Chapter 12

Layered Models

SUMMARY : The assumption of density conservation by fluid parcelsdigaatageously
used to change the vertical coordinate from depth to dendibe new equations offer a
clear discussion of potential-vorticity dynamics and I¢eineémselves to discretization in the
vertical. The result is a layered model. Splitting stragifion in a series of layers may be
interpreted as a vertical discretization in which the wailtgrid is a material surface of the
flow. This naturally leads to the presentation of Lagrangipproaches.Note To avoid
problems of terminology, we restrict ourselves here to tteao. The case of the atmosphere
follows with the replacement of depth by height and densjtpbtential density.

12.1 From depth to density

Since a stable stratification requires a monotonic increfgensity downward, density can

be taken as a surrogate for depth and used as the verticdicata. If density is conserved by

individual fluid parcels, as it is approximately the caserfarst geophysical flows, consider-

able mathematical simplification follows, and the new eiunest present a definite advantage
in a number of situations. It is thus worth expounding on dtiange of variables at some
length.

In the original Cartesian system of coordinatess an independent variable and density
p(x,y, z,t) is a dependent variable, giving the water density at looatioy), time ¢, and
depthz. In the transformed coordinate systém y, p, t), density becomes an independent
variable, and(z, y, p, t) has become the dependentvariable giving the depth at whitsitg
pis found at locatior{z, y) and at timet. A surface along which density is constant is called
anisopycnal surfaceor isopycnicfor short.

From a differentiation of the expression= a(z,y, p(z,y, 2, ), t), wherea is any func-
tion, the rules for the change of variables follow:
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Then, application ta = z gives0 = z, + z,p, 1 = z,p., etc. (where a subscript indicates
a derivative). This provides the rule to change the derxieadf p at = constant to that of at
p constant. Fou other tharz, we can write:

with similar expressions whereis replaced by or ¢, and

da da 2z Oa

— = =] === 12.1

oz lz 8:13‘/) zp Op (12.1)
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- - 12.2
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Here, subscripts denote derivatives. FidliZe]l depicts a geometrical interpretation of rule

Figure 12-1 Geometrical interpre-
tation of equation IZJ). The z-
derivatives of any functioru at con-
stant depthz and at constant densigy
are, respectivelyla(B) — a(A)]/Ax
and[a(C)—a(A)]/Az. The difference
between the twoja(C) — a(B)]/Ax,
represents the vertical derivative of
[a(C) — a(B)]/Az, times the slope
of the density surfaceAz/Az. Fi-
nally, the vertical derivative can be split
as the ratio of thep-derivative of a,
[a(C) — a(B)]/Ap, by Az/Ap.

The hydrostatic equatioB[I9 readily becomes

dp 0z

L= g 12.3
9p 95, (12.3)

and leads to the following horizontal pressure gradient:
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Similarly, 9p/dy at constant become®)P/dy at constanp. The new functionP, which
plays the role of pressure in the density-coordinate systedefined as

P =p 4+ pgz (12.4)

and is called thélontgomery potentiEl Later on, when there is no ambiguity, this potential
may loosely be called pressure. Wikhreplacing pressure, the hydrostatic balanf2.3,
now takes a more compact form:

or _
8p_g7

further indicating thatP is the natural substitute for pressure when density is thgcaé
coordinate.

Beyond this point, all derivatives with respectipy and time are meant to be taken at
constant density, and the subscrps no longer necessary.

With the use ofZ)—@ZJ plus the obvious relatiofip/dx|, = 0, the density-conser-
vation equation .21 in the absence of diffusion, can be solved for the vertieideity

(12.5)

w:%—l—u%—kvg—; (12.6)
This last equation simply tells that the vertical velociythat necessary for the particle to
remain at all times on the same density surface, in analotiysuirface fluid particles having
to remain on the surface [see EquatiiI@]. Armed with expressiorflZ.8), we can now
eliminate the vertical velocity throughout the set of gairg equations. First, the material
derivative B3) assumes a simplified, two-dimensional-like form:

d 0 0 0

- = = — — 12.7

i ot Yar TVay (12.7)
where the derivatives are now taken at constanthe absence of an advective term in the
third spatial direction results from the absence of moticmss density surfaces.

In the absence of friction and in the presence of rotatianhttrizontal-momentum equa-

tions @213 and EZTH) become

du 1 OP

= fo = — % o (12.8a)
dv 1 oP

kel = - — . 12.8b
pri fu o Ty ( )

We note that they are almost identical to their original iers. The differences are nonethe-
less important: The material derivative is now along dermitfaces and expressed BY2(D),
the pressure has been replaced by the Montgomery potenffialefined in [[2.4), and all
temporal and horizontal derivatives are taken at constansity. Note, however, that the
components; andwv are still the true horizontal velocity components and aremeasured

In honor of Raymond B. Montgomery who first introduced it in379 See his biography at the end of this
chapter.
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along sloping density surfaces. This property is importanthe proper application of lateral
boundary conditions.

To complete the set of equations, it remains to transforncamtinuity equationZ.21d)
according to ruledIZ) and [[Z2. Further elimination of the vertical velocity by using

@29 leads to

oh 0 0

n + %(hu) + a—y(hv) =0, (12.9)
where the quantity: is introduced for convenience and is proportionadtg dp, the deriva-
tive of depth with respect to density. For convenience, watwao have the dimension of

height, and so we introduce an arbitrary but constant dedsference Ap, and define:

h= = Aoy (12.10)

In this mannerh can be interpreted as the thickness of a fluid layer betweedehsityp and
p + Ap. At this point, the value ofAp is arbitrary, but later, in the development of layered
models, it will naturally be chosen as the density diffeeehetween adjacent layers.

The transformation of coordinates is now complete. The revekgoverning equations
consists of the two horizontal-momentum equatifiZ&E®3 and [[Z.8H), the hydrostatic bal-
ance [[Z3), the continuity equatiofIZ.9, and the relationZ.I0. It thus forms a closed
5-by-5 system for the dependent variables;, P, z, andh. Once the solution is known, the
pressure and the vertical velocityy can be recovered frofiZ.4) and [[Z2.9).

The governing equations are accompanied by the relevandaoy and initial conditions
of Sectior.@ We only have to evaluate the derivatives of the Cartesiandioates accord-
ing to IZJ and [Z2), in order to impose the auxiliary conditions in the new coatk
system. The fluxes of heat and mass, leading to buoyancy ebaate not easily incorpo-
rated, because of the interplay with density, the new coattéi Since processes that do not
conserve density are neglected in most applications ofystgd models, we will not inves-
tigate this point here but refer to Dewar (2001) for furthetadls on the representation of
mixed-layer dynamics in isopycnal models.

Since the aforementioned work of Montgomery (1937), thes8tultion of density as the
vertical variable has been implemented in a number of agiptins, especially by Robinson
(1965) in a study of inertial currents, by Hodnett (1978) &hehng (1989) in studies of the
permanent oceanic thermocline, and by Sutyrin (1989) indystf isolated eddies. A review
in the meteorological context is provided by Hoskatsl. (1985).

12.2 Layered models

A layered modeis an idealization by which a stratified fluid flow is represehés a finite
number of moving layers, stacked one upon another and eadaighe uniform density. Its
evolution is governed by a discretized version of the systéequations in which density,
taken as the vertical variable, is not varied continuouslyib steps: density is restricted to
assume a finite number of values. A layered model is the deasélogue of devel model
which is obtained after discretization of the vertical aaiez.
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Each layer k = 1 to m, wherem is the number of layers) is characterized by its density
pr (unchanging), thickness;,, Montgomery potentialP,, and horizontal velocity compo-
nentsu; andv,. The surface marking the boundary between two adjacentdaygealled
aninterfaceand is described by its elevatief, measured (negatively downward) from the
mean surface level. The displaced surface level is dengtéeigurell2-2a). The interfacial
heights can be obtained recursively from the boftom

Zm = b, (12.11)

upward:

Zk-1 = 2z + hx, kK = mtol. (12.12)

This geometrical relation can be regarded as the disceketigesion of [[Z10) used to define
h.

In a similar manner, the discretization of hydrostatictiela (TZH) provides another re-
cursive relation, which can be used to evaluate the Montgppatential P from the top,

P = Patm + pogZo, (12.13)

downward:

Pir1 = Pr + Apgzr, k = 1tom — 1. (12.14)

In writing (TZI3, we have selected the uppermost dengityas the reference densipy.
Gradients of the atmospheric presspirg, rarely play a significant role, and the contribution
of paym to Py is usually omitted. If the layered model is for the lower asploerep..m,
represents a pressure distribution aloft and may, too,Kesntas an inactive constant.

When thereduced gravity

g = ar g, (12.15)
Po

is introduced for convenience, the recursive relatii@&I? and [2.I3 lead to simple ex-
pressions for the interfacial heights and Montgomery piidén For up to three layers, these
equations are summarized in TaRE1

In certain applications, it is helpful to discard surfacewjty waves, because they travel
much faster than internal waves and near-geostrophicrestees. To do so, we eliminate
the flexibility of the surface by imagining that the systent@vered by a rigid lid (Figure
I2=2). This is called theigid-lid approximation which has already been introduced in the
study of barotropic motions in Sectif8 In such a casey is set to zero, and there are only
(m — 1) independent layer thicknesses. In return, one of the Monggy potentials cannot
be derived from the hydrostatic relation. If this potentsathosen as the one in the lowest
layer, the recursive relations yield the equations of THRI&

In some other instances, mainly in the investigation of uymmean processes, the lowest
layer may be imagined to be infinitely deep and at rest (FifiZ&). Keepingm as the

2Note that contrary to our general approach of using indexgshiincrease with the Cartesian coordinate direc-
tions, we choose to increase the indedownward, in agreement with the traditional notation fapigcnal models
and with the fact that our new vertical coordinatés increasing downward, too.
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Table 12.1 LAYERED MODELS.

One layer
zo=hy1+0 Py = pog(h1 + b)
1 = b

Two layers
zg=h1+ha+0b Plzpog(h1+h2+b)
z1=hy+b Py = poghi 4 po(g + g')(ha +b)
zZ9 = b

Three layers
zo=hi+hy+hs+b P, :pog(h1+h2+h3—|—b)

21:h2+h3+b PQ:pogh1+p0(g+g/)(h2+h3+b)
22 =hz+0 P = poghi + po(g + ¢')h
z3=b +p0(g +29')(hs +b)

Table 12.2 RIGID-LID MODELS.

One layer
21 =—h P; variable
h1 = h, fixed
Two layers
z1=—h Py =P+ pog'hy
2o = —h1 — ha P, variable

hi+ hsy = h, fixed

Three layers

21 = —hy Py = P3 + pog'(2h1 + h2)
zg = —h1 — ho Py = Py + pog' (hy + ha)
z3 = —hy — hy — h3 Ps variable

h1 + hy + hs = h, fixed
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Figure 12-2 A layered model withn active layers: (a) with free surface, (b) with rigid lid.

number of moving layers, we assign to this lowest (abyssgBr the index». + 1). The
absence of motion there implies a uniform Montgomery paé&rhe value of which may be
set to zero without loss of generality,,,+1 = 0. For up to three active layers, the recursive
relations provide equations of Talfl&3 Because these expressions do not involve the full
gravity g but only its reduced valug’, this type of model is known as mduced-gravity
model

In this tablez; = —h; is an approximation that begs for an explanation. The frefase
is not atz = 2o = 0 but given by [[ZT) when we arrive at the surface integrating upward.
For a single layer this yields, in the absence of atmosplpeeissure variation,

P,=0— P =—-Apgz1 = pogzo. (12.16)

Hencegzy = —g’z1. Sincehy = zp— 21, we getzg = —(¢'/g)z1 andhy = —(14+¢'/g)z1 =~
—z1 sinceg’ < g. This implies a surface lifting over light-water lensesdéed, in order to
preserve a uniform pressure in the lowest layer, a thickgaofrihe light-water layer must be
compensated by an addition of water above mean sea level.

Generalization to more than three moving layers is stréagivard. When a configuration
with few but physically relevant layers is desired, the pding derivations may be extended
to non-uniform density differences from layer to layer. Nehatically, this would corre-
spond to a discretization of the vertical density coordinatunevenly spaced gridpoints.

Once the layer thicknesses, interface depths, and layssymes (more precisely, the



344 CHAPTER 12. LAYERED MODELS

Table 12.3 REDUCED GRAVITY MODELS.

One layer
21 =—h P = pog'hy
Two layers
21 =—h Py = pog'(2h1 + ho)
29 = —hy1 — ho Py, = pog/(hl + h2)
Three layers
z1=—h Py = pog' (3h1 + 2hy + h3)
Z9 = —hl — hz P2 = pog/(2h1 + 2h2 + hg)

z3 = —h1 —ha —hs P3 = pog'(h1 + ha + h3)

Montgomery potentials) are all related, the system of guwerequations is completed by
gathering the horizontal-momentum equatidiZ.8d and [[Z8l) and the continuity equa-
tion 2.9, each written for every layer.

In SectiorI18 the lengthl. = N H/Q was derived as the horizontal scale at which rota-
tion and stratification play equally important roles. It teworthy at this point to formulate
the analogue for a layered system. Introducth@s a typical layer thickness in the system
(such as the maximum depth of the uppermost layer at sonie titite) andAp as a density
difference between two adjacent layers (such as the top swoapproximate expression of
the stratification frequency squared is

2 gdp g Dp _ ¢
N* = ol S T o (12.17)
whereg’ = g Ap/po is the reduced gravity defined earlier. Substitution[@.LJ in the
definition of L yields L. ~ (¢’H)'/?/Q. Finally, because the ambient rotation rétenters
the dynamics only via the Coriolis paramefgiit is more convenient to introduce the length
scale

g'H
f 3
called theradius of deformation To distinguish this last scale from its cousfiId de-
rived for free-surface homogeneous rotating fluids (wheesftill gravitational acceleration
g appears), it is customary in situations where ambiguityidcanise to use the expressions
internal radius of deformatioandexternal radius of deformatiofor (IZI8 and @12, re-
spectively. Because density differences within geoplaydiaids are typically a percent or
less of the average density, the internal radius is moshdétes than one-tenth the external
radius.

When the model consists of a single moving layer above a mietis abyss, the govern-
ing equations reduce to

R = (12.18)
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Figure 12-3 A reduced-gravity lay-
ered model. The assumption of a very
deep ocean at rest can be justified by
the need to keep the transp@rti,,+1
and kinetic energyu2, ., bounded so
that velocities must vanish as the depth

Pm+1 =0
no motion of the last layer increases to infinity.

pm+1=po+mAp In this case, the pressure in the deeper

layer tends towards a constant, which
we may take as zero.

ou ou ou B ,0h

o T Ty T T (12.192)
v Ov Ov B ,0h

ot + u% + Ua—y + fu = g Ay (12.19b)
oh 8 d

o T 5y (hu) + a—y(hv) = 0. (12.19c)

The subscripts indicating the layer have become superflandshave been deleted. The
coefficienty’ = g(p2 — p1)/po is called thereduced gravity Except for the replacement
of the full gravitational acceleratiom, by its reduced fractiory’, this system of equations
is identical to that of the shallow-water model over a flatttot [Equations[LTD] and is
thus called theshallow-water reduced-gravity moddédecause the vertical simplicity of this
model permits the investigation of a number of horizontaggssses with a minimum of
mathematical complication, it will be used in some of thédaing chapters. Finally, recall
that the Coriolis parametef, may be taken as either a constafiflane) or as a function of
latitude (f = fo + Soy, beta plane).
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12.3 Potential vorticity

For layered models, we can reproduce the vorticity anatiisisve performed on the shallow-
water model (Sectidi.d). First, the relative vorticity of the flow at any level is defined as

c= X _bu (12.20)

h
_ f—l—@v/@z—au/@y 7 (12.21)

which is identical to the expression for a barotropic fluxtept that the denominator is now
a differential thickness given bLZT0) rather than the full thickness of the system. It can be
shown that in the absence of friction, expressfiAAZ)) is conserved by the flow (its material
derivative is zero).

The interpretation of this conservation property folloWwattfor a barotropic fluid: When
the fluid layer between two consecutive density surface igeged (from left to right in
FigurdIZ=9), conservation of volume demands that it widens, and ceatien of circulation
in turn requires that it spins less fast; the net effect i$ tha vorticity f + ¢ decreases in
proportion to the thickneds of the fluid layer.

Figure 12-4 Conservation of volume and circulation in a fluid undergoiligergence (squeezing) or
convergence (stretching). The productéafs and( f 4 ¢) ds are conserved during the transformation,
implying conservation of f + ¢)/h, too.
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12.4 Two-layer models

For the representation of stratified systems with the sistgessible formalism, the two-
layer model is often the tool of choice, for it retains theeeffof stratification in some basic
way through the reduced gravigy while keeping the number of equations and variables to a
minimum. According to TablEZ], the inviscid governing equations of the two-layer model
are:

%+ul%+vl%—fvl _ _QW (12.22a)
%—i—ul% +U1%—Uyl+ful = —QM%:ZM (12.22b)
% +u2% —H}zi—z; —fv2 = —9% - (9"‘9/)6(}%7;[)) (12.22c)
S = 50 )T 12220
%""a(i;;m)""a(gjl) - 0 (12.22¢)
% +6(f(;2$uz) +8(f52;2) _ 0 (12.22f)

for the six unknowns, u1, vy, ho, us andvs.

I
2

-

Figure 12-5 Notation for the two-

layer model with the vertical dis-
placementa of the interface, the
sea surface elevation and the

reference height&l; and H.

If we introduce the surface elevationand the vertical displacemeatof the interface
between the two layers vig, + ho +b = H + nandhs + b = Hy + a, whereH andH are
two constants (representing respectively the mean suldaekand the mean interface level,
each measured from the reference datum from which the batkewations, too, is measured
(FigurellZ=9), the pressure terms in the-direction can be rewritten as

Lyt tl) O (12.234)
ox Ox
_ ,0(hatb) __  0a (12.23b)

ox B _98_50
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and similarly for the pressure terms in tiedirection.
Oftentimes, the two-layer model is used in analytical sadn which case it is also
linearized for added simplicity. The equations are then

% = _g% (12.24a)
%Hul - _gg_z (12.24b)
% P _g% _g'% (12.24c)
%Hug - _gg_z _g/g_z (12.24d)
do—a) , ) +a(g1y”1> -0 (12.24¢)
% + a[(H2a;b)U2]+a[(H2a; b)va] -0, (12.24f)

whereH; = H — H, is the mean thickness of the top layer.

In the case of flat bottomb(= 0), it is interesting to decompose this set of six coupled
equations in two sets of three in order to facilitate the ofuand clarify the dynamics. For
this, we seek proportionality of the type = Auy, v2 = Av; andn = pa between variables
of one layer with those of the other layer. Momentum equatifiZ 2492249 repeat

(222)-@2.27)) if

- , (12.25)
gp

while continuity equatiordZ.24) replicatesfZ24¥9 if

1 Ho\
Elimination of u between the preceding two equations yields an equatioméoptoportion-
ality coefficient\:

/
Ho\? + <H1 — Hy— % H2> A — H, = 0. (12.27)
Neglecting the small ratig9’ /g = Ap/po < 1, the pair of solutions is:

(He — Hy) £ (Hy + Hy)
2H, '

Selection of thet+ sign gives\ = 1, implying a vertically uniform flow ¢; = u- and
v1 = v9). This is called théarotropic mode The interfacial displacementis related to the
surface elevatiom by a = /. = Han/H and is thus a vertically pro-rated fraction of the
latter. This mode behaves as if the density difference wiesera.

A:

(12.28)
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Selection of the- sign in provides the other mode, with= —Hy/Hy, Houg =
—Hyuy and Hyvs = — Hyvy. The vertically integrated transport is nil for this modeyua-
tion then provides the ratio between vertical elevatigns; —g’'Hs/gH, which is
small because it is on the order of the relative density difieeAp/po. This means that
the surface elevation is weak compared to the interfacial displacementor this mode,
therefore, the flow is vertically compensated, and its serfa nearly rigid. In other words,
itis an internal mode, called thearoclinic mode

The equations governing each mode separately can be athtasméollows. For the
barotropic mode, we definer = u; = ug, v = v1 = v2 and puta = Hon/H. Within an
error on the order ofp/po, the momentum equations reduce to a single pair,

our B on
ovr B on
W + fuT gay (1229b)
while each continuity equation reduces to
on our ovr
EJFHWJrHa—y = 0. (12.29c¢)

If we scale time byl/ f, distances by. and the velocity components ty, the momentum
equations tell us that the surface elevation is on the orfl¢id//g. Substitution of these
scales in the continuity equation then requires thgtLU/g) ~ HU/L, which sets the
square of the length scale 1@ ~ gH/f2. This leads us to defining the barotropic (or
external) radius of deformation:

vgH
chtcrnal = fc — . (1230)
Similarly, the equations governing the baroclinic mode @tained by definingig =
u; — ug andvg = v1 — ve, and setting) = — (¢’ Ha/gH )a. Subtraction of the momentum

equations exploitindgf;u; = —Hous for the baroclinic mode yields

8uB ,8@

dvp B ,0a
G fus = 4G (12.31b)

while subtraction of the continuity equations gives

80, H1H2 8uB H1H2 81;3
- = — = 0. 12.31
ot T H ox T m oy (12.31c)
To determine the corresponding radius of deformation, vedesime by1/ f, distances by
L’ and the velocity components 8. According to the momentum equations, the interfa-
cial displacement scales likeL'U’/g'. Substitution of these scales in the continuity equa-
tion requiresf(fL'U’/¢') ~ H1H.U'/HL’, which sets the square of the length scale to
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L' ~ g'H1H,/f?H. This in turn leads us to defining the baroclinic (or intejmatlius of

deformation:
1 g/HlHQ
Rin ernal — 5 - 12.32
ternal fV Hi+ Hp ( )

Note that Rinternal 1S Significantly shorter thamR.yierna1 because the reduced gravigy

is much smaller than the full gravity. Another interpretation of the internal radius of
deformation is obtained by observing thEZ(Z9 has the same form aHZ3) if 7 is
replaced by—a, barotropic velocities by their baroclinic counterpaytby ¢’, and H by

h = H,H,/(H, + H,). Hence, the role played by the deformation radius in thetbapa
mode is now played by the internal radius for the internal enodlso, the gravity-wave
propagation speed is replaced by the propagation speetkafiah gravity waves

g'HiHs
H, +H,

which is much lower than the external gravity-wave speedcaBee equation§2.3)) are
structurally identical to[T2Z.29, the solutions will also be, and all wave solutions of the
shallow-water equations of Chapfcan be applied to the internal mode with the appropriate
definitions of gravity and depth. When interpreting the soluwe simply have to keep
in mind the difference in vertical structure. While the kappic mode is uniform in the
vertical (left panel of FigurB2-8), the baroclinic mode has zero transport and hence opposite
velocities in each layer (right panel of FigitZ-g).

When more than two layers are present, the number of modesaises accordingly.
For three layers there will be three modes, and so on. In thi¢ &if an infinite number
of levels representing continuous stratification, we tfieeexpect an infinite number of
vertical modes, a situation we will encounter again in 3.4

(12.33)

H,y

Hy — U2, V2 U, Vg ——

(a) (b)

Figure 12-6 Barotropic mode (a) and baroclinic mode (b). For the bapitranode, the interface
moves in phase with the sea surface and velocity is uniforen bath layers. In the baroclinic mode,
the surface displacement is very weak compared to the atieifdisplacement and opposite to it.
Velocities in the baroclinic mode are opposite to each oéinercreate no net transport.
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12.5 W.ind-induced seiches in lakes

An interesting application of the two-layer model is to tleéching of thermally stratified
lakes. Most lakes of temperate latitudes undergo thermalfgtation in summer, and by late
summer when surface cooling begins, the water column i adfiteded into a relatively well
mixed and warmer surface layer (callegilimmnior) and a colder bottom layer (calldxy-
polimnion), separated by a thin layer of rapid temperature variatioetfiermocling. Waves
can propagate along both surface and thermocline, andtiefiesf these waves at the lake’s
ends can create standing waves, calletthes A seiche is usually the response to a wind
event: the wind blows for some time, dragging upper-layetewto the downwind side,
thereby raising the water level and depressing the theinwat the downwind end. When
the wind relaxes, the situation is out-of-equilibrium, dhd warm water begins to slush back
and forth across the lake, creating the seiche.

The simplest seiche model assumes no rotational effeca(isedakes are typically much
smaller than the ocean), a flat bottom and the absence abfriftb simplify the analysis).
To illustrate such a seiche model, we take the two-layer ineitleout rotation (f = 0) for a
domain confined between a flat bottom and two lateral boueslari

First we concentrate on the barotropic mode with the systeaquations[2.29. If we
differentiate [[Z.29% with respect tar, (229 with respect tay, and with respect
to ¢, and then subtract the first two from the last one, we obtain

0%n 9%y 0%y
L =—gH [—+=— 12.34
oz ~ Y (ax2 + ay2> ’ (12.34)

We recognize the generic two-dimensional wave equatiopelmeability of lateral bound-

aries translates into zero normal derivative;péis seen for example iBEZ.2Z9% when we set
f = 0andimpose, = 0. Thus,

— =0 at z =0,L (12.35)
ox

for a basin of length. in the z—direction. Similarly in the)—direction,
On =0 at y =0W (12.36)
dy

if the width isW.
For such a rectangular domain, it is easily verified that

n = A cos(wt) cos (?) cos (%) (12.37)

is the solution ofl[2.39 satisfing all four boundary conditions as longrasindn are integers
and provided that

m2n?  n2q?

The solutionm = n = 0 corresponds to a situation of rest, and, for an elongateid bas
with L > W, the gravest mode is obtained far = 1, n = 0. In this case the seiche is a
standing wave of frequency
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W =T

7 (12.39)

The gravest mode is of special importance because it is thevith the smoothest struc-
ture and thus the one that is dissipated at the slowest rdde, Wind forcing is more likely
to generate the gravest mode because atmospheric foramegally varies weakly over the
length of a a lake and can, at a first approximation, be coresidgniform.

We can immediately extend the previous result to the barimathode by replacing H
by ¢'H1H>/(H; + Hs) and interpret the velocity oscillations in the light of tharbclinic
mode of Figur€Z-8 The lowest-mode frequency becomes

w="1lg : (12.40)

and corresponds to a much longer period of oscillation. thasof the density interface

is similar to an oscillation of the surface. In an internatbke, however, the upper-layer
velocity is opposite to that in the lower layer, so that wageing to one side of the lake near
the surface is compensated by flow near the bottom to the sttierof the lake, with no

appreciable change in surface elevation.

When rotation comes into play (ho longer zero), the standing wave pattern is no longer
formed by the superposition of pure gravity waves but by theesposition of inertial-garvity
waves, and the mathematical solution is more complicated palrticular, so-calleam-
phidromic points at which the amplitude is nil, can arise (see Sedfid). The interested
reader is referred to Taylor (1921).

Seiches occur not only in lakes but also in the coastal océarthe Adriatic Sea, a
longitudinal seiche following an episode of sirocco wind cambine with a tidal elevation to
create flooding in Venice (Cushman-Roisiral., 2001). Internal seiches have been observed
in Scandinavian fjordss(g, Arneborg and Liljebladh, 2001).

12.6 Energy conservation

Inspection of energetics in a layered model is insightfuléhese it provides the formulation
of the quantities that serve as kinetic and potential ersrgilo do this, we reinstate the
nonlinear terms, the Coriolis acceleration and uneverobotiopography but restrict our
attention to the two-layer system described [B2.P3 with the pressure gradients given by
.
In the absence of friction, no dissipation is present, anaéxaect conservation of total

energy, sum of kinetic energys(F)) and potential energyHF). These are defined respec-
tively as:
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KE = @/// (u? + v%) dzdydz
2
00 Hz+a Hi+Hz+n
= —// / (u%—l—v%) dz + / (u%—l—vf) dz| dydx
2 b Ho+a

= %// [ha (u3 + v3) + hy (u] + )] dyda. (12.41)

/// pgz dzdydx
Hx+a Hy+H2+4n
/// p2gz dz dydx + /// p19z dz dydx (12.42)
Hs+a

Note how we used the Boussinesq approximation: The actuaityep; or po) is used next
to g in the potential energy but is replaced by the referenceityefas) in the kinetic energy.
Mass conservation in a closed basin leads obviously to

//n dydr = 0 //adydac =0 (12.43)

so that, up to an additive constant, potential energy caxpessed as

PE

// an? +ga dydzx, (12.44)

which shows that vertical displacementsf the interface need to be much larger than sur-
face elevationg to contribute equally to potential energy. With the prewaefinition, the
reference statge = 0 anda = 0 has zero potential energy. Any departure from this situmatio
leads to a positive amount of potential energy. This amautitus called available potential
energy (see also Sectifif.9).

To construct the energy budget, we multidbZ2(ZZ& by h,u; and exploit [Z22% to

obtain first:
8 h1U% 8 h1U% 8 hlu%
E< 2 )T\ ) T\

h h
—fhiuivihy = — Aghiuan) +gn A 1u1). (12.45)
ox ox

We then multiply [Z222D) by h,v1, exploit {2228, add the result tdlZ.49, and integrate
over a closed or periodic domain to obtain

//< u1+v1) dydz — // { (hyuy) a(igyvl) T

which shows that the amount of upper-layer kinetic energylmaltered by the divergence
of the transport.
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Similarly, we can obtain the equation governing the evolutdf kinetic energy in the
second layer:

2 2
%// (hzuz;rv2> dydx = / / (gn + g'a) [6(22“2) + 8(22“2)] dydz. (12.47)

For the potential-energy budget, we multipfil2(2Z2® by gn and integrate over the do-
main:

i 77_2 _ % . 8(11111,1) 6(h1v1)
o //g 5 dydx = // {gnat gn[ o + By dydzx. (12.48)

We then multiply [2Z.222) by ¢'a, exploit the relatiordh, /0t = da/0t, and integrate over
the domain yields, to obtain

d ,a2 o ’ 8(h2u2) 8(h2v2)
E//g Edydar = // —ga{ 5 T 9y dydz. (12.49)

Using 222} to replacela /0t in the right-hand side of[Z48), we can identify similar
terms on the right-hand side @Z.48 — (IZ.49 but with opposite signs. These terms repre-
sent energy exchange between the different forms of peterid kinetic energy. Hence, by
adding the four equations, these terms cancel one anotheA&iar multiplying by pg, we
ultimately obtain the statement of energy conservation:

d
dt
Besides certifying the expressions for kinetic and potdetnergy, this analysis has also
identified for us the expressions for the exchange termsdmivthe different forms of en-
ergy. The underlying mechanism is convergence/divergefitiee horizontal flow (affect-
ing kinetic energy) accompanied by piling/dropping of wetdfecting potential energy in a
compensating way).

(PE+KE) =0. (12.50)

12.7 Numerical layered models

The development of numerical models based on the goverguat®ns written in isopycnal
coordinates is simplified by the fact that a discretizatibthe vertical coordinate is already
performed through the layering (Secti@E2). Indeed, we arrived at governing equations
for a set ofm layers, in which the vertical coordinate no longer appekrsther words, we
replaced a three-dimensional problemvbycoupled two-dimensional problems.

Since it is straightforward to generalize the layering apgh and use different values
of Ap across layers, we can easily define layers so as to followigddiysmeaningful water
masses. Once thAp values are assigned to define the layers, the only disctietizthat
remains to be done is the one related to the two-dimensidmalZontal” structure, a task
we already performed in the context of the shallow-wateratiqns (Sectiol. 4 and@.9).
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Since the governing equations of each isopycnal layer ang similar to those of the in-
viscid shallow-water equations, all we have to do is to “edp¢he implementation of the
shallow-water equations for each layer and adapt the pree$sice. Here we can notice how
easily pressure can be calculated in the layered systentbadayer thicknesses are known
by simply integratinglTZ.13, or its straightforward generalization when density eliénces
vary between layers. To calculate layer thicknesses, theneconservation equations are
at our disposal and are also similar to those of the shallatemsystem. Finally, as for
shallow-water equations, additional processes neglegi¢d now can be reinstated. Bottom
and top stresses can be taken into account at the lowest gednopst layers by adding a
frictional term as we did for the shallow-water equationdsoAfriction between layers can
be accommodated by introducing terms that depend on theiteltifference across each
interface. These internal friction terms must appear wghasite signs in the equations for
the two layers scrubbing against each other, so that the mmimeost by one is gained by
the other.

Finally, unresolved horizontal sub-grid scale procesaade parameterized, for example
using a lateral eddy viscosity€., adding a Laplacian term). Itis noteworthy to point out here
that lateral diffusion formulated in the new coordinatetsys (with 9/0x derivatives taken
at constani) corresponds to mixing along isopycnals rather than in tiézbntal plane
(constantz) (see Sectio0.6.2. This is generally considered advantageous if we consider
that shorter-scale movements are more easily generategl aldensity surface because they
do not implicate any buoyancy force. The parameterizatfosub-grid scale processes as
diffusion along isopycnal surfaces is callstpycnal diffusiorand is naturally included in
the governing equations of layered models. In other wordslimpycnali.e., across-density)
diffusion and erosion of stratification will take place, amdter masses are conserved.

This is at the same time a major strength and weakness of ylee farmulation. It
is an advantage as the physical system prevents mixing,henthbdel simulates motions
and oscillations without any numerical destruction of tleaglty stratification, otherwise a
common issue affecting three-dimensional models. On therdiand, if vertical mixing
or vertical convection are significant in the physical sgstéhe layered model requires an
additional term to represent transfer (entrainment) ofiffudbm one layer into another. The
danger is then that a layer may lose so much of its fluid andrhew thin that is becomes
dynamically irrelevant and should be removed, at least mesoegion of the domain. In
addition, layer interfaces can intersect the bottom or fégure[l2=J. In other words, the
region where each layer exists may not be the entire domaimey furthermore change
over time. Tracking the edges of the layers is a problem thi@rifrom trivial.

The problem is even worse when gravitational instabilitiess present because the coor-
dinate transformation then loses its validity. Problensamted with strong vertical mixing
and gravitational instabilities explain why isopycnal retedare rarely used for atmospheric
simulations, where convection and associated gravitatimstabilities are much more fre-
quent than in the ocean.

Another difficulty with oceanic layered models is the facatthy construction density
is constant within each layer so that temperature and salgginnot vary independently.
Yet, physical boundary conditions are independent for enapire (heat flux) and salinity
(evaporation, precipitation). Finally, isopycnal modats not easily applied when the same
domainincludes both the deep ocean and coastal areas bélcawsariety of density structure
does not lend itself to representation with a single set obitg layers.
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well mixed

Figure 12-7 The application of a lay-
ered model needs some special care
when isopycnals intersect the surface
(outcropping), the bottom, or one an-
other. Surface outcropping typically
arises in the vicinity of fronts or follow-
ing strong mixing events, while bottom
intersection is likely to occur in regions
of steep topography.

Numerical layered models offer a choice between the origimadel, the rigid-lid ap-
proximation, and the reduced-gravity version. This cheaiffects the numerical properties.
For example, the reduced-gravity model has grayitgplaced by’ in all its equations, and
as a result no longer allows propagation of surface gravityes. This can be desirable from
a numerical perspective. Indeed, numerical stability ieguoents of shallow-water models
are typically of the type

vV ghAt
— < 1 .
Ao S o(1), (12.51)
(see Sectiof4). With gravity replaced by reduced gravity, the numerit¢abdgity constraint
becomes

Vg'hAL
AL < 0(1), (12.52)
which is much less stringent thdbZ.5]) because’ < g. The full gravityg also disappears
from the models using the rigid-lid approximation, and nabdtty condition of the type
{@IZX) applies. Longer time steps may be used in either case.

For the original version of the layered model, using neitkggd-lid approximation nor the
reduced-gravity approach, surface gravity waves are Iplessind stability conditiorliZZ5J)
can be very constraining compared to other numerical gtabibnditions. Some optimiza-
tion becomes necessary. A brute force approach would beadinjpeatment of the terms
responsible for the stability constraint. The velocitydiéh the equation governing layer
thickness should then be treated implicitly together whith surface height term in the mo-
mentum equations. The latter appears in all momentum emsliecause the surface pres-
sure isP; = paim + pogn according tofZIY, and the sunflZId means tha) becomes
part of the pressure terms in all other layers. With an inifjpicheme, this means that all
equations must be solved simultaneously, forming a ratirgel though sparse, linear sys-
tem to be inverted at every time step. Using a long time steghf® propagation of the fast
waves also degrades the propagation properties of thessswav
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A better approachis to recall that surface gravity wavegianerated by surface displace-
ments accompanied by divergence-convergence of the altytintegrated flow, and to treat
the corresponding subset of the dynamics with a shorter st than the rest. This can be
accomplished by averaging over the vertical in order to tansan equation governing the
barotropic component of the flow. The nonlinear terms, h@rerause a difficulty because
the average of products is not equal to the product of theages: The result is an equa-
tion governing the barotropic mode that contains some liaio¢erms. Fortunately, since
those vary slowly while the barotropic mode evolves rapithigy may be held frozen while
marching the rest of the equation forward. This is catteatle splitting FigurellZ=8).

N steps
W shallow-water equations
At/N ¢
Vertically integrated terms Surface elevation
m-layer or level equations
t
At

Figure 12-8 At a given time step, information from all layer thicknespesmit the calculation of the
slow baroclinic terms, which can be held temporarily fraz&@e barotropic component of the flow
(shallow-water type equation) can then be marched forwatiirie over several short time steps, until
the overall, longer time stefit is covered. Then, the surface heigtdat the new time level can be used
in all layers to forward in time the internal structure of frav.

In such scheme , the surface elevatiga marchedV times while the rest of the dynamics
is marched forward only once. In view of the typical valueg@indg’, the longer time step
is typically an order of magnitude larger than the short tatep required for surface waves,
and since the solution of the shallow-water equations vhithshort time step involves only
three instead a3m equations, an order of magnitude can be gained in compo#iiost by
the mode-splitting technique.

At the end of theN barotropic steps and the subsequent single baroclini¢ atppob-
lem may occur. The momentum equations of each layer cadmlaith the new elevation
n™*1 from the barotropic equation will lead to velocities at thewrtime Ievelu};“, v}j*l.
The transport obtained by summing up these velocities viethby the corresponding layer
thicknesses will, however, be different from the transpiwait would have been obtained after
N sub-steps, because of nonlinearities in the equationsotHimg is done to correct this
mismatch, instabilities can occwe.{, Killworth et al, 1991). The problem can be avoided
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by correcting the velocity fields obtained after solving thdividual layer equations so as
to make sure that their weighted sum equals the predictedpoat from the shallow-water
equations. This approach can also be applied to level madelay 3D model with a free
surface. The general idea remains the preliminary verititegration of the governing equa-
tions in order to make the barotropic component explicit amcharch forward in time the
latter with a shorter time step than the rest of the equations

Aside from the aforementioned difficulties, we can retamdistinct advantage of align-
ing coordinate lines (and hence numerical grids) with dyically significant features. This
explains the success of numerical layer models, and sewvataly used numerical isopycnal
models are based on the successive developments of Huftzliffeompson (1980), Bleck
et al. (1992), and Hallberg (1995). The modern tendency, howeéseq go beyond pure
layer models in favor of more general vertical-coordinatedels, which we will encounter
in Sectiori20.6.1

12.8 Lagrangian approach

In a layered model, the conservation equation/£as vastly simplified because coordinate
surfaces coincide with material surfaces of the flow. Thithies hallmark of a Lagrangian
approach. As opposed to a Eulerian representation of theifiamhich flow characteristics
are assigned to fixed points, in a Lagrangian approach desistics of the flow are tracked
following fluid parcels. A layered model, however, does iy in the vertical direction,
not in all three directions of space. This motivates us nugless to explore here what fully
Lagrangian models can offer.

A fully Lagrangian model tracks not merely material surfabat individual fluid parcels,
and just as the choice of density as the vertical coordimagelayered model eliminates the
vertical velocity from advection, a fully Lagrangian appob eliminates all advection terms
and is therefore most interesting in problems associatdutive discretization of advection
terms. In Sectiofg.4 the astute reader may have already wondered why we wenighral
these complicated Eulerian schemes to find the solution toe@dvection problem, which
is stated so simply in terms of the material derivative

de

and has such a disarming solution= ¢° for a parcel with initial value=. A single fluid

parcel, however, does not provide the concentration evaegygacross the domain but only at
its particular location. To determine the concentratigtribution, we first need to calculate
the trajectories of an ensemble of parcels launched ateliffédocations. For this, we need to



12.8. LAGRANGIAN APPROACH 359

return to the basic definition of velocity:

Ccli_:f = wu[x(t), y(t), 2(¢t), t] (12.54a)
% = v[z(t), y(t), z(t), t] (12.54b)
% = wlxz(t), y(), 2(¢), t], (12.54c)

and integrate over time for each of, sayfluid parcels. If the starting locations ar@(,yg,
zp) for p = 1 to N, integration of the previous equations provides the parsit{z, (t) ,y,(t),
zp(t)] of the sameN parcels at time. This is the core of dagrangian approachand it
obviously requires the knowledge of the velocity field atiatles.

The value ofc at any point in the domain can then be obtained by interpmiatiom
the closest parcels or by averaging within grid celimging), depending on the number of
parcels in the region. In either approach, for the method ddkwihe domain must at any
moment be as uniformly covered as possible by a sufficierglysd number of parcels. If
there are regions nearly void of parcels, concentrationaaiabe inferred there, and this is
the first problem with the Lagrangian approach: For an ithtizlatively uniform distribution
of parcels, convergence and divergence of the flow can s@ura&ter concentrate parcels in
some regions and depopulate other parts of the domain @li@if). Algorithms must be
designed to eliminate parcels in regions where they arendaht and to add new parcels in
empty regions. Roughly, if andH are, respectively, the horizontal and vertical lengthesal
of the 3D flow with surfaceS and depthD, we need at leasbS/(L?H) parcels, which is
about the required number of grid boxd&. 1), needed in an Eulerian model of the same
flow. However, because the Lagrangian parcels have a tepdiectuster and leave regions
with lower coverage, 10 to 100 times more parcels are tylpicaeded to resolve the same
flow.

The time integration itself also imposes some constraintthe method: For accurate
time integration of [[2Z.59 we must be able to respect the spatial variations of thecitglo
field during a time step, and this requires

UAt < L, (12.55)

or the trajectory calculation will be inaccurate. For thmsaeason, we must also respect the
time variations of the flowAt < T if the flow varies with time scal&".

Another important aspect is related to the integration eftthjectories. In addition to the
aforementioned accuracy requirement, two sources ofsarerencountered. First, the time
discretization itself does not generally ensure a revkrsialculation. If time or velocities
are reversed, the numerical integration does not returcefsato their initial positions (see
Numerical Exercise 12-5). Therefore, the time integrapooduces some dispersion. The
second source of error is related to the knowledge of thecitglield, itself calculated by
a model and thus available only at discrete locations. Faglacity field given on a rect-
angular grid, calculations of a trajectory passing throtigharbitrary locationg(¢), y(t),
z(t)] requires interpolation among adjacent grid points. Tiselteng interpolation error will



360 CHAPTER 12. LAYERED MODELS

Figure 12-9 Calculation of particle displacement in a flow field with nipllé circulation cells. Fluid
parcels follow the stationary streamfunction (solid liaed deplete some regions. USea] ZD_njto
view an animated version.

then affect the subsequent calculation of the trajectodyiagiuce some additional dispersion
among parcels.

Except for those restrictions, the Lagrangian approachssiyeimplemented. Diffusion
can be taken into account by simulating mixing via randonpldissment of particles, also
calledrandom walk according to

where A is the desired diffusivity ang is a random variable of Gausdbdistribution with
zero mean and unit standard deviatierg( Gardiner, 1997).

It can be shownd.g, Gardiner, 1997; Spagnet al, 2002; Spivakovskayet al, 2007)
that the previous stochastic equation leads to partictelulisions consistent with

dc dc 0 oc

A large number of fluid parcels moved according[Z.&d then mimic the concentration
evolution of [Z5). The role of the ternd.A/dz in the time integral can be easily understood
and illustrated in a situation of a local minimum dfwithin the domain of interest, such as
near a pycnocline (Numerical Exercise 12-8).

If momentum equations, too, are solved by a Lagrangian agbrahe momentum of
a particle is changed along its trajectory, mostly by thesguee-gradient force. An elegant
method among others to obtain the pressure distributialesponding to a given set of mass-
endowed particles is the particle-in-cell method (Pavid@ashman-Roisin, 1988; Esenkov
and Cushman-Roisin, 1999; Cushman-Rogial., 2000).

3]t should be noted that in most models the random variable doeobey a Gaussian but a uniform distribution.
This is acceptable as long as time steps are short so thatpény a succession of many time steps amounts to
adding up a large number of random steps, and, by virtue ofe¢heral limit theorem(e.g, Riley et al, 1997), the
many-step process follows the Gaussian distribution.
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Analytical Problems

12-1.

12-2.

12-3.

12-4.

12-5.

12-6.

12-7.

12-8.

Generalize the theory of the coastal Kelvin wave (Sed@@hto the two-layer system
over a flat bottom and under a rigid lid. In particular, what #re wave speed and
trapping scale?

In the case of the shallow-water reduced-gravity modelydemn energy-conservation
principle. Then, separate the kinetic and potential eneogributions.

Show that a steady flow of the shallow-water reduced-grayistem conserves the
Bernoulli functionB = ¢'h + (u? + v?) /2.

Establish the equations governing motions in a one-layatahabove an uneven bot-
tom and below a thick, motionless layer of slightly lessardity.

Seek a solution to the shallow-water reduced-gravity moftitie type

h(z, t) = z%A(t)+2xB(t) + C(t) (12.58a)
u(z, t) = zU(t) + Ug(t) (12.58b)
v(z,t) = zVi(t) + Vo(t). (12.58c)

To what type of motion does this solution correspond? What/ca say of its temporal
variability? (Takef = constant.)

Using the rigid-lid approximation in the shallow-water egjons (.e., a single density
layer), analyze the dispersion relation of waves on the pktae. Show that there
are no gravity waves and that the only dispersion relatiah tbmains corresponds to
planetary waveddZ)). How can the difference in dispersion relation be intetgute
in terms of the hypotheses used in the rigid-lid approxiorei Hint: Look again at
SectiorlZ3)

In the western Mediterranean Sea, Atlantic waters flow albegAlgerian coast and
are slightly lighter than the Mediterranean water. If thasity difference is 1.0 kg/fh
and the thickness of the Atlantic water layer is 150 m, howdais the sea surface
displacement associated with the intrusion of the lightater? Hint: Assume the
lower layer to be at rest.)

Prove the assertion made below EquatfbAZ]) that the potential vorticity so defined
is indeed conserved along the flow in the absence of fricmecifically, show that its
material derivative, usindlZJ), vanishes.
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Numerical Exercises

12-1.

12-2.

12-3.

12-4.

12-5.

12-6.

12-7.

12-8.

Adapt the shallow-water equation model developed in NucaéExercise 9-3 to sim-
ulate seiches in a lake with a reduced-gravity model.

Discretize the linearized two-layer model in time and withaxizontal Arakawa grid
of your choice. Use a discretization that does not requeaetiution of a linear system.
Provide a stability analysis neglecting the Coriolis force

Implement the discretization of Numerical Exercise 12-d egproduce numerically
the solution of SectioiZ3

Explore the implicit treatment of surface elevation in tleediropic component of the
layer equations and the corresponding equatiorwfotJse an Arakawa C-grid and
implicit treatment of both the divergence term in volume ssnvation and pressure
gradient in the momentum equations. Neglect the Coriolisefo Eliminate the yet
unknown velocity components from the equations to arrivaragquation fom™+*.
Compare the approach with the pressure calculation useshjnrmection with the rigid-

lid approximation of Sectiof.dand interpret what happens when you take very long
time steps.

Use different time-integration techniques to calculasgeittories associated with the
following 2D current field:

u = —cos(nt) y, v = +cos(nt) x (12.59)

fromt = 0 tot = 1 and interpret the results. Prove that the trapezoidal sehiem
reversible in time.

Implement a random walk into the calculation of the trajeée®of Numerical Exercise
12-5 and verify the dispersive nature of the random walin{, Start with a dense
cloud of particles in the middle of the domain.)

Use a large number of particles to advect the tracer fieldgifee=TI8 by distributing
them initially on a regular grid. Look &#ivdadvZD. mto see how the velocity field
and initial concentration distribution are defined. Whiablgem do you face when
you need to calculate the concentration at an arbitrarytiposat a later moment?

Implement [[258) without advection in a periodic domain between= —10L and
x = 10L and with diffusion given by

A= A tanr?%. (12.60)

Start with a uniform distribution of particles in the leftlhaf the domain ¢ < 0) and
no particles in the other halg(> 0). Simulate the evolution with and without the term
d0.A/0x and discuss your findings. Tae = 1000 km and.4, = 1000 n#/s. Hint:
Periodicity of the domain can be ensured by proper repositgp of particles when
they cross a boundary. Modulo is an interesting and usehdtfon here.)



Raymond Braislin Montgomery
1910 - 1988

A student of Carl-Gustav Rossby, Raymond Braislin Montggmearned a reputation as a
brilliant descriptive physical oceanographer. Applyirygdmic results derived by his mentor
and other contemporary theoreticians to observationsgheldped precise means of char-
acterizing water masses and currents. By his choice of aimglypbservations along density
surfaces rather than along level surfaces, an approactethhaim to formulate the potential
now bearing his name, Montgomery was able to trace the flonatémmasses across ocean
basins and to arrive at a lucid picture of the general ocedrdalation. Montgomery'’s lec-
tures and published works, marked by an unusual attentiefatiy and accuracy, earned

him great respect as a critic and review&h¢to by Hideo Akamatsu — courtesy of Mrs. R.
B. Montgomery
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James Joseph O'Brien
1935-

After a professional start as a chemist, Jim O’'Brien decigedhange career and turned
to oceanography, a discipline in which he found greatedladtial challenges. This was
around 1970, when computers were beginning to reveal tiogiepfor solving complicated
dynamical systems, such as the ocean circulation. O'Brigckty rose to become a leader
in numerical modeling of physical oceanography and airisesactions. His early models
of coastal upwelling taught us much about this importantaaeprocess. He was the first
to show by numerical simulation that knowledge of wind over tropical Pacific Ocean is
essential to represent El Nifio events. In the course of tnisamical applications (many of
them using layered models), he also discovered that the miade on the group velocity in
a computer model is often more troublesome than the erroeroadhe phase propagation
speed.

Professor O’'Brien has communicated his boundless entradiar numerical modeling,
oceanography and air-sea interactions to a large numbeadfigte students and young re-
searchers, who went on to occupy prominent positions atineddnited States and the world.
(Photo credit: Florida State Universijy
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