case | occurs
if the wind is suf ciently weak or suf ciently brief that itgsesulting impulse is less than the
critical value(g™ )*=2.

In the more interesting case Il, the front has been formediftaamparticle initially against
the coastX = 0) is now at some offshore distance € d  0), marking the position
of the front. There the layer depth vanishbéx = d) = 0, and solution[[5.39 yields
A = H exp(d=R). The alongshore velocity at the front is, accordindfB.B9Y, v(x = d) =
(g®H)*2. Finally, relation [[5.38) leads to the determination of the offshore displacerdent
in terms of the wind impulse:

d= - R (15.40)

Since this displacement must be a positive quantity, itgsired thal  (g°H )2, Phys-
ically, if the wind is suf ciently strong or suf ciently prtonged, so that the net impulse is
greater than the critical valug®™ )72, the density interface rises to the surface and forms a
front that migrates away from shore, leaving cold wateraftzelow exposed to the surface.
Note how the conditions for the realizations of cases | ambhhplement each other.

Note in passing how conditiofff.32 can now be interpreted. Its left-hand side is the
wind impulse over a time periot=! , which must be small compared to the critical value
(g°H)*2, in order to remain far away from the outcropping situatishich would invalidate
the linearization assumption.
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Figure 15-7 The two possible out-
comes of coastal upwelling following
an alongshore wind of nite duration.
After a weak or brief wind (case ),
the interface has upwelled but not to
the point of reaching the surface. A
strong or prolonged wind event (case
II) causes the interface to reach the sur-
face, where it forms a front; this front
is displaced offshore, leaving cold wa-
ters from below exposed to the surface.
This latter case corresponds to a mature

upwelling that favors biological activ-
After adjustment, case Il ity.

Formula [[540 has a simple physical interpretation, as sketched in EiiGed The
offshore Ekman velocityigk is the velocity necessary for the Coriolis force to balarme t
alongshore wind stress:

Uek = th; (15.41)

according to[8.343. Integrated over time, this yields a net offshore dispiaest propor-
tional to the wind impulse

XEk = (15.42)

e
If we were now to assume that the wind is responsible for ashoffe shift of this magnitude,
while the surface waters are moving as a solid slab, we woetidhge intermediate structure
of FigureI5=8 But such a situation cannot persist, and an adjustmentfiwlisy, causing an
onshore spread similar to that considered in Sefl@— that is, over a distance equal to
the deformation radius. Hence we have the nal structureigdifelIl5-8and formulal[5.40).
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Figure 15-8 Decomposition of the formation of a coastal-upwelling fras a two-stage process: rst,
an offshore Ekman drift in response to the wind, followed thaakward geostrophic adjustment.

15.4.4 Variability of the upwelling front

Up to this point, we have considered only processes operatithe offshore direction or,
equivalently, an upwelling that occurs uniformly alongaight coast. In reality, the wind is
often localized, the coastline not straight, and upwellingat all uniform. A local upwelling
sends a wave signal along the coast, taking the form of amiait&elvin wave, which in the
Northern Hemisphere propagates with the coast on its righits redistribution of informa-
tion not only decreases the rate of upwelling in the forcgibrebut also generates upwelling
in other, unforced areas. As a result, models of upwellingtmetain a sizable portion of the
coast and both spatial and temporal variations of the wild (€répon and Richez, 1982;
Brink, 1983).

Because the upwelling front is a region of highly shearedenis, it is a likely region
of instabilities. In the two-layer formulation presentedthe previous section, this shear
is manifested by a discontinuity of the current at the frohlhe warm layer develops anti-
cyclonic vorticity (.e., counter to the rotation of the earth) under the in uence eitical
squeezing and ows alongshore in the direction of the wind. tRe other side of the front,
the exposed lower layer is vertically stretched, develgutonic vorticity (i.e., in the same
direction as the rotation of the earth), and ows upwind. Tugrents on each side of the
frontthus ow in opposite directions, causing a large shednich, as we have seen (Chapter
[I0), is vulnerable to instabilities. In addition to the kiretinergy supply in the horizontal
shear (barotropic instability), potential energy can dsaeleased from the strati cation by
a spreading of the warm layer (baroclinic instability; séegteilld). Offshore jets of cold,
upwelled waters have been observed to form near capes; jetsseut through the front,
forge their way through the warm layer, and eventually $plform pairs of counter-rotating
vortices (Flamengt al,, 1985). This explains why mesoscale turbulence is assatiaith
upwelling fronts (see for example Figut&-9and the article by Strubt al, 1991).

The situation is complex and demands careful modelinggllaities in the topography
and coastline may play in uential roles and require adegspttial resolution, while accurate
simulation of the instabilities is only possible if numetiiclissipation is not excessive in the
model.
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Figure 15-9 SeaWiFS satellite image of the North American Paci ¢ codsiveing the occurence of
coastal upwelling from Baja California (Mexico) to Vancaunsland (Canada). Colors indicate the
amount of chlorophyll concentration in the water, with higdlues (red and orange colors) in regions
of high biological activity and low values (blue and purpt#ars) in biologically inactive waters. Note
how instabilities greatly distort the upwelling front (rsition from yellow to light blue color). Gom-
posite image provided courtesy of Dr. Andrew Thomas, Safddarine Sciences, University of Maine,
USA
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Figure 15-10 Typical evolution of fronts approaching Belgium (the datkaded country). Warm fronts
are identi ed by semicircles, cold fronts by triangles. Téide of the front on which the symbols are
plotted indicates the direction of the frontal movement: the cold front in the lower center of the rst
panel, there is cold air on the western side of the front, twianoving eastward. Indeed, by the next
day (middle panel), the front has passed over Belgium froret\ideEast. A day later (right panel), this
front has disappeared from the map. Meanwhile, a warm fras@ppeared from the West followed by
a cold front rapidly catching up with it. Once the cold froristovertaken the warm front, the warm air
that was in the wedge between fronts has been lifted up aral@wger present at the surface. The new
front, called an occluded front, has cold air on both sides depicted by alternating semicircles and
triangles (upper-central part of the right paneRogal Meteorological Institute Belgiym

15.5 Atmospheric frontogenesis

Atmospheric fronts are sharp boundaries between cold amoh\a& masses and have be-
come familiar features of daily weather forecasts. A cotthfr depicted in weather charts
as a line with spikes (FigufE5-10), occurs when a colder air mass overtakes a warmer air
mass, thus lowering the temperature where it passes. Imasbna warm front, depicted in
weather charts as a line with semicircles, occurs when a veérmass overtakes a cold air
mass, thereby raising the local temperature. The procesehiph sharp temperature gra-
dients naturally form in the atmosphere is calfeshtogenesisand is readily identi ed on
temperature maps (FigUlB-1). The wordfrontwas rst coined by Vilhelm Bjerknébwho
initiated the study of cyclone and front formation duringNtioNar | and suggested an anal-
ogy between the meeting of two atmospheric air masses andlitarynline, called a front.
The study of frontogenesis has a long history, and the readgrwish to consult the semi-
nal papers of Sawyer (1956), Eliassen (1962), and HoskidBagtherton (1972). A more
detailed mathematical presentation than the one givendarde found in Pedlosky (1987,
Section 8.4).

The physical processes involved in frontogenesis are aaxnphd we will start the anal-
ysis with a kinematic study to understand how a given vejoeitd can lead to a deformation
of a thermal distribution that intensi es temperature geads. Because observations reveal
that the generation of a front is a relatively fast proceggictlly taking no more than a
day, we may neglect local heating effects. Also, creatingatfby local differential heating
would require heat uxes that exhibit sharp gradients, alikety situation. Hence we focus
on temperature changes induced by advection only.

The simplest example (Figuli;s-12 assumes a horizontal velocity eld given by

4See biography at the end of Chapter 3.
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Figure 15-11 Temperature eld corre-
sponding to the middle panel of Fig-
ure 15-10. Note how the cold front is
chasing the warm air eastward. Some
of the warm air is also lifted by the
advancing cold air, creating condensa-
tion. This explains the rainfall accom-
panying cold fronts. Royal Meteoro-
logical Institute Belgium

u=1 v = ly (15.43)

in which! is a deformation rate. We note that this velocity elds saisvolume conserva-
tion

@u _ @v_
@x @y
implying that the vertical velocity is zero over a at surggavhich we assume.
Suppose now that this ow eld advects a temperature eldlwiiiitial gradient in they-

direction. Neglecting turbulent mixing, compressibiblityd heating, temperature is conserved
by individual uid parcels, and the temperature eld is is\gwned by the advection equation:

0; (15.44)

dr @T+ @T+ @T _

G T @t u@X V@y = 0: (15.45)
A differentiation of this equation with respectxtagives
d @T _ Q@T,
i ox - ' ax (15.46)

Since the initial temperature gradient was exclusivelyhiet-direction, it follows that
@ T=@was initially zero and remains zero at all subsequent tinkks1ce, the temperature
gradient may change in intensity but not in direction.

More interestingly, differentiation ofl6.45 with respect toy yields
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Figure 15-12 Frontogenesis induced
by the ow eld u = Ix ,v =

ly . A collection of uid parcels
forming a rectangle around = O,
y = 0:9 stretches in the-direction
as it progresses downstream. By the
time parcels have reached = 0:2
(lower rectangle in the gure), conver-
gence in they-direction has squeezed
the uid parcels, as required by vol-
ume conservation to compensate for
the divergence in th&-direction. The
rear parcels have partly caught up with
the front parcels. Without heating or
cooling, temperature is conserved by
individual uid parcels, and any pre-
existing temperature gradient in tie
direction is intensied. A front oc-
curs when an in nite temperature gra-
dient can be formed in a nite time.
‘ [Frontogenesis.m may be used to
-1 0.8 0.6 0.4 0.2 0 0.2 0.4 06 038 1 track other groups of uid parcels.]

d @1 _, et

dt @y @y
which shows that the magnitude of the temperature gradiemeases exponentially with
time:

(15.47)

@T_ @T .
€

— = — ; 15.48
@y @y, ( )

following a uid parcel. The evolution of thg position of a given air parcel is governed by
% =v= ly ) y=yel: (15.49)

Hence all uid parcels are converging towayd= 0. In other words, two parcels with iden-

tical x coordinates initially separated by a distangg see their distance shrink over time.
Because each conserves its initial temperature, the teysergradient increases accord-
ingly.

We now understand how advection can intensify temperatadignts, but in keeping the
ow eld unchanged we omitted to consider the fact that therigasing thermal gradient can
in turn affect the dynamics. Indeed, a stronger thermaligrads bound to produce a larger
thermal wind, and this is expected to modify the wind velptitat advects the temperature.
In other words, there is two-way coupling between velocitg geemperature elds. This, it
turns out, accelerates the process, and an in nite temperatradient can be reached in a
nite time.
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As dynamics accelerate and shorter length scales arisstrgpby is in jeopardy, and our
model needs to retain the effects of nonlinear accelerditi@ntia). However, frontal regions
are characterized by strong spatial anisotropy, with staeptions across the front and weak
variations along the front. Thus, our model may retain gepéty in only one direction. This
leads to a semi-geostrophic approach (Hoskins and Bretietr972).

With the x-axis aligned with the front, the strong gradients are ilytftérection, and the
geostrophic velocity componentus The weakew velocity is the one for which geostrophic
breaks down. Density (in which temperature is subsumedt&med as a dynamically im-
portant variable, and the semi-geostrophic equations@h-fflane are:

w o~ 1@

5 fv = ~Ox (15.50a)
ffu = EO%S (15.50b)

gT = EO%S (15.50c)

%§+ %;+ %"Z" =0 (15.50d)
%—I = 0; (15.50€)

which forms a set of ve equations for ve variables, namehgtthree velocity components
(u, v, w), pressure and temperaturé . Note that the density was eliminated by using a
linear equation of state, and thktis measured from the temperature at which density is
The acceleration terrdu=dt is kept next to the Coriolis terrfv in the rst equation

becausau is large andv small, breaking geostrophic balance in thenomentum budget.
Note also that the full material derivative is retained ia tst and last equations:

£= —@+ u@+v—@+ W—@: (15.51)

a @t @x @y @z
The thermal wind balance is obtained by combining thaerivative of ((5.508 with the
y-derivative of (15.50¢:

@u _ g @T,
Next, we de ne the following quantity:
@u @T, @Qu@T
= f = —+ ——; 15.53
a @y @z @y (15:59)

which is a form of potential vorticity. Thig| variable is useful because it is conserved by
moving uid parcels. Indeed, some tedious algebra showsstiigapreceding equations yield
the simple conservation equation:

dg _ .
o = O (15.54)
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To work with a model that is as simple as possible, we resbuctattention to a ow in
which g is initially zero everywhere. Witlg conserved by uid parcels over timg,remains
zero everywhere at all subsequent times:

@Qu @T, @W@T_

' @y @' @@y (15:59)

As we will see shortly, this type of ow has simple attributdsat facilitate mathematical
developments, but it is not degenerate.

We now become more speci ¢ about the ow eld, choosing thdatenation eld used
earlier in this section with the addition of terms to re ebetfact that sharpening thermal
gradients will affect the thermal wind balance and thus tbe eld itself. We assume a
solution of the type:

u = +Ix + uly;z) (15.56a)

=y + VAyizit) (15.56b)
p = of! xy % ol 2x2 + pAy:z;1) (15.56¢)
wo= w(y;z;t) (15.56d)
T = T(y:z;t): (15.56€)

In writing these expressions, care was taken to include énptlessure eld terms that are
in geostrophic balance with the basic deformation €l ( !y ). Further, because of the
anisotropy of the front, we anticipate that all componesidafrom the basic deformation
eld are independent of the coordinate Insertion into Equationsl6.5Q yields

o + lu fvl = 0 (15.57a)
1 @p
fu® = = =7 15.57b
. 0 @y ( )
_ @p
09T = @z (15.57¢)
@% ow _
@y+ @ - 0 (15.57d)
dT _
s 0: (15.57€)

No linearization was applied, and the material derivativelb.573 and (L5.578 is the origi-
nal one except for the-derivative, which is now nil. We carefully note that thealbtelocity
v appears in this material derivative. The thermal-windtrefa(15.52 andq = 0 equation
(15.59 become
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@§ g @T
— = - — 15.58
@z f @y ( )
@i @1, e@feT
f — —+ —— =0 15.59
@y @z @z@y ( )
Next, we de ne the so-called geostrophic coordinate
uO
Y =y T (15.60)

which combines thg coordinate along which gradients occur and the ow in th@skeerse
direction. This quantity has a simple material derivative:

dy
[ |
== 1Y (15.61)

becausely=dt = v. With this new variable substituting far°, Equation {5.59 (expressing
g=0) becomes

@Y@T @YQ@T_ ..
@ye: @zaey (15:62)

which can be recast as

@Y=@y Q@T=@y
@Y=@z @T=@z
This last equation states that the sl&@ef theY lines in the vertical planey( z) is every-

where equal to the slope of tielines. This means that the lines of const&ntoincide with
the lines of constarik (isotherms), and we can write:

S: (15.63)

Y = Y(T;t); (15.64)

expressing the fact that in thg,(z) plane, the functiorY is constant wherd@ is constant.
Here, timet plays the role of a parameter.

Exploiting the thermal-wind relatior16.59, the slopeS of isotherms can be expressed
in terms ofY andT as

@T=@y f? @Yy=@z f? @Y.
@T=@z g @T=@z g @T
which takes advantage of the fact théatis a function of T. This makes tha$, too, is a
function of only temperatur€é (and, parametrically, timg. Logic then imposes that, 8 is
unchanging along an isotherm, this isotherm has uniformesbnd is thus a straight line. It
follows that all isotherms are straight lirfesNote that the slope may vary from isotherm to
isotherm, with some more inclined than others, and thatltthyigesof an individual isotherm
may change over time.

S =

(15.65)

5That isotherms are straight lines can be traced to the claoicé .
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Next, we return to Equatiorib.61) governing the temporal evolution ¥f. Using the fact
thatY is not a function of but a function of onlyT and time, and the fact thdif =dt= 0,
we obtain:

dy @Y @YdT
— = — + = — 15.66
G " @ty | @T (1566)
@ 1Y: (15.67)
@tT=const
Its solution is
Y = Yo(T)e "; (15.68)

in which Yy is the initial distribution ofY, a function of T only, which we do not need to
specify.
Passing fronY to S with (15.65, we have

f2dYo .
g aT e (15.69)
The slope of each isotherm is thus reduced over&ime more so along certain isotherms
than others. It now remains to determine how different isotts compare to one another.

To obtain displacements, we rst integrate theelocity component vertically between
horizontal and impermeable/(= 0) boundaries, for example a at land or sea surface below
and the tropopause above. Volume conservatl&ny7d dictates

@ _

@y
wherev is the vertical average of the full velocity componerghot justv®). Assuming that
thev velocity is the deformation eld !y at large distances from the region of interest, the
frontal region, Equation1(5.7(Q tells that the average velocityis everywhere ly . This
means that a uid column, on average, moves towgrds) and that they distance between
neighboring columns decreases exponentially over time.

! (15.70)

Figure 15-13 The distance between
two isopycnals at mid-height decreases
overtimeas=  oe "

6This can also be proven by direct manipulation of the goveymiquations, see Analytical Problem 15-13.
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Because tilting around = H=2 does not change the volume between two isotherms,
which are material surfaces sin€as a conserved quantity, the distancédetween two lines
at mid-levelz = H=2 must decrease exponentially accordingto  ¢e " . This means
that they position of a given isotherm at mid-level H=2is none other than the geostrophic
coordinateY . Further, by de nition of the slop&, we are entitled to write explicitly

z H=2
S :
While this last equation appears to givein terms ofy andz, it is best to see it as giving the
(y, z) structure of the isotherms in terms of the variabfeandS, which depend only ot
and time. Since we know hoW andS vary in time, we can determine the evolution of each
isotherm from its initial state.
Given an initial, monotonic temperature distributiorzat H=2, say

Y = (15.71)

T(y;z=H=2,t=0) = F(y); (15.72)

the inverse functio = F 1, which exists becausé is monotonic, provides the initial
distribution of the geostrophic coordinate in terms of tenaure

Yo = G(T); (15.73)

sinceY = y atz = H=2. Note that, likeF, the functionG is monotonic, too. The initial
slope of an isotherm is known to be

f2 dYo
So(T) = g ar (15.74)

We then proceed with the relatios = Yge ' andS = Sge " to track individual
isotherms over time. Figurb-14shows a plot made using the castfrontogenesis.m
using an initial temperature distributién with a slightly enhanced gradient ngar 0.

We note that isotherms become gradually less steep, aoga@{15.69. This is a form
of gravitational relaxation with the denser uid (colder @i the lower left region) intruding
under and lifting the lighter uid (warmer air in the uppeghit region). Slacking of isotherms
is accentuated in the center where the initial temperata@ignt was slightly larger (smaller
value ofjdYp=dTj). Gradually, some isotherms overtake their neighbors a&gihtto cross.
A pair of discontinuities forms in a nite time. Discontinigs rst appear at the top and
bottom boundaries and then propagate inward, toward miel;lehere they eventually meet.
Physically, a temperature discontinuity is interpretecdsont, a place where temperature
varies very rapidly over a very short distance. Note thath@nlower (upper) boundary the
discontinuity appears for a positive (negative) valug pivhich is on the warm (cold) side
of the convergence region de ned from the basic deformatien v = ly . The shift is
attributed to thes’ component of the ow eld.

According to (5.79), the intersection of an isotherm with the bottom surface=(0)
occurs at position

H | H |
Yo=Y 55 = Yoe . Z—Soe”; (15.75)

or, using 5.79,
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Figure 15-14 Evolution of isotherms in a vertical plane during frontogsis. Note how isotherms
become gradually less steep in the center. Eventuallygiastl), some isotherms overtake their neigh-
bors, and overlap occurs. Physically, a discontinuity,ohhive call a front, has been formed in a nite
time. Note that discontinuities rst appear at the top anttdoa boundaries. Later (not shown), they
propagate inward, toward the mid-level.
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gH 1 +1t

= Y, 't ~ -
Yo o€ 27 dYe=dT =
H dT
- w o, 9 +lt .
Yo € 27 dYq e (15.76)

Two neighboring isotherms begin to intersect when theiugtbposition coincides, that
is, when they share the same ground positigmwhile retaining their distinct temperatures.
Mathematically, this is expressed by a vanishing variadiy), for a non-zero variation of ,
ie,

@y _ .

a1 0: (15.77)
Switching from the variabld to the variableYy, which is in monotonic relation with it
((15.73), we may transform the preceding condition into

%’, = 0; (15.78)
which yields
\ gH d’T
e + = ——e' =0: (15.79)
212 dvg

In this last equation the second derivatil?d =d Y is known from the initial temperature dis-
tribution at mid-level, 15.79—(15.73. Therefore, for every isotherm for which this second
derivative is negative, there exits a nite timegjiven by

1 2f 2
t = jln gH ( T=dv7) (15.80)
for which condition (5.77 is met. At that time, the isotherm begins to intersect iig/nleor,
and a temperature discontinuity appears. A front occuisn@tt which is the shortest of all

possible times given above:

1 2f 2
ty = 2 In OH I =0 (15.81)
To make this result somewhat more concrete, imagine thedowaiey running northward
and toward colder air (case of Figuit®-14. In that casadYy=dT is negative and so is
dT=d¥. Finding the maximum of negativ#®T=dY? is then equivalent to selecting the
isotherm marking the place where the initial mid-level temgiure decreases fastest with
latitude.

Once isotherms begin to intersect, the temperature eldiess multi-valued, and the
mathematical solution loses physical signi cance. Initgatlissipative process (dynamic in-
stabilities, friction and diffusion) become signi cante&ping temperature as a unique func-
tion of space and thermal gradients large but nite.
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15.6 Numerical handling of large gradients

A common characteristic of the preceding sections is theagmce and motion of strong
gradients, which we call fronts. If we were to apply numdrteahniques on a xed grid to
describe such fronts, we would immediately face the probidémeeding very high spatial
resolution. Indeed, to represent adequately a front in ¢nzbintal, we would need to ensure

X L, where x is the horizontal grid spacing ard the frontal length scale to be
resolved, and this length scale can become very small across a front. High resolution
spanning the model domain is most often very expensive ctatipoally, and it would be
preferable to restrict high resolution to the frontal regid’his can be achieved mesting
approaches, thatis, embedding higher resolution modelsaarser resolution models where
needed€.g, Spall and Holland, 1991; Bartbt al, 2005). In this case, the abrupt change
in grid size at the junction between models may lead to nuwakgproblems and require
particular care (Numerical Exercise 15-9). To improve thethnd, we can allow the grid
spacing to vary gradually, rather than suddenly, acrosddheain.

Such a method based on variable resolution was already siegigehen we discussed
time discretization (see Figure1Q). At that point we mentioned the problem of a sudden
reduction in time scale, which we overcame with shorter tgteps during the duration of
the event. Our concern now is with space discretization,wwadeek a method that uses
non-uniform resolution in some optimal way.

We rst distribute a series of points; according to a known function, sdy(x), which
may or may not be directly related to one of the variables efgtoblem, and think that an
optimal placement of points is such that, on average, diffees inf are similar between
adjacent points. In this way, regions of large variation$ afill be more densely covered
than regions of mild variations. To keep variations contstia@m point to pointj.e.,

jfia  fij = const (15.82)

wheref; stands for the known value of at locationx;, we seek a monotonic coordinate
transformation of the type

X = x(;t) (15.83)

with the variable uniformly distributed whilex is not. In terms of the new coordinate
uniform variation inf means

@f

— = cons 15.84

@ f ( )
or, after taking the derivative with respect tp

@ @f

— — =0: 15.85

If we express the variations 6fin terms of its original and physical variabte the problem
reduces to nding the functior( ) that satis es

@ ef ex

s oxe - © (15.86)
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Since we are interested in discretized problems, we seardhé discrete positions
that obey

af _ . ef
@Xi+1=z (Xl+l XI) @Xi 1=2

in which we have taken =1 without loss of generality.

This equation is nonlinear because derivative$ ohust be calculated at yet unknown
locations. To overcome this quandary, an iterative metsagsed (see iterative solvers of
Section5.6):

(xi X 1) =0; (15.87)

" #
(k+1) _ (k) @f () ) @f ) k) .
X: =X+ t = X: X; — X; X; ; 15.88
i i @Xi+ - ( i+1 i ) @Xi - ( i i1 ( )

in which the superscriptk)is merely an index counting the iterations on the way to the
solution,i.e., a pseudo-time. If the method convergleg‘,”) = xi(k) eventually, and the
vanishing of the bracketed part ihg.8§ tells that the solution has been found.

The preceding iterative method can be interpreted as thericahsolution of a pseudo-

evolution equation for the grid-nodes:

@x_ @ ofex.

@t @ @x@
where the coef cient is an adjustable numerical parameter that determines hasklgu
the solution is obtained. If the numerical calculation of tjradients of proceeds with

straightforward centered differences, then the rule otten (15.88 reduces to:

(15.89)

h i
k k k k k
(k) 4 t fi(+1) fi() fi() fi()l

Xi(k+1) = X

; (15.90)

in whichfi(k) stands foif (xi(k)). The algorithm is complemented with prescribed values of
x on the known boundary positions.

A problem with this formulation appears when the functiois constant over large parts
of the domain. By construction, such regions will be void nfignodes because there are no
variations off there. The remedy is to induce a tendency toward a uniformt plstribution
where the gradient df is weak, such as with

h i
XV = x w0 ) w0 X)) =0 @59

with the functionw replacing @f=@j>chosen as

f
w = %x + Wo: (15.92)
In this approach the parametegg controls the tendency toward a uniform grid distribution.
Ideally, its value should fall somewhere between the lowlsigt values of the gradient 6f.

In this way, wherever the gradient bfis weak,w approachesw/, and the algorithm leads to
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Figure 15-15 Grid nodes sampling a strongly varying function, shown kg $mooth line. The left
panel illustrates uniform sampling, and the right panel dapéed grid with higher resolution in the
steep region. A linear interpolation between nodes is disw/a (line segments).

solving the equatio@x=@? = 0, which yields a uniform grid. On the other hand, in places
where the gradient df is steepwy becomes negligible, and we recovéb (89 that seeds
grid points in proportion to the gradient bf An example is shown in (FigurEs-15.

The grid positions can thus be obtained by repeated apiplicaf a diffusion-type equa-
tion (15.99, which is not to be confused with physical diffusion. Heom)y positions of
grid nodes are calculated. Later, dynamic equations, plgssithout any diffusion, may be
discretized on this non-uniform grid.

With this adapting technique, we can follow strong gradiextt long as the chosen func-
tion f effectively mimics the variations that are expected of thieition. Other techniques
to distribute grid points non uniformly exisé g, Thompsoret al,, 1985; Liseikin, 1999),
always with the objective of reducing some measure of therélization error.

Spatially non-uniform grids can be used in a frozen or agaptay. In the frozen version,
the grid is generated once at the beginning and then keptamgel during the remainder of
the calculations. This is done when the positions of steagignts are known in advance,
such as those attached to topographic features. Alteahgtivallows the modeler to zoom
into a particular region of interest. In the adaptive vemsithe grid is allowed to move in
time, following to the extent possible the dynamically walet featuresd.g, Burchard and
Beckers, 2004). The challenge is then to nd an effective fladaptation, which needs to
be re ected in the discretization operators. The modi catcompared to standard methods
on a xed grid can be illustrated with the one-dimensionattr equation

@, @9 _ @ ,@c.

ot @x @x  @x

The moving grid can be constructed via a coordinate transition similar to the density
coordinate substituting for depth. For the one-dimendiprablem we calculate( (x;t);t)
with  as the new coordinate. Since our grid generation prowdes ), the rules for the
transformation follow, as in Sectidt®.1

@ _ oxet @ _ .
@t @x=@ @x @x=@

(15.93)

(15.94)
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The equation foc in the new coordinate system, ¢) is then
" #
@x@c @x@c, @9 _ @ , @x '@c.
@ @t Ot@ @ @ @ @ -

All spatial derivatives with respect toare performed in the new coordinate system, which
is uniformly gridded, and standard discretization techeigcan be applied. Furthermore, it
is advantageous to use a ux form of the equation:

) #

@ @x @ @x _ @, @ '@c,

— —C + — U — ¢ = A — —

@t @ @ @t @ @ @
The factor@x=@is readily interpreted as the grid spacing in physical sfaceunder the
choice of = 1), whereas the terr@ x=@i$ the velocity at which the grid nodes move.
(The partial time derivative in the new coordinate systenasoees thex displacement per
time unit, for xed .)

In the numerical space of thegrid, the advection term involves the velocity difference
u @x=@mwhich is the velocity of the ow relative to the moving gridhis is indeed the
velocity needed to advect the information relative to théex Should we move the grid with
the ow velocity, the relative velocity would be zero, and weuld be using a Lagrangian
method. The reader may have recognized that a particularafaan adaptive grid is the
layered model of Sectioh2, where the vertical positions of discrete levels are moved i
Lagrangian fashion to follow density interfaces and theieakvelocity disappears from the
formalism.

With an adaptive grid, however, the movement of the grid ca¢secessarily correspond
tothe ow velocity but must be chosen to follow large gradgerCare must be taken to ensure
numerical stability of the scheme because the Courant numbe includes the effective
velocity, which differs from the actual velocity and may laeder if there are places where
the drift speed of the grid is counter to the uid velocity.

An alternative to performing a change of coordinate is texmitze the equation on a
moving grid by directly applying the space integration irypical space between moving
grid-points. Upon integratindl6.93 between the two consecutive moving grid points points
X (t) andx;.1 (t), in a way similar to the nite-volume approach (Secti®), we can write:

(15.95)

(15.96)

z Xi+1 (t)
i+ @C @C
— dx + = 0; = uc A —: 15.97
%i (1) @t q+l q q @X ( )
Our goal is to make explicit the unknowne., the grid averaged concentration, and this
requires that we move the time derivative from inside to thiside of the integral. For this,

we must be mindful that the integration boundaries varyriretand use Leibniz rule:

z Xi+1 (t)
@@t cdx + c(xi;t) %xt C(Xj+1 ;1) % + g+ g =0: (15.98)
i (t)
De ning the modi ed ux
g= u @ a Cc (15.99)

@t © @x
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the nite-volume equation on the moving grid reads

@Z Xi+1 (t)
@t Xi (t)

which is similar to a straightforward nite-volume budgeticept for the subtraction of the
grid drift velocity @ x=@ftom the ow velocity u. De ning ¢ as the cell-averaged con-
centration and relabeling the grid positions (by using iradices for clarity), the preceding
equation can be recast as

cdx + .1 § =0; (15.100)

@@[[(xiH:z Xi 122)&] + 040 6 1o = 00 (15.101)

In this form, the equation is now discrete in space but stilitmmuous in time.

Generalization to three-dimensions proceeds along gitinilss, and the outcome is again
the subtraction in the advection terms of the grid drift gpfeem the physical velocity eld.
Issues in the implementation then concern the placemenvaéswith respect to the grid
cells (cell boundaries or interval centers in 1D, cornersamters of nite volumes in 2D and
3D; see Numerical Exercises 15-4 and 15-5).

Lastly, itis also important to handle correctly the way tharwging grid size is discretized
intime. As usual, mathematical properties of the originaldet equations are not necessarily
shared by the numerical operators. In particular, we musirerthat the time discretization of
(15.102 conserves the “volumé x=@of the numerical grid in the sense that for a constant
cthe time-discretized equatioh§.10) is identically satis ed. If it is not, an arti cial source
of cwill appear. This is similar to the advection problem in witbe divergence operator of
the uxes has to be consistent with the one used in the phiygidtame conservation (Section

6.6).

15.7 Nonlinear advection schemes

Rather than chasing steep gradients (fronts) with a mowiity e can also try to capture
them with a xed grid at the cost of appropriate numericalcdidization. In this class of
methods are the TVD (Total Variation Diminishing) adveatsthemes mentioned in Section
6.4. It is clear that advection schemes play a crucial role incitretext of frontal displace-
ments, and it is no surprise that intense research has biestedi toward designing accurate
advection schemes.

As we saw in Sectior®.4, the basic upwind scheme is monotonic and does not create
arti cial extrema, but it rapidly smears out strong var@ats. In contrast, higher-order ad-
vection schemes better keep the gradients but at the cosggfes (unphysical extrema) in
the numerical solution. Several attempts at designingreelsehat are monotonic and more
accurate than the upwind scheme can be mentioned. Flue@ed Transport (FCT) meth-
ods (Boris and Book, 1973; Zalesak, 1979) make two passdseomumerical grid, the rst
one with an upwind scheme and the second one adding as mudfifaugion as possible
(to restore the steep gradients) without generating wiggdux-limiter methods (Sweeby,
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1984; Hirsch, 1990), presented hereafter in more detajratke the higher-order ux cal-
culations towards upwind uxes near problem zones. Fin&lbsentially Non-Oscillatory
(ENO) methods (Harten, 1982) adapt different interpofafimctions near discontinuities.

The common characteristic of these methoelg,( Thuburn, 1996) is that they allow
the scheme to change its operation depending on the loaai@olitself. This feedback
avoids the annoying consequence of the Godunov theorenSg@gi®n6.4), which states
that the only linear scheme that is monotonic is the rstesrdpwind scheme, by violating
its premise of linearity. Thus, we hope to nd a monotoniceete by introducing some clever
nonlinearity in the formulation, even if the underlying gigal problem is linear! The general
strategy is the following: The nonlinearity is activatedemever over- or under-shooting is
likely to occur, in which case the scheme increases nunidgiifasion. When the solution
is smooth, the scheme is allowed to remain of higher ordeetarbimprovement over the
upwind scheme, of rst order.

To design such an adaptive scheme in one dimension, we bggia bing a measure of
the variation of the solution called TV fdiotal Variation

X
™V =, (15.102)
i
in which the sum is taken over all grid points of interest. Aeame is said TVD Total
Variation Diminishing if

TV TV (15.103)

The TV value is meant to be a quanti cation of the wiggles tapear, such as those arising
when the leapfrog or Lax-Wendroff advection schemes ard.use
Suppose now that the numerical scheme can be cast into theifod form:

" =€ a . b, gy 6 (15.104)

where the coef cients andb may depend or. We now prove that the so-de ned scheme is
TVD when

0 a+,, and 0 b+, and a4+ + b, 1 (15.105)

Note thath + .., appears in combination with . .-, in the TVD condition but withg; .., in
the numerical scheme. Schend® (104 can also be written for point+ 1 :

n+l _

€ = '€|n+1 Qi+ 122 Qn+1 ﬁn + t1+3=z Qn+2 ﬁn+1 ;
from which we can subtraci6.104 to form a marching equation for the variations
:1l e_in+1 = (1 &+, b)) ﬁnﬂ ein
+ h+ 3=2 6‘.n+2 ein+1 + A 1 qn qn 1 :
We then take the absolute value of each side (rememberinghtbabsolute value of

a sum is smaller than the sum of the absolute values of itgithdil terms), assume that
conditions (5.109 are satis ed, and sum over all grid points, to obtain:
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X
J-ein:ll ﬁ"ﬂj (1 @&+ biw) &y €
X X
+ beso e gyt @ g g
[ [
Ignoring boundary effects or assuming cyclic conditions,may shift the index in the last

two sums in order to gather all sums wjdf,;  €'j. Then, utilizing the TVD conditions
(15.109, we have:

X n+1 +1 X n n
1641 ﬁn J (1 &+12 Bewn) 641 €
x ! X
+ Be, €y €+ A+1r Gy €

The last inequality is none other thakb(103, proving that discretizatiorl6.104 is TVD if
conditions (5.109 are satis ed.

Let us now design nonlinear TVD schemes for the one-dimaasiadvection problem
with positive velocityu. We combine explicit Euler schemes

+ t
ein to= € X G+i=2 G 12, (15.106)

g 12 = qL = T i 1=Z(qH 1=2 qL 1:2); (15-107)
where the lower-order ux

t3'11'1:2: ug' 4

is the upwind ux, which is too diffusive, and the higher-emdux

' = uel |+ Ulzc(ﬁ‘n e 1)
leads to a second-order non-monotonic scheme (Se6tn The weighting factor is
allowed to vary with the solution by tending towards zero whexcessive variations are
present (exploiting the damping properties of the upwirtteste) but otherwise remaining
close to one for maintaining accuracy where the solutiomisath. In other words, controls
the amount of antidiffusion applied to the scheme and b&éaraame ofux limiter. For the
following, we assume that is positive and the Courant numb@gatis es the CFL condition
(C 1). Then this scheme with weighted ux can be expanded as

n+ n 1 O .
& b= € C ﬁ"+ i+1=z( 2 )(Q+l qn)

POt Lt )

(15.108)
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It is readily seen that this is not yet a form that ensures T\¢Dawse the coef cierty .,
multiplyingef,, €' is always negative. We can, however, group this term withufsveind
part as follows:

n+l _ . (1 C) . (1 C) (§+1 qn) n .
e-l—ﬁin c1 i 1=2 2 + i+1=2 2 (ﬁ ejlql) 6 qnl'

This last form is of the type

gt = a ., & &, (15.109)

even though the coef ciend; .., depends on the solution. After all, we are designing a
nonlinear method, and this dependence should be no surjptisescheme can then be made
TVD by imposing conditions¥5.109, which reducet® & .., 1, with

@O, @ Oo@Ey o

'1::C1 i 1= i+1=
a 2 i 1=2 2 i+1=2 2 (eln éﬂl)

(15.110)

The functione appears in this parameter in the form of a ratio of differance

- .
lit1-2 = m, (15.111)

which is a measure of the variability ef Forr;. .., = 1, e varies linearly over the three
points involved, whereas fat. ., 0 there is a local extremum. The parameater.., will
thus be involved in deciding the value of the local weightingo be applied. Ifrj. .., is
negative (local extremum exists), we requirg .-, = 0 because the local variation on the
grid scale would create new extrema if the higher-orderseheere activated.

The TVD condition requires

C(l C) i+1=2

0 C+
2 li+1-2

- 1: (15.112)

Ideally, we would like to choose a value ofati  1=2 independently of its value at- 1 =2,
otherwise a simultaneous system of equations would have smlved. To do this, we plan
for the worst case, which happens when ,., = 0. We then need to ensure that .., is
not too large so tha; .., > 0, which implies

. 2 -

I 1=2 7(1 C) .

Reversing the roles of; .., and j..-,, the worst case happens when ,., = 0,
demanding that

(15.113)

i+1=2 2

— 15.114
Fi+1=2 C ( )

toensurethad; .., 1. Since both conditions must be satis ed for iallalues, the follow-
ing conditions on are required to make a TVD scheme:
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2 2
—— and — =: 15.115
@ © r C ( )
in which the index has become unimportant. In practice, #rameteC varies and becomes
cumbersome. To circumvent this, we resort again to suf t@mditions built on the worst
cases. Sinc®@ C 1, the suf cient conditions to ensure the TVD property are

2 and T 2; (15.116)

Lastly, we look for a function( r) that meets this pair of conditions, and here various choices
are open to us. We use this freedom at our advantage by tiykegp the scheme at the high-
est possible order. If falls close to 1, the solution is smooth, behaving nearly ssaght
line, and a second-order method should do well. So, we imgbse 1 . Incidentally, this

is the case for both Lax-Wendroff and Beam-Warming schemgghese schemes otherwise
fail to meet the TVD conditions (Figurg>-16.

TvDregion  Superbee Beam-Warming

21
Lax-Wendro

MC

minmod

Figure 15-16 TVD domain and some standard limiters. The Lax-Wendrofeseh, which corresponds
to =1 has a portion that does not lie within the TVD region (fox 0:5), and likewise the Beam-
Warming scheme, with=r, does not lie entirely within the TVD region. The other lign$ (minmod,
MC and Superbee) are TVD schemes.

Examples of acceptable limiters are (Figafe16:

r+jrj
1+jr]

* van Leer: =
e minmod: =max(0 ;min(1;r))
» Superbee: = max(0 ;min(1;2r); min(2;r))

* MC: =max(0 ;min(2r; (1+ r)=2;2))
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0.8
0.6

Figure 15-17 Advection scheme with
TVD Superbee limiter applied to the
transport of a “hat” signal witkc = 0:5
using 100 times steps. Note that no new
extremum is created by the numerical
02 1 advection and that the diffusion is dras-
tically reduced compared to the upwind
o 10 20 30 40 50 60 70 80 %0 . scheme.

021

Note that ux-limiter calculations depend on the directithe ow, and the ratia involved
in the calculation of must be adapted if the velocity changes sign (Numerical &serl5-
8).

After this lengthy exposition of the design of a TVD schentes attentive reader may
ask what is the relation between this and a monotonic scheirieh was our original goal.
From (15.109 we see thatzn+l is obtained by linear interpolation @ andel' ; because
0 & ., 1 Thereforemin(el;e' ;) &'t max(€]'; &' 1), and no new local
extremum can be created (no over- or under-shooting in tigefaof numerical analysis),
and, if all values are initially positive, they are guaratt¢éo remain positive at all times.

This can be veri ed on the standard test case with the Supdiimiter (Figurel5-17).
The scheme, indeed, keeps the solution within the initiainols, and results are quite im-
proved compared to previous methods. The method is patlgulell suited to GFD ap-
plications with large gradients and strong fronts. Howgthar occasional use of the upwind
scheme during parts of the calculations tends to degradfth®l truncation error below
second order. Also, absent large gradients when the soligismooth, fourth-order meth-
ods generally outperform second-order TVD schemes. Ferrégason, fourth-order TVD
schemes have been formulatedg, Thuburn, 1996). Clearly, the choice of one scheme
over another is a question of modeling priorities (cons@wamonotonicity, accuracy, ease
of implementation, robustness, stability) and expectdthbi®r on the part of the solution
(strongly varying, gentle, steady stagdc).
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Figure 15-18 Schematic cross-section
of the Gulf Stream, represented as a
two-layer geostrophic current (Analyt-
ical Problem 15-2).

Analytical Problems

15-1.

15-2.

15-3.

15-4.

15-5.

15-6.

In a certain region, at a certain time, the atmospheric teatpee along the ground
decreases northward at the rate oClevery 35 km, and there are good reasons to
assume that this gradient does not change much with heifliherde is no wind at
ground level, what are the wind speed and direction at atudétiof 2 km? To answer,
take latitude = 40N, mean temperature = 290 K, and uniform pressure on the groun

A cruise to the Gulf Stream at 3R provided a cross-section of the current, which was
then approximated to a two-layer model (Figd® 18 with a warm layer of density

1 = 1025 kg/n? and depthh(y) = H H tanh(y=L), overlying a colder layer
of density , = 1029 kg/mi. TakingH =500 m, H =300 m, andL = 60 km
and assuming that there is no ow in the lower layer and thatupper layer is in
geostrophic balance, determine the ow pattern at the serfavhat is the maximum
velocity of the Gulf Stream? Where does it occur? Also, complae jet width L) to
the radius of deformation.

Derive the discrete Margules relatiob5.5 from the governing equations written in
the density-coordinate system (Chapter 12).

Through the Strait of Gibraltar, connecting the MediteeamSea to the North Atlantic
Ocean, there is an in ow of Atlantic waters near the top aneé@unal out ow of much
more saline Mediterranean waters below. At its narrowesttdarifa Narrows), the
strait is 11 km wide and 650 m deep. The strati cation clogelsembles a two-layer
con guration with a relative density difference of 0.2% aaudl interface sloping from
175 m along the Spanish coast (North) to 225 m along the Afrézast (South). Tak-
ingf =8.5 10 °s !, approximating the cross-section to a rectangle, and asgum
that the volumetric transport in one layer is equal and op@tsthat in the other layer,
estimate this volumetric transport.

Determine the geostrophically adjusted state of a band afnweater as depicted in
Figure15-4c. The variables arey = density of water below, o = density of
warm waterH = initial depth of warm water2a = initial width of warm-water band,
and2b= width of warm-water band after adjustment. In particuli@termine the value
b, and investigate the limits when the initial half-widittis much less and much greater
than the deformation radiu®.

Find the solution for the geostrophically adjusted statehef initial con guration
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Figure 15-19 State prior to
geostrophic  adjustment  (Analyti-
cal Problem 15-6).

shown on Figurd5-19 and calculate the fraction of potential-energy releaat has
been converted into kinetic energy of the nal steady state.

Figure 15-20 Air masses in a valley.
What is the wind? (Analytical Problem
15-7)

15-7. In a valley of the French Alps ( 45 N), one village A) is situated on a ank 500 m
above the valley oor and anotheB] lies on the opposite side 200 m above the valley
oor (Figure 15-20. The horizontal distance between the two is 40 km. One day, a
shepherd in the upper village, who is also a ne meteorolpgistes a cold wind with
temperature 6C. Upon calling her cousin, a blacksmith in the lower villaggoss the
valley, she learns that he is enjoying a calm afternoon witbrafortable 18C! As-
suming that the explanation of this perplexing situaticsides in a cold wind blowing
along one side of the valley (Figudéb-20, she is able to determine a lower bound
for its speed. Can you? Also, in which direction is the windvihg? Hint: Do not
ignore compressibility of air.)

15-8. Using the linearized equations for a two-layer ocean (undied depth$i; andH )
over a at bottom and subject to a spatially uniform wind sgalirected along the
coast,

@u _ o@a 1 @p. @u 1 @p
@t vi=g @x o @x @t vz o @x
@y _ . @y _
—t+fu1— —h —@t+fu2—0

@a @uw _ . @a @y _
@t Hl_@x =0 @t HZ_@x =0
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study the upwelling response to a wind stress oscillatingnie. The boundary con-
ditions are: no ow at the coastif = u, = 0 atx = 0), no vertical displacements at
large distancesa(! Oasx ! +1 ). Discuss how the dynamics of the upper layer are
affected by the presence of an active lower layer and whaiérapin the lower layer.

15-9. Investigate under which conditions it is valid to make theesion made in the text

above Equation1(5.3% that the potential vorticity is conserved if the wind strés
spatially uniform.

15-10. A coastal ocean at mid-latitude € 10 4 s 1) has a 50-m-thick warm layer capping
a much deeper cold layer. The relative density differendevéen the two layers is
= o = 0:002 A uniform wind exerting a surface stress of 0.4 N/kasts for three
days. Show that the resulting upwelling includes outcrogif the density interface.
What is the offshore distance of the front?

15-11. Generalize to the two-layer ocean the theory for the stedflysted state following
a wind event of given impulse. For simplicity, consider otiig case of equal initial
layer depthsil; = H»).

15-12. Because of the roughness of the ice, the stress communtocetesiwater is substan-
tially larger in the presence of sea ice than in the open seauing that the ice drift
is at 20 to the wind, that the water drift is at 9@o the wind (in the open) and to the
ice drift (under ice), and that the stress on the water sarfadwice as large under
ice than in the open sea, determine which wind directionk véispect to the ice-edge
orientation are favorable to upwelling.

15-13. Show that during frontogenesis with zero potential votyjdhe isopycnal slope

_  @T=@y @Yy=@y f?@Yy=@y
°% @Te: ev-e: g @T-@y (15118)
evolves according to
ds _ )
i (15.119)

(Hint: Use the factthag=0.)

Numerical Exercises

15-1. By looking into upwelling.m , guess which governing equations are being dis-
cretized. Then use the program to simulate coastal upweillia see if the outcropping
condition (L5.4Q is realistic. Examine the algorithfftooddry.m  used to deal with
the outcropping and explore what happens when you deaetivat
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Figure 15-21 Upwind advection of
a triangular distribution with xed
grid (most diffusive solution) and
an adaptive grid with or without
added Lagrangian-type advection. The

best solution is obtained with the
Lagrangian-type advection. See Nu-

15-2.

15-3.

15-4.

15-5.

15-6.

15-7.

x10* merical Exercise 15-4.

Add a discretization of momentum advectionugwelling.m  and redo Numerical
Exercise 15-1. Then diagnose
z

oL — dt (15.120)

0 event

during the simulation witupwelling.m  and compare to the estimatis(35. (Hint:
Remember thdt is calculated for an individual water parcel.)

Useadaptive.m and see how the linearly interpolated function using a unifor
adapted grid approximates the original functfanctiontofollow.m . Quantify
the error by sampling the linear interpolations on a veryhh&solution grid and calcu-
late therms error between this interpolation and the original functi®mow how this
error behaves during the grid-adaptation process.

Analyze le adaptiveupwind.m used to simulate an advection problem with up-
wind discretization and optional adaptive grid (Figufe21). Explain how the grid
size changes and how grid velocities must be discretizedcionaistent way. Verify
your analysis by using a constant value éorModify the parameters involved in the
grid adaptation. Try to implement a Lagrangian approach bying the grid nodes
with the physical velocity. What problem appears in a xedrdon?

Redo Numerical Exercise 15-4 but de ne and move the grid s@d¢he interface and
calculate concentration-point positions at the center.

Prove that the Beam-Warming scheme of Secohcan be recovered using a ux-
limiter function = r. Implement the scheme and apply it to the standard problem
of the top-hat signal advection. How does the solution compathe Lax-Wendroff
solution of Figures-9?

Apply the Superbee TVD scheme to the advection of the tofsigatl and then to the
advection of a sinusoidal signal. What do you observe? Careyplain the behavior
and verify that your explanation is correct by choosing haotimiter? Experiment
with tvdadviD.m .
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15-8. Write out the ux-limiter scheme in the 1D case far 0 by exploiting symmetries

15-9.

of the problem.

Implement a leapfrog advection scheme on a non-uniformwitid scalarc de ned at
the center of the cells of variable width. The domain of iagtrspang = 10L to

x = 10L. For initialization and downstream boundaries, use anriigevind scheme.
Use a spatial grid spacing ofx forx < Oandr x forx > 0. Use a constant velocity
u =1 m/s. Simulate a time window dfL=u and show the solution at every time step.
Use a maximum value d€ = 0:5. Advect a Gaussian distribution of widthinitially
located atx = 5L:

c(x;t =0) = exp (x+5L)%=L? : (15.121)

Use all combinations of x = L=4;L=8;L=16withr =1;1=2;2;1=10; 10. In partic-
ular, observe what happens when the patch crosse8.



George Veronis
1926 —

An applied mathematician turned oceanographer, Georgmigehas been a driving force in
geophysical uid dynamics since its early days. With WillamR. Malkus, he co-founded
the GFD Summer Program at the Woods Hole Oceanographituitisiti, which continues
after more than forty years to bring together oceanograyphegteorologists, physicists and
mathematicians to debate problems related to geophysiea.

Veronis is best known for his theoretical studies on oceaindtilation, rotating and strat-
i ed uids, thermal convection with and without rotationnd double-diffusion processes.
His model of the circulation of the world ocean was an anefjtstudy based on planetary
geostrophic dynamics and the nonlinearity of thermal psses, in which he showed how
western boundary currents cross the boundaries of winds@yreé connect all of the world's
oceans into a single circulating system.

Veronis has earned a reputation as a superb lecturer, whexgdain dif cult concepts
with amazing ease and clarityPlfoto credit: G. Veronis
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Kozo Yoshida
1922 -1978

In the early years of his professional career, Kozo Yoshiddied long (tsunami) and short
(wind) waves. Later, during a stay at the Scripps InstitugbOceanography, he turned to the
investigation of the upwelling phenomenon, which was todnee his lifelong interest. His
formulations of dynamic theories for both coastal and eguatupwelling earned him re-
spect and fame. A wind-driven surface eastward currengdlomequator is called a Yoshida
jet. In his later years, he also became interested in thedfimpa major ocean current off the
coast of Japan, wrote several books, and promoted oceaiyggenong young scientists.

Known to be very sincere and logical, Yoshida did not shuniadghtnative responsibil-
ities and emphasized the importance of international catjpa in postwar Japan.Photo
courtesy of Toshio Yamagata
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