Chapter 10

Barotropic Instability

SUMMARY: The waves explored in the previous chapter evolva fluid otherwise at rest,
propagating without either growth or decay. Here, we irigast waves riding on an existing
current and find that, under certain conditions, they mayvgabthe expense of the energy
contained in the mean current while respecting consenvatfovorticity. The numerical
section exposes the method of contour dynamics, desigresifisplly for applications in
which conservation of vorticity is important.

10.1 What makes a wave grow unstable?

The planetary and topographic waves described in the prswbapter (Sectiof4through
owe their existence to the presence of an ambient poterdiéitity gradient. In the case
of planetary waves, the cause is the sphericity of the plavietreas for topographic waves
the gradient results from the bottom slope. We may naturatinder whether a sheared
current that possesses a gradient of relative vorticityldjatoo, be able to sustain similar
low-frequency waves.

The situation is quite different, however, for several s First, the current would
not only create the required ambient potential-vorticitgdient but would also transport the
wave pattern; because of the current shear, this transhatald be differential, and the wave
pattern would be rapidly distorted. Moreover, there isliike be a place within the current
where the speed of the wave matches the velocity of the dyiseoh a location, termed a
critical level, typically permits a vigorous transfer of energy betweemntiasic current and
the wave. As a consequence, the wave may draw energy fromiientand grow in time. If
this happens, insignificant little wiggles may turn intoywkarge perturbations, and the initial
flow can become highly contorted, to the point of becomingeaagnizable. The flow is said
to be unstable. To distinguish this situation from othetahsities occurring in baroclinic
fluids (.e., those possessing a stratification; see Chafi#end[ld), the preceding process
is generally known abarotropic instability

The stability theory of homogeneous shear flows is a well ld@ezl chapter in fluid

291



292 CHAPTER 10. BAROTROPIC INSTABILITY

mechanics (see, for example, Lindzen, 1988; Kundu, 19961j@el11-9). Here, we address
the problem with the inclusion of the Coriolis force but ltraur investigation to establishing
general properties and solving one particular case.

10.2 Waves on a shear flow

To investigate the behavior of waves on an existing curreatrielatively clear and tractable
formalism, it is customary to make the following assumpsioihe fluid is homogeneous
and inviscid, and the bottom and the surface are flat and¢raz The Coriolis parameter
is, however, allowed to varyi.€., the beta effect is retained). The governing equations are

(Sectiordg)
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where the Coriolis parametgr= f, + SByy varies with the northward coordinaggSection

B.9). As demonstrated in Sectiffid a horizontal flow that is initially uniform in the vertical

will, in the absence of vertical friction, remain so at athés. In GFD parlance, this is what

is called abarotropic flow and we consider such a case. Consequently, we drop the terms
wdu,/dz andwdv/dz in equations[0Id and LO.IR), respectively. According tdI0.1d),
Ow/dz must bez-independent, too, which implies thatis linear inz. But, because the
vertical velocity vanishes at both top and bottom, it mustée everywherexf = 0). The
continuity equation reduces to

ou ov

— — = 0. 10.2
Ox + dy 0 ( )

For the basic state, we choose a zonal current with arbitnandional profilexw = @(y),
v = 0. This is an exact solution to the nonlinear equations as &mthe pressure profile,
p = p(y), satisfies the geostrophic balance

(fo + Boy)uly) = — — —=. (10.3)

Next, we add a small perturbation, meant to represent atranpivave of weak ampli-
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tude. We write

u = u(y) + u(z, y, t) (10.4a)
Vo= v'(z, y, t) (10.4b)
p = ply) + vz y 1), (10.4c)

where the perturbations, v" andp’ are taken to be much smaller that the corresponding vari-
ables of the basic flow.€., v’ andv’ much less tham, andp’ much less thap). Substitution

in Equations0.13, IO.IM, and 0.2 and subsequent linearization to take advantage of
the smallness of the perturbation yield:

ou’ _ou , du 1 op

5 TUg, T a (fo + Boyp' = — 0 o7 (10.5a)
86—1;/ + u g—i + (fo + Boy)u' = - % (?3_1;/ (10.5b)
‘?9_7;/ + % = 0. (10.5¢)
The last equation admits the streamfunctigrdefined as
A (10.6)

oy’ v oz
The choice of signs corresponds to a flow along streamlintstive higher streamfunction
values on the right.

A cross-differentiation of the momentum equatidif.63 and and the elimina-
tion of the velocity components leads to a single equatiotthie streamfunction:

o 0 2 *u\ oY
(a+u%)v¢+<ﬁo—d—y2)%_o. (10.7)

This equation has coefficients that dependicand, therefore, on the meridional coordinate
y only. A sinusoidal wave in the zonal direction is then a Solut

b(x, y, t) = p(y)e' k= (10.8)
Substitution provides the following second-order ordyndifferential equation for the am-
plitude¢(y):

2 2= 2
9 _ k¢ + M ¢ =0, (10.9)
dy? u(y) — ¢
wherec = w/k is the zonal speed of propagation. An equation of this typealed a
Rayleigh equatioifRayleigh, 1880). Its key features are the non-constarfficat in the
third term and the fact that its denominator may be zero ticrga singularity.
For boundary conditions, let us assume for simplicity thatftuid is contained between
two walls, aty = 0 and L. We are thus considering waves on a zonal flow in a zonal
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channel. Obviously, there is no such zonal channel in eitieatmosphere or ocean, but
wavy zonal flows of limited meridional extent abound. The @$pheric jet stream in the
upper troposphere, the Gulf Stream after its seaward tdr@aye Hatteras (3®), and the
Antarctic Circumpolar Current are all good examples. Atke,atmosphere on Jupiter, with
the exception of the Great Red Spot and other vortices, ssreimost entirely of zonal bands
of alternating winds, calleleltsor stripes(see Figur@-5).

If the boundaries prevent fluid from entering and leavingdh@nnely’ is zero there, and
@09 implies that the streamfunction must be a constant aloa &all. In other words,
walls are streamlines. This is possible only if the wave dtugé obeys

Ply=0) = o(y=1L) = 0. (10.10)
The second-order, homogeneous problenfI&f¥ and [L0.I0 can be viewed as an eigen-
value problem: The solution is trivialy(= 0), unless the phase velocity assumes a specific
value (eigenvalue), in which case a non-zero functiof@igenfunction) can be determined
within an arbitrary multiplicative constant.

In general, the eigenvaluesnay be complex. It admits the functiow, then the complex
conjugatec* admits the complex conjugate functigf and is thus another eigenvalue. This
can be readily verified by taking the complex conjugate ofatign [L0.9. Hence, complex
eigenvalues come in pairs.

Decomposing the eigenvalue into its real and imaginary corapts,

c=crt+ig, (10.112)

we note that the streamfunctiaih has an exponential factor of the formp(kc;t), which
grows or decays according to the signepf Because the eigenvalues come in pairs, to any
decaying mode will correspond a growing mode. Therefore,gfesence of a non-zero
imaginary part in the phase velocityautomatically guarantees the existence of a growing
disturbance and thus the instability of the basic flow. Thedpctkc; is then called the
growth rate Conversely, for the basic flow to be stable, it is necessaithe phase speed

be purely real.

Because mathematical difficulties prevent a general détetian of thec values for an
arbitrary velocity profilei(y) (the analysis is difficult even for idealized but nontrivipb-
files), we shall not attempt to solve the problé@—( 0.1 exactly but will instead estab-
lish some of its integral properties and, in so doing, reaehker stability criteria.

When we multiply equatiofl0.9 by ¢* and then integrate across the domain, we obtain

- (&l

after an integration by parts. The imaginary part of thisregpion is

L d2 |¢|2 B
C; /0 (ﬁo - 7) |ﬂ—c|2 dy = 0. (1013)

Two cases are possible: Eithervanishes or the integral does. df is zero, the basic flow
admits no growing disturbance and is stable. But;ifs not zero, then the integral must
vanish, which requires that the quantity

+ k2|¢l2> dy + / M || dy = 0, (10.12)




10.3. BOUNDS 295

27 —
bo— G = g (fo+ o - 5 (1012)
Y Y

must change sign at least once within the confines of the dorSaimming up, we conclude
that a necessary condition for instability is that exprs{Ll0.19 vanish somewhere inside
the domain. Conversely, a sufficient condition for stapilg that expressiorfIl.I3 not
vanish anywhere within the domain (on the boundaries maytenot inside the domain).
Physically, the total vorticity of the basic floviy + Goy — du/dy, must reach an extremum
within the domain to cause instabilities. This result west filerived by Kuo (1949).

This first criterion can be strengthened by considering trexteal part of {012, which
takes the form:

L - d2,a |¢)|2 B L d¢
[ e (s0-35) o = (‘d_y

In the event of instability, the integral iEQ.T} vanishes. Multiplying it by ¢, — i), where
g is any real constant, adding the result@@{T%, and noting that the right-hand side of
@019 is always positive for non-zero perturbations, we obtain:

2
- k:2|¢|2> dy.  (10.15)

L 2 2
- d*u) 9|
/0 (@ —1p) (50 - dyQ) 7 o dy > 0. (10.16)
This inequality demands that the expression
d*u
(4 — o) (ﬁo - —dyQ) (10.17)

be positive in at least some finite portion of the domain. Beeathis must hold true for
any constantiy, it must be true in particular ifiy is the value ofii(y) wheregy — d?u/dy?
vanishes. Hence, a stronger criterion is: Necessary gondifor instability are that, —
d*u/dy? vanish at least once within the domaindthat (i — ) (30 — d*@/dy?), whereug
is the value ofu(y) at which the first expression vanishes, be positive in at lsawe finite
portion of the domain. Although this stronger criteriodl stffers no sufficient condition for
instability, it is generally quite useful.

10.3 Bounds on wave speeds and growth rates

The preceding analysis taught us that instabilities mayioeben certain conditions are met.
A question then naturally arises: If the flow is unstable, Hiast will perturbations grow? In
the general case of an arbitrary shear flofy), a precise determination of the growth rate
of unstable perturbations is not possible. However, an uppend can be derived relatively
easily, and, in the process, we can also determine lower pperiounds on the phase speed
of the perturbations. For simplicity, we will restrict outention to thef-plane (3, = 0),
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in which case the derivation is due to Howard (1961). Aftendsawe will cite, without
demonstration, the result for the beta plane.
The analysis begins by a change of variflble

o = (& — ¢)a, (10.18)
which transforms equatioLQL9 into
diy [(ﬂ —c)? Z—Z] — kK (@—c)a =0, (10.19)

with 3, set to zero. Because dQ.I9, the boundary conditions anare identical to those
on ¢, namelya(0) = a(L) = 0.

We consider the case of an unstable wave. In this casas a non-zero imaginary part,
anda is non-zero and complex. Multiplying by the complex conjigga and integrating
across the domain, we obtain an expression whose real amgghiang parts are

L
Real part: / [(@—c)* = ZPdy = 0 (10.20)
0
L
Imaginary part: / (w—c)Pdy = 0, (10.21)
0

whereP = |da/dy|? + k*|a|? is a non-zero positive quantity. WitAQ.2J), ({020 can also
be recast as

/L [@® — (] + )P dy = 0. (10.22)
0

It immediately follows from [0.2]) that (z — ¢,.) must vanish somewhere in the domain,
implying that the phase speeglies between the minimum and maximum values @f):

Umin < ¢ < Umax- (1023)

Physically, the wavy perturbation, if unstable, must tfavigh a speed that matches that
of the entraining flow, in at least one location. In other wgrthere will always be a place
in the domain where the wave does not drift with respect tcathbient flow and grows in
place. Itis precisely this local coupling between wave aow that allows the wave to extract
energy from the flow and to grow at its expense. The locatioar&khe phase speed is equal
to the flow velocity is called aritical level

Armed with bounds for the real part of we now seek bounds on its imaginary part. To
do so, we introduce the obvious inequality

L
| @ Vi) W =Pty = 0 (10.24)
0

and then expand the expression, replace all linear termsuigsing [L0.2J), and replace the
quadratic term using usinf Q.22 to arrive at

1jt can be shown that the new variakidgs the meridional displacement, the material time deeatif which is
thev component of velocity.
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Because the integral dP can only be positive, the preceding bracketed quantity rbast
negative:

2 2
(CT_M) &< (M) : (10.26)

Umax —Umin
2

|
Umin+-Umax Unax Cr
2

Umin

Figure 10-1 The semicircle theorem. Growing perturbations of wavenemkimust have phase speeds
¢ and growth rategc; such that the tip of the vectoe,(, ¢;) falls within the half-circle constructed
from the minimum and maximum velocities of the ambient stileav @ (y), as depicted in the figure.
When the beta effect is taken into account the tip of the veutgst lie in the slightly enlarged domain
that includes the semi-circle and the light gray area.

This inequality implies that, in the complex plane, the nemb. + ic; must lie within
the circle centered d{Upmin + Umax)/2,0] and of radiugUpax — Unin)/2. Since we are
interested in modes that grow in timeg,is positive, and only the upper half of that circle is
relevant (Figur@0-3). This result is calledHoward’s semicircle theorem

It is readily evident from inequalityll0.28 or FigurdI0-1thatc; is bounded above by

< Umax - Umin
C; S 72 .
The perturbation’s growth rater; is thus likewise bounded above.
On the beta plane, the treatment of integrals and inegemlgisomewhat more elaborate
but still feasible. Pedlosky (1987, Section 7.5) showed tiva preceding inequalities an
andc; must be modified to

(10.27)

BoL?

Unin = 502 1217

< ¢ < Unax (10.28)

Umin + Umax ? 2 Umax - Umin 2 ﬁOLz(Umax - Umin)
- @ ‘< .
(cr ) +c < ( . ) e (1029)
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whereL is the domain’s meridional width andthe zonal wavenumber (Figufl@-1). The
westward velocity shift on the left side dIQ.ZH is related to the existence of planetary
waves [see the zonal phase speBEB@)]. The last inequality readily leads to an upper bound
for the growth raté:c;. Knowing bounds for the phase spegdand growth ratéc; is useful

in the numerical search of stability threshold in specifiplegations (Proehl, 1996).

10.4 A simple example

The preceding considerations on the existence of instialiland their properties are rather
abstract. So, let us work out an example to illustrate theepts. For simplicity, we restrict
ourselves to th¢-plane (3, = 0) and take a shear flow that is piecewise linear (Fiflife):

_ du d*a
y< —L: u = —Uv7 = d—y2

@
vodi_U
L

=

=0 (10.30)

-L <y < +L: =0 (10.31)

N
Il

Y, d_’y =
du d*u
U _— =

+ U, dy

SIS

+L < y:

o
I

0, (10.32)

N
Il

S S Figure 10-2 An idealized shear-flow

profile that lends itself to analytic treat-
ment. This profile meets both neces-
sary conditions for instability and is

-U found to be unstable to long waves.

whereU is a positive constant and the domain width is now infinityth&lgh the second
derivative vanishes within each of the three segments oflttmeain, it is non-zero at their
junctions. Asy increases, the first derivativki/dy changes from zero to a positive value
and back to zero, so it can be said that the second derivatpesditive at the first junction
(y = —L) and negative at the secong+ +L). Thus,d?@u/dy? changes sign in the domain,
and this satisfies the first condition for the existence dfaioidities. The second condition,
that expressiodll0. 1], now reduced to
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_d%*a
g
dy?’

be positive in some portion of the domain, is also satisfiethbsed?u/dy? has the sign
opposite taz at each junction of the profile. Thus, the necessary comditior instability are
met, and, although instabilities are not guaranteed td,exesought to expect them.

We now proceed with the solution. In each of the three domegments, governing
equation[[0.9 reduces to

— —k*¢ =0, (10.33)

and admits solutions of the typep(+ky) andexp(—ky). This introduces two constants of
integration per domain segment, for a total of six. Six ctinds are then applied. Firsp,is
required to vanish at large distances:

B(=0) = d(+00) = 0.

Next, continuity of the meridional displacementsyat= L requires, by virtue off0.19
and by virtue of the continuity of the(y) profile, thaty, too, be continuous there:

d(—L —¢) = ¢(—=L+¢€) and ¢(+L —¢) = ¢(+L +e),

for arbitrarily small values of. Finally, the integration of governing equatidf9 across
the lines joining the domain segments

+L+e _
[ ot - wa—ae - Thol a -0
+L—e¢ dl/

must be continuous at both= —L andy = + L. An alternative way of obtaining this result
is to integrate Equatiolfl.I9, which is in conservative form, across a discontinuity.

Applying these six conditions leads to a homogeneous sysfeaguations for the six
constants of integration. Non-zero perturbations exigtnthis system admits a nontrivial
solution — that is, when its determinant vanishes. Sometsdilgebra yields

c? (1 — 2kL)? — e~ 4kL

i OBAE . (10.34)
Equation is the dispersion relation, providing the wave veloaityn terms of the
wavenumbek and the flow parametefsandU. It yields a unique and reat, either positive
or negative. If it is positiveg is real and the perturbation behaves as a non-amplifyingwav
But, if ¢? is negativec is imaginary and one of the two solutions yields an expoadipti
growing mode § proportional toexp(kc;t)]. Obviously, the instability threshold i€ = 0,
in which case the dispersion relatidbf(33 yields kL = 0.639. There is thus a critical
wavenumbet = 0.639/L or critical wavelengtlew/k = 9.829L separating stable from
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i _
N
Y
B ,sl . Imaginary part Real part
o AN <
@ U U
S 06} >
w N
3 N
= \
% N
g 04 N Figure 10-3 Plot of the dis-
5 ) persion relation [[I0:34) for
0.2} waves riding on the shear
flow depicted in Figur€I012.
0 ‘ The lower wavenumberisfor
0 0.5 15 which ¢; is non-zero corre-

dimensionless wavenumber kL

spond to growing waves.

unstable waves (FiguEE1=J. It can be shown by inspection of the same dispersion oglati
that shorter wavesk(. > 0.639) travel without growth (because = 0), whereas longer
waves (L < 0.639) grow exponentially without propagation (because= 0). In sum, the
basic shear flow is unstable to long-wave disturbances.

An interesting quest is the search for the fastest growingewaecause this is the domi-
nant wave, at least until finite-amplitude effects becomgeartant and the preceding theory
loses its validity. For this, we look for the value kL that maximizes:c;, wherec; is the
positive imaginary root offf0.39. The answer ik = 0.398, from which follows the
wavelength of the fastest growing mode:

2
Atastest growth = % = 1577L = 7.89 (2L).

This means that the wavelength of the perturbation that dates the early stage of instability
is about 8 times the width of the shear zone. Its growth rate is

(10.35)

U
(kei)max = 0201 =,
corresponding te; = 0.505U. It is left to the reader as an exercise to verify the preagdin
numerical values.

At this point, it is instructive to unravel the physical maciism responsible for the growth
of long-wave disturbances. FigUi€-4 displays the basic flow field, on which is superim-
posed a wavy disturbance. The phase shift between the twe bhdiscontinuity is that
propitious to wave amplification. As the middle fluid, endalweith clockwise vorticity, in-
trudes in either neighboring strip where the vorticity isiaristent, it produces local vorticity
anomalies, which can be viewed as vortices. These vorteesrgte clockwise rotating flows
in their vicinity, and, if the wavelength is sufficiently Ignthe interval between the two lines
of discontinuity appears relatively short and the vortitem each side interact with those on
the other side. Under a proper phase difference, such ashdapicted in FiguigQ0-4 the
vortices entrain one another further into the regions of aicity, thereby amplifying the

(10.36)
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Figure 10-4 Finite-amplitude development of the instability of the ahflow depicted in FigureZI0-2.
The troughs and crests of the wave induce a vortex field, wiicturn, amplifies those troughs and
crests. The wave does not travel but amplifies with time. [S&guence of figures shown here were
generated witEhear ear I ow, mdeveloped in Chapt&rlle].

crests and troughs of the wave. The wave amplifies, and the $asar flow cannot persist.
As the wave grows, nonlinear terms are no longer negligéne, some level of saturation is
reached. The ultimate state (Figli@3) is that of a series of clockwise vortices embedded
in a weakened ambient shear flow (Zabuskwl., 1979; Dritschel, 1989).

Lindzen (1988) offers an alternative mechanism for theainidity, based on the fact that
there are two special locations across the system. Theditiseicritical levely., where the
wave speed matches the velocity of the basic flaw+ u(y.)] and the other ig, where the
vorticity of the basic flow reaches an extremum [where Exgices[I0.13 changes sign]. A
wave traveling in the direction afy to y. undergoes overreflection, that is, upon entering the
[y0,yc] interval, it is being reflected toward its region of origintiva greater amplitude than
on arrival. If there is a boundary or other place where theaxzan be (simply) reflected, then
it returns toward the region of overreflection, and on it goBse successive overreflections
of the echoing wave lead to exponential growth.
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10.5 Nonlinearities

From Sectioffl0.2we note that the nonlinear advection term is responsibléhinstability
of the basic flowu(y). We analyzed the stability by linearizing the equationsuacbthe
steady-state solution and replaced terms suaag 0= by @du’/dx and this led to linear
equations and wave-like solutions, yet retaining the atilmedy the basic current. When
instability occurs, the velocity perturbations grow in énpand, after an initial phase during
which linearization holds, they eventually reach such gensity thatu'ou’/dx may no
longer be neglected. We enter a nonlinear regime requirurganical simulation. In an
inviscid problem such as the present one, we then face ausgsioblem, already mentioned
in the Introduction, namely the aliasing of short waves Iotiger waves.

b= e = 5

} /\f\/ >

—ky — kg

Figure 10-5 Transformation of a unresolved short wave of wavenunther- w/Ax into a resolved
wavenumbetk, — 2w /Ax|, corresponding to a reflection of wavenumber about the tuaibie 7/ Ax

as indicated for three particular values of the wavenumthentified by an open circle, a cross and a
gray dot to the right ofr/ Az and the wavenumbers into which they are aliased (all to fhefler/ Ax).

As shown in Sectiof . I2for time series, sampling (read: discretization) sets slimiés
on the frequencies that can be resolved. In space instead@fthe same analysis applies,
and waves of wavenumbeks andk, + 27/Ax cannot be distinguished from each other in
a discretization with space intervalz. If a wavenumbetk, larger thanr/Az exists, it is
mistaken by the discretization as being of smaller wavererhp — 27 /Axz or 27/ Ax —
k.. This misinterpretation of too rapidly varying waves candepicted (Figur@0-9) as a
reflection of the wavenumber about the cutoff vatlygAz. Any wave can be decomposed
in its spectral components, and let us suppose that therapeof a set waves (wave packet)
takes the form shown in FigufE0=8 Since waves of higher wavenumbers are reflected
around the cutoff wavenumber into the resolved range, thecésted spectral energy will also
be transferred from the shorter unresolved waves to thesloegolved waves. If the energy
level decreases with decreasing wavenumber, the spectterateon will be strongest near
the cutoff value. In other words, the energy content of nreaily resolved waves is the one
most influenced by aliasing, and the manifestation is an ategbexcess of energy among
barely resolved waves. This is one reason why model resuibtagenerally to viewed as
suspect at scales comparable to the grid spacing. But themerie to the problem.

The aliasing problem is particularly irksome when nonlingdvection comes into play,
because the quadratic term in the equation creates wavehasnlf the velocity field is re-
sulting from the superposition of two waves, one of wavenemband another of wavenum-
berks of equal amplitude and phase,
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E
Apparent Spectrum

<
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Spectrum Figure 10-6 Spectrum alteration by

aliasing, which effectively folds the
numerically unresolved part of the
spectrum k. > w/Az) into re-
solved scales. The steeper the energy
spectrum decrease around the cutoff
wavenumber, the less aliasing is a prob-
lem. The spectrum alteration is then
“““ ‘ > limited to the vicinity of the shortest re-

0 Az Ky solved waves.

True
Spectrun

uw=u +us Wwith wu; = Ae'¥® and w; = Ae'¥* and wuy = Ae'F2®, (10.37)
then the advection termdu/Jx generates a contribution of the form

A% (y + ko)el (Frtha)z (10.38)

which introduces a new spectral component of higher wavéreui + k-. Even if the two
original waves are resolved by the grid, the newly creatatistorter wave may be aliased
and mistaken for a longer wave. This happens whe# k2 > 7/Az. The nonlinear advec-
tion thus creates an aliasing problem, which can serioushditap calculations, especially
if the aliasing is such that the newly created waves have &mawber identical to one of
the original wavesk, for example. In this case we have a feedback loop in which com-
ponentu; interacts with another one and, instead of generating aeshaave as it ought,
increases its own amplitude. The process is self-repeatidgbefore long, the amplitude of
the self-amplifying wave will reach an untolerable levehigis known asionlinear numeri-
cal instability, which was first identified by Phillips (1956).

Such a self-amplification occurs when the interactiortofind k5 satisfies the aliasing
condition and the new wave is aliased back into one of ther@igvavenumbers (herg ):

(ky + ko) > & and % — (k1 + ko) = ki (10.39)

To avoid such a situation for any wavenumber resolved by tite(ge., for all admissible
values fork, varying between 0 and/Axz), k; should not be allowed to take values in the
interval 7 /(2Ax) to w/Axz. This requirement is a little bit too strong since,kif is not
allowed to exceed /(2Ax), ks, too, should not be allowed to do so. The highest permitted
value for eitherk; or k- is then found by letting; = k- in (T0.39), and this yieldS,,.x =

27 /(3Ax). In other words, if we are able to avoid all waves of wavelargitorter than

21 /kmax = 3Az, nonlinear instability by aliasing can be prevented. Disgihg these
waves from the initial condition is not enough, however,a&wese sooner or later, they will
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be generated by nonlinear interaction among the longer svavke remedy is to eliminate
the shorter waves as they are being generated, and thisamptished byfiltering.

Filtering is a form of dissipation that mimics physical diigtion but is designed to re-
move preferentially the undesirable waves, that is, onig¢hon the shortest scales resolved
by the numerical grid. This can be accomplished by the filtissussed in the following
section. Other methods to address aliasing and nonlineaerical instability related to the
advection term will be encountered later in Sec{di Before concluding this chapter,
we will also describe an entirely different approach, whaebids aliasing altogether by not
using a grid at all. This method, knowneentour dynamicdollows fluid parcels along their
path of motion thus absorbing the advection terms in the nadteme derivative.

10.6 Filtering

We saw earlier that the leapfrog method generates spuriodes(flip-flop in time) and we
just realized that spatial modes near2ier cutoff (‘saw-tooth’ structure in space) are poorly
reproduced and prone to aliasing. We further showed howimeenlities can create aliasing
problems around th2Axz mode. Naturally, we would now like to remove these unwanted
oscillations from the numerical solution. For the spat@bgooth structure, we already have
at our disposal a method for eliminating shorter waves: ighaydiffusion. Physical diffusion
in the model, however, may not always be sufficient to sugpoesven control theAx
mode, and additional dissipation, of a numerical naturepb®es necessary. This is called
filtering.

In this section, we concentrate on explicit filtering, desid to damp short waves. Let us
start with a discrete filter inspired by the physical diffusoperator:
=a+ (-2 + ), (10.40)

(2

~ 2 92¢
~Ax o2

in which the new (filtered) valué} is henceforth replacing the original (unfiltered) value
¢'. The preceding formulation is equivalent to introducingféudion term with diffusivity
»Ax?/At, which enhances physical diffusion, if any.

The behavior of this filter can be analyzed with Fourier mddes(i k,iAx)], thus pro-
viding the ‘amplification’ factor, which in this case is aatly a damping factor:

kIA:v)

0=1—4ssin® ( (10.41)
For well resolved waves, the amplification factor is closendy (no change of amplitude),
while for the2Ax wave ¢, = 27/2Ax), its value isl — 4. The valuexx = 1/4 therefore
eliminates the shortest wave in a single pass of the filtdrittermediate wavelengths are
partially reduced, too, and a smaller valuespfis generally used in order not to dampen
unnecessarily the intermediate scales of the solution. promise, therefore, needs to be
reached between our desire to eliminate2ider component while least affecting the rest of
the solution.

To alleviate such compromise, more selective filters canmamented. These are of
the biharmonic type and require a wider stencil (more grie{sd. For example,
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Figure 10-7 Damping factor as a func-
tion of wavelength for two different fil-

1 ters: regular diffusion [Eq. [{I0.30),
dashed-dotted line] and biharmonic op-
erator [Eq. [10.42), solid line], each for
1 2 = 1/4. Both filters eliminate the
2Axz mode completely = 0), but
the biharmonic filter is more scale se-
1 lective in the sense that it damps less
the intermediate-scale components (
16 closer to unity for these).
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leads to the more scale-selective damping factor

o0=1— {4 sin? (kmzAx) — sin? (2/{wa)] . (10.43)

2

The difference in the case = 1/4 is illustrated in Figur§l0-1 Both diffusion-like and
biharmonic filters [[0.40) and [[O.43), respectively] eliminate theAz mode with the same
value of . Figurell0-1also shows that components of intermediate scales areffested
by the biharmonic filter than by the diffusion-like filter. &Hiharmonic filter, however,
may introduce non monotonic behavior because there ardivegaefficients in its stencil
(om::}
As for the diffusion-like filter, the biharmonic filter is s@times made explicit in the
undiscretized model equations by an additional term of thenf—B9*¢/0x*, with B =
»xAx*/(4At). The approach can, of course, be extended to ever largeilsteith increased
scale selectivity but at the cost of additional computation

It should be noted that the coefficients used in the filterslapending on the grid spacing
and time step, whereas physical parameters do not, unlegptrameterize subgrid-scale
effects. In the latter case, the grid size can be involvedhéngarameterization, as seen in
SectiorE2 We should, however, not confuse the different concepts: pitysical molecular
diffusion, the standard micro-turbulent (eddy) diffusisnbgrid-scale diffusion introduced to
parameterize mixing at scales longer than turbulent metyen shorter than the grid spacing,
diffusion associated with explicit filtering (the subjedttbe present section), and, finally,
numerical diffusion caused by the numerical scheme (fotaticoded). It is unfortunately
not always clearly stated in model applications which typdiffusion is being meant when
the authors mention their model’s diffusion parameters.
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For filtering in time, we can adopt the same filtering techeigBecause the spatial filter
replaces the model values by a filtered version obtained¥Iaf{), one way of eliminating
the flip-flop mode is:

="t (T - 28" + ). (10.44)

This, however, is not very practical since it requires thatwalues of be stored for later
filtering. Note also how filtering at time levalmust wait until values have been computed at
time leveln + 1. This does not avoid the nonlinear interactions of the spusrmode with the
physical modes. Itis better, therefore, to blend the fitigrith time stepping and replace the
unfiltered solution by the filtered one as soon as it becomaitaée. Suppose for example
that we have a new value 6f*! obtained with the leapfrog scheme,

Tl =l L 2AL Q(t,é), (10.45)

with the usual source ter@ regrouping all spatial operators. We can then fiitewith

="t (T - 28" Y, (10.46)

and immediately store it in the array holdif®. Note howe™—! appears in the filtering and
leapfrog step instead @' —! because the filtered value has already superseded theabrigin
one. This filter, known as th&sselin filter{Asselin, 1972), is commonly used in models with
leapfrog time discretization. In order not to filter excessi, small values o can be used.
Alternatively, the filter can be applied only intermittgndr with varying intensityr.

More selective filters in time can be inspired by the spati@fi{l0.43, but these would
require the storage of additional intermediate values efdtate vector because the filter
involves more time levels (five in the biharmonic case), wihiile leapfrog scheme requires
that only three levels be stored.

Other filters exist, some of them based on intermittent ittalization of the leapfrog time
integration by simple Euler steps, but all of them shouldfygiad with caution because they
always filter part of the physical solution or alter the tratian error.

10.7 Contour dynamics

The preceding stability analysis and aliasing problem give a nice opportunity to intro-
duce yet another numerical method, the family of so-cdiledndary elemenmhethods. This
method was first applied to vortex calculations by Normanuséifl (Zabuskyet al., 1979).
To illustrate the approach, we start from the simple tasletfeving the velocity field from
a known vorticity distribution in two dimensions. The veity w is related to the velocity
components andv by

ov  Ou

and it follows by inversion of this definition that the veltycaccompanying a localized vortex
patch of areals and uniform vorticityw in the absence of boundary conditiong ( for an
infinite domain) is given by

2See his biography at the end of this chapter.
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27r dvg = w ds, (10.48)

wherer = /(z —2/)2 + (y — y’)? anduy is the velocity component perpendicular to the
line joining the vortex patch to the point under considemfileft side of Figur€0-8). The
result follows from a straightforward application of Stekiheorem, which states that the
circulation of the velocity along a contour (here circle afliusr), that is27rduvg, is equal to
the integration of the vorticity within that contour (hevds).

In vectorial notation, the infinitesimal velocity assoei@twith a differential patclls of
vorticity w is

/
du— £ KX x=xX) (10.49)
27r T

which can be integrated over space for a nonuniform dididbuv(z, y) over a finite area
(right side of Figurél0-8). We obtain

// (@', y) )d "dy . (10.50)

d’Ug

ds

J

[

Figure 10-8 Elementdwvy of velocity associated with an infinitesimal vortex patchaoéads and
vorticity w (left panel). Integration over a finite patch of non-zerotigity within contourC, gives the
associate velocity field (right panel). Note that the donisinfinitely wide outside the vortex patch.

This provides the velocity field as a function of the voriiaitistribution, up to an irro-
tational velocity field. In an infinite domain.€., with no boundary conditions), the latter is
zero. Suppose for now that we have a single patch of constatitity so that

!
u(z,y) =3 // y) dx’ dy’ (10.51a)
T (x — ') (y —y')?

v(a,y) = o // ‘”‘“’) da' dy (10.51b)
T (x —a') (y —y')?

where the integral is performed over the vorticity patchirdeééd by its contoulC (Figure
[0-9. Noting that integrands are derivatives of the function
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:E—x/Q _ 2 1\2
N [LEE AT ] (1052

we can rewrite the velocity components as

u(z,y) 47T// ' da’ dy :—i?{ & dz' (10.53a)
// dx dy = — ]{ ody (10.53b)

for which we performed integration by parts to reduce thegrdl over the area of non-zero
vorticity to a line integral along its perimeter. The symBoineans that the integral is taken
asz’ andy’ vary along the closed perimet@mith the patch on the left. Thus, we can express
the velocity vecton at any point due to a patch of uniform vorticityas

. [(w — x’)Ql-; (y — y/)T ax’ (10.54)

U(l’,y):—g C

Ca

Figure 10-9 When several contours
are involved in the velocity determina-
tion, contour integrals must be added to
one another, and the relevant quantity
along a contour is the vorticity jump
across it. For the case depicted here,
(', y") itis ws — wo for contourCs.

When several vorticity patches are present, all we have tis ttbadd the contributions
of the different patches. There is a slight difficulty, howewvhen a patch is contained
within another one. For example, in Figlf8-3 thews vorticity lies entirely within thews
vorticity patch. For theuy patch, the contour integration breaks into two parts, oméhfe
outer contout, traveled counterclockwise (with vorticity, to its left) and the other for the
inner contoutC; traveled clockwise (again with vorticity, to its left). The latter contour
integral needs to be repeated for thepatch, this time traveled counterclockwise and with
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ws in its integrand. The addition of the last two integrals &ala single integration along
C5 performed counterclockwise with the vorticity jumps = w3 — wy in its integrand. For
any number of contours, we have

u(z,y) = —ﬁ > bwm, féc In [(“’ S Ut D PN (10.55)

L2

where the sum is performed over all existing contours and&e,, is the vorticity jump
across contout,,, (inside value minus outside value).

Integration direction

(xﬂ-ly.ﬁl)/

’

Figure 10-10 Discretization of con-
tour integrals achieved by using a mid-
point evaluation of the integrand along
the m-th contour at locatior((z}" +
zi41)/2, (yi" + yji1)/2).  In this
way, the singularity of the logarithm
is avoided when the point:f, yF) for
which the integral is evaluated lies on
the same contour along which the inte-
gral is performed.

m

S

Up to here we only established a diagnostic tool to retribeeselocity field from a given
distribution of vorticity patches. To predict the evolutiof these patches, we now have to
solve the governing equation for vorticity. In the absentfiotion or any other vorticity-
altering process, vorticity is conserved and simply acketly the flow. Thus, points within
a given vortex patch will retain their vorticity and remaiiithin their original patch. All we
have to do is to predict the evolution of theundaryof each patchi.e., the contours, hence
the namecontour dynamicgiven to the method.

Points along the contours are physical fluid points and fhezenove with the local flow
velocity,i.e., the velocity field of [[0.59 taken at contour points. In practice, such integration
can rarely be performed analytically, and numerical meshodist be devised. The most
natural discretization consists of dividing all contourisegments (FigufE0=10), and the
contour integrals then reduce to sums of discrete contoibsit The integral discretization has
to deal with a singularity when the poifit, y) for which the velocity is computed lies on the
same contour as where integration takes place and eventoaicides with pointz’,y'). A
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simple way to avoid the problem is to use a staggered appfoadtie integration, that is, to
evaluate the integrand at mid-distance between ngdeslj + 1 (Figurell0-I0): For point
(=¥, y¥) on contourk (with k& possibly equal ten) where the velocity is being calculated, the
pieces of the integral on contody, are approximated as

N k _ zm k_ gm
9% l( z )2;(% 7; >21 @, —em) (10568)

N k 71\ 2 k m\ 2
k k (.’L‘—.”L‘) +(y'_y.')
Jm(‘ri » Yi ) = Z In [ - : L2 - ! (y_;ﬁ—l - y;n) (1056b)
Tt Yty

€L T 9 Y; = T 9
where the sum covers thé segmenﬂ;of the m-th contour. To close the contour, we define
for convenience’y, | = z1 andyy;,; = yi. Note that there is no singularity because, when
m takes its turn to equal and; takes its turn to equal the expression inside the logarithm

remains non-zero. Finally, once individual integrals akeglated, the velocity components

can be obtained by summing over all contour integrals:

(10.57)

1
ko, ky _ k ok
u(‘ri 7yi) - _E ;6wm Im(xz 73/1’)
1
kooky_ _ _© k K
v(ag,y;) = Ir ;&Um I (25, 97,
and every nodéon every contouk can be moved in time with the velocity:

dzxk

dtl = u(zh, yk) (10.58a)
k
‘%’ = u(ak,yh). (10.58b)

The time integration can be performed by any method predém@hapteBl The Lagrangian
(i.e., fluid following) displacements lead to deformation of tletours (see also Lagrangian
approach of SectidhiZ 8.

The simple numerical integration method outlined here silgamplemented (see for
examplgont our dyn. n). To try the method, we simulate the evolution of a narrowdoain
uniform vorticity (FigurdLO=I1). Except for the curvature, this case is that of the shearlay
instability seen in Sectidfi.4 Note the growing instabilities of the shear layer manédst
as rolling waves.

The method can also be used to study the evolution and ii@naaf inviscid vortex
patches in an infinite domain (Figuf€-13), with the distinct advantage that no aliasing is
present and that, in principle, no numerical dissipatioadseto be added to stabilize the

3The number of segments per contour can, of course, be diffeseeach contour, in which cagé = N,,.
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Figure 10-11 Evolution of a narrow band of uniform vorticity simulatedttvicontour dynamics.

nonlinear advection. In reality, some dissipation is neagsbecause tearing and shearing of
the eddies can generate filaments that become ever thimmtereyer disappear when there is
no viscosity. Because the integration along one side ofrafiliment almost nearly cancels
that along the other side, the model makes unnecessarjat@os, and it would be best if
filaments could be severed.

Because the discretization uses only a finite number of flaitgls on each contour,
the contours cannot be tracked down to their shortest scates some special treatment
becomes necessary when adjacent points are getting taoinlesme places and too distant
in other places. Removing crowded points and inserting megn sparse areas is required.
Procedures dealing with these problems are properly catietbur surgeryand have been
optimized by Dritschel (1988). This eliminates some of thealest structures and amounts
to numerical dissipation.

To conclude the section we observe that the method of comtpnamics cleverly re-
places a two-dimensional problem of Eulerian vorticity letion (i.e., on a 2D fixed array of
points) with the problem of moving one-dimensional consaara Lagrangian way.€., with
points following the fluid). This reduces the complexity bétproblem, but we must realize
that the numerical cost of the methods is still proportidnalZ/?N?2 for M contours ofN
segments, since for each of thé N discrete points, a sum over all other points must be per-
formed. Because of the one-dimensional distribution oftthknowns, however, resolution
is increased compared to an Eulerian model in which a Poisgaation must be solved in
two dimensions (see Sectifi®.J). The reduction of complexity is possible only because we
exploited the fact that there are no boundary conditionsthativorticity remains constant
between contours. To decrease further the number of comgmaait can be noticed that the
integrals are dominated by the contributions near the &nigies. Hence the contributions of
points far away from singularities can be treated in a lessipe manner without penalizing
the overall accuracy. One way to do so is to group them. Sumplications can bring
the computational cost down & N log(M N) operations€.g, Vosbeeket al., 2000). The
accuracy of the numerical integration can also be enhangéttihg a high-order analytical
function to the contour points near singularities and thetegrating the resulting integrand
exactly.

For a continuous vorticity distribution without boundaigve can still apply the approach
by breaking the continuous vorticity into discrete votiicievels (see Numerical Exercise
10-5). Generalization to stratified systems and more caratgd governing equations is also
possible €.g, Mohebalhojeh and Dritschel, 2004).
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Figure 10-12 Two positive vorticity patches flani
ing a middle vortex of opposite vorticity and twir
the area (left panel). Depending on the distar
between the initial vortices, several outcomes
possible. One of them is vortex breakup and
ation of vortex pairs (right panel).

Analytical Problems

10-1. Show that the variable introduced in[[0TY is the amplitude of the meridional dis-
placement, as claimed in the footnote.

10-2. What can you say of the stability properties of the followilogy fields on thef—plane?

w(y) = U (1 — i—i) (~L<y<+L) (10.59)
a(y) = U sin % (0<y<L) (10.60)
a(y) = U cos % (0<y<L) (10.61)
a(y) = U tanh (%) (—00 <y < +00). (10.62)

occupies the channelL < y < +L on the beta plane. Show that|if| is less than
BoL?/12, this flow is stable.
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10-4. The atmospheric jet stream is a wandering zonal flow of theuppposphere, which
plays a central role in mid-latitude weather. If we ignore thariations in air density,
we can model the average jet stream as a purely zonal flonpémakent of height and
varying meridionally according to

in which the constant§’ and L, characteristics of the speed and width, are taken as
40 m/s and 570 km, respectively. The jet centgr=£ 0) is at 45N where3, =
1.61 x 10~ m~!s~!. Is the jet stream unstable to zonally propagating waves?

10-5. Verify the semicircle theorem for the particular shear fldudged in Sectioffl.4 In
other words, prove thdt,.| < U for stable waves and; < U for unstable waves.
Also, prove that the wavelength leading to the highest dnaate,kc;, is 15.77L, as
stated in the text.

Figure 10-13 A jet-like profile (for
u=0 Analytical Problem 10-6).

10-6. Derive the dispersion relation and establish a stabilitgghold for the jet-like profile

of FigurelI0=13

10-7. Redo Analytical Problem 10-6 in a channel betwgea —a andy = a.

Numerical Exercises

10-1. Redo the analysis of nonlinear aliasing for a cubic termdikgdt = —u? in the gov-
erning equation for:. Why do you think aliasing is less of a concern in this patticu
case?
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10-2.

10-3.

10-4.
10-5.

10-6.

10-7.
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An elliptic vortex patch with uniform vorticity inside an@mo vorticity outside is called
a Kirchhoff vortex Use[cont our dyn. mwith i t est =1 to study the evolution of
Kirchhoff vortices of aspect ratios 2:1 and 4:1. What do ytsarve? Implement
another time-integration scheme (among which the exiticier scheme) and analyze
how it behaves with a circular eddyipt: Love (1893) provides a stability analysis of
the Kirchhoff vortex.)

Experiment witHcont our dyn. musingi t est =4 in which two identical eddies are
placed at various distances. Start withst =1. 4 and then try the valug. 1. What
happens? Which numerical parameters would you adapt toowepthe numerical
simulation?

Simulate the eddy separation shown in Fidli@eT2using€ont our dyn. n

Discretize a circular eddy with vorticity varying linearfyom zero at the rim to a
maximum at the center by usinty different vorticity values in concentric annuli.
Then simulate its evolution with/ = 3.

Verify your findings of Analytical Problem 10-6 by adaptiBfiearedi T ow. mto
simulate the evolution of the most unstable periodic pegtion (for details on the

numerical aspects, see Secilii ).

AdaptiShear edf T ow. mito investigate the so-calldBickley jetwith profile given by

a(y) = U sech (%) (—o0 <y < 400). (10.63)



Louis Norberg Howard
1929 -

Applied mathematician and fluid dynamicist, Louis Norbergward has made numerous
contributions to hydrodynamic stability and rotating flois famous semicircle theorem
was published in 1961 as a short note extending some contanypmork by John Miles.
Howard is also well known for his theoretical and experinaéstudies of natural convection.
With Willem Malkus, he devised a simple waterwheel modelafwection that, like real con-
vection, can exhibit resting, steady, periodic and chamttaviors. Howard has been a reg-
ular lecturer at the annual Geophysical Fluid Dynamics Semnimstitute at the Woods Hole
Oceanographic Institution, where his audiences have beeh impressed by the breadth of
his knowledge and the clarity of his explanatiorh¢to credit: L. N. Howarjl
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Norman Julius Zabusky
1929 -

Educated as an electrical engineer, Norman Zabusky speaatty part of his career working
on plasma physics, and this led him to a lifetime pursuit aéifturbulence by computational
simulation. Vorticity dynamics lie at the center of his istigations. In the mid-1980s,
he invented the method of contour dynamics (presented snctiépter) to investigate with
greater precision the behavior of vorticity in two-dimesrsl flows in the absence of viscos-
ity. Equipped with low-dissipation three-dimensional retsdof turbulent flows of his own
design, Zabusky has been able to document in details thelmatga processes of vortex
tube deformation and reconnection. He firmly believes thagjgess in fluid turbulence de-
mands a mathematical understanding of nonlinear cohetreictisres in weakly dissipative
systems. In addition, Professor Zabusky has been fasdihgtartistic renditions of waves
and vortices in air and water, across ages and cultures. biearbook titled=rom Art to
Modern Science: Understanding Waves and Turbuler{@doto credit: Rutgers University
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