Appendix C: Recapitulation of
Numerical schemes

(August 31, 2009B5UMMARY : Certain numerical schemes of general use are regrouped
here in order to facilitate implementations of simple madel

C.1 The tridiagonal system solver

As a special case of the genetdl decomposition€.g., Riley et al. 1997), an efficient
tridiagonal system solver, based on the so-calleaimas algorithm, can be constructed. We
begin by assuming that there exists a decomposition forlwtie lower ) and upper ()
matrices possess the same bandwidth of 2:
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where the first matrix is the original tridiagonal matrix te ecomposed.£., elements:;
etc. are known), the second matrixlisvith one line of non-zero elements below the diagonal,
and the last matrix i) with one line of non-zero elements above the diagonal.
Performing the product of matrices, we identify elemehts:(— 1), (k, k) and ¢, k + 1)
of the product as
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b, = [rag—1 (C.2)
ar = BrYe-1+ o (C.3)
k= Yk (C.4)

These relations can be solved for the componentsaridU by observing that;, = ¢, for
all k. Since the first row demands = a1, subsequent rows provide, andj; recursively
from

b
B = ——, op = ar— Brcr_1, k=2,...m (C.5)

Qg1

provided that nav; is zero (otherwise the matrix is singular and cannot be deosed).
Note that there is ng;.

The tridiagonal matriXA has now been decomposed as the product of lower and upper
triangular matrices. The solution &x = LUx = f is then obtained by first solvingy = f

1 0 0 0 - 0 Y1 f1
Bz 1 0 o -0 Y2 f2
0 ps 1 0 0 Y3 f3
: = . (C.6)
0 0 - Bpa 1 0 Ym—1 fm—1
0 0 e 0 ﬁm 1 Ym fm
by proceeding from the first row downward and then soiMihg=y
o v 0 0 .- 0 x1 (0
0 as v 0 e 0 T2 Y2
0 0 a3 73 s 0 €3 Y3
S : : =1 - (C.7)
O O e O Oy —1 TYm—1 Tm—1 Ym—1
0o 0 -~ 0 0 Qm Tm Ym
by proceeding from the bottom row upward. The solution is
ylzfla yk:fk_ﬁkyk—h k:27'“7m (C8)
xm:y—m, xk:w, k=m-—1,...,1. (C.9
Qo Qg

In practice, thex values can be stored in vectarinitially holding the values:y, since
onceaqy, is known, a;, is not needed anymore. Similarly values can be stored in vector
b initially holding b, and~ values in a vectot. Also they and f values can share the
same vectof as thef; value is no longer needed once the value has been computed.
With the additional vectox for the solution, only vectors are required, and the solution is
obtained with only three loops over points. This demands approximatély. floating-point
operations instead of the? operations that a brutal matrix inversion would have regplir
The algorithm is implemented in NrLAB [ file Chomas. i
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C.2 1D finite-difference schemes of various orders
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Table C.1 STANDARD FINITE-DIFFERENCE OPERATORS FOR UNIFORM GRIDS

FORWARD DIFFERENCEQO(At)

u™ un+1 u'fb+2 un+3 un+4
At 11
ARZul 1 2 1
AB3Oel 1 3 3 1
AtZul 1 4 6 -4 1
FORWARD DIFFERENCEQO(At?)
u™ U1L+1 un+2 U1L+3 un+4 un+5
2At 2|3 4 4
APyl 2 5 4 A
2AB2w | 5 18 24 14 -3
AtCu ] 3 214 26 24 11 -2
BACKWARD DIFFERENCEO(At) BACKWARD DIFFERENCEQO(At?)
un—4 un—3 un—2 un—l un un—5 un—4 un—ﬁ% un—? un—l u™
At & 1001 2AL & -4 3
A2 2 1 A2 1 4 5 2
A0 1 3 3 1 2A8 3 14 24 -18 5
AtZul 1 4 6 -4 1 Aff2u | 2 11 24 26 -14 3
CENTRAL DIFFERENCEQO(At?) CENTRAL DIFFERENCEQO(At?)
un—Z un—l u™ un+1 un+2 un—3 un—Z un,fl un un,+1 un+2 un+3
20t 3¢ 10 1 12At 2 1 -8 0 8 -1
ARy 1 2 1 127420 -1 16 -30 16 -1
2ABZE | 1 2 0 2 1 gAY -8 13 0 -13 8 -1
At 1 4 41 6A2w | -1 12 -39 56 -39 12 -1
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C.3 Time-stepping algorithms
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Table C.2 STANDARD TIME-STEPPING METHODS FORIu/dt = Q(t, u)

EULER METHODS

Scheme Order
Explicit atl =gn + AtQ" At
Implicit artl = gn 4+ AtQnH At
Trapezoidal artl =g 4+ % (Qn +(2n+l) As2
General @"*! = @" + At ((1 - a)Q" +aQ™) At

MULTI-STAGE METHODS

Scheme Order
Runge- ﬁn'H 2 an + {Q(t",ﬁ")
Kutta antl = gn + AtQ(t"+1/2, ﬂu+l/2) At2

,&2’*1 T+ % Qt", a)
17:+1/2 —an % Q(tn+1/2’,ﬁ2+1/2)

@ =a" + At Q(f/nﬂ/z,agﬂﬂ)

antl = an + At <%Q(t711ﬁn) + %Q(tuﬁ»l/aﬁ’:-ﬁ-lh)

Runge-
Kutta F2Q(m 2, ) 4 éQ(t"“,ﬂ*)) At
MULTI-STEP METHODS
Scheme Truncation order
Leapfrog a"tt = anmt 4+ 2AtQ" At?
Bpéi?wrfg?{h att=an + 4t (—Qn 1 +3Q") At
L 2 v
Adams-
Moulton| @™t =a" + &L (—Q"~! +8Q" + 5Q"+?) At3
Adams-
Bashforth| @™ = 4" + & (5Q"2 — 16Q"~! + 23Q"+1) At3

PREDICTOR-CORRECTOR METHODS

Scheme Order
T =u" + MQUET, ")
Heun| a"*!'=a" + &L (Q(t",a") + Q(t"+1, a%)) At?
Leapfrog- o =a"T 4+ 2AtQ"
Trapezoida att=am + 5 (Q" +5Q(t L, u¥)) At?
@ =a" + §(-Q"T+3Q")
ABM | @+t =" + £ (—Q" 4+8Q" +5Q(t"uY))  Ar
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C.4 Partial-derivatives finite differences

On a regular gride = iAz + xo, y = jAy + yo, the following expressions are of second
order

* Jacobian/(a,b) = %g_z - %g_;

g = (@it1,j = @i—1,5)(bij+1 —bij—1) = (big1,5 — bi—1,5)(aij+1 — aij—1)
"I 4AzAy
gt [ai+1,5 (Bit1,5+1 = bit1,5-1) — ai—1,(bi—1,j41 — bi—1,j-1)]
b 4AzAy
Caigr1(bivairr — bim1541) — aij—1(big1,5-1 — bi—1,5-1)]
AAzAy
gt = i@ = aic1y1) = bijo1(@it1,i-1 — aic1,-1)]
"I 4AzAy
i@, 41 — @iva,-1) —bic1,5(@i—1 541 — aic1,5-1)]
1Az Ay

» Cross derivatives

0%u Witl,j4+1 = Wigl,j + Wi — Uiji1
axay 1+1/2,7+1/2 AIAy
0%u Uit1, 541 — Witl,j—1 F Ui—1,—1 — Ui—1,j+1
0xdy i 4AzAy
 Laplacian
@ i @ o Wity + i1, — 2u; 4 Wil + Uij—1 — 2u4 5
0x?2  Oy? i Ax? Ay?
C.5DFT and FFT
A
g+—+—+—+—+—+—1 .
TN—-1

Figure C-1 Periodic signal sampled withV evenly-spaced pointgy to xzx—1. Note that nory is
needed since by periodicity the value of the function jnis the same as imo.
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In a periodic domain in which: varies betweefi and L, a complex function.(z:) can be
expanded in Fourier modes according to

+oo
u(z) = Z an e "L (C.10)

Using orthogonality properties of the Fourier mdiles

1 b 2me
7 / e TR e = S (C.11)
0

the complex coefficients,, are readily obtained by multiplyin§XI0 by exp(—i m2wx/L)
and integrating

1 [r .
Ay = —/ u(z)e™ mEEE (C.12)
L 0
Note that we could have useqd = b,,/ L whereb,, would then be calulated using the integral
without the normalization /L.
Discrete Fourier Transform (DFT) simply trunc&iBthe infinite series to a finite series

N—-1
i) = ane " (C.13)
n=0

It usesu(x) at a series of sampling points (the discrete values on a ricaherid for ex-
ample) to determine the coefficients. The points are regularly spaced = jAzx ,
j=20,...,N — 1. Because of periodicity, usingy would amount to use, and the point is
therefore not retained in the sampling. Complex coeffisiean be evaluated as

1 N-1 27 ;
an = 2 ulz)e” T
7=0
| N1
L 2w
= ¥ uje N (C.14)
7=0

where we writeu(z;) = u; to highlight the fact that we only use information at the dise
points. Obviously this is a discrete version of the inted@I3. The interesting point is that
coefficientsa,, are exact in the sense that if we evaluate ;) with those coefficients, we
obtain the values at the grid poiniz; ).

The proof of this result is not trivial and we must verify tlifatve use coefficientdf.19)

96“ stands for the Kronecker symbol (Giit£ 5 , 1 otherwise)
10The truncation from 0 t&V — 1 is somehow arbitrary and sometimes the presentation wighiessfrom— N /2
to N/2 is preferred.
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in (CI3 we obtaini(z,) = u(x;) at the grid points: We obtain successively

N-—-1
. 27r:nj
i) = Y ape" T (C.15)
n=0
= 1 = —i nm%r ing s
= —_— Um € e
n=0 N m=0
1 N—-1 N—-1
- % D | ]
m=0 n=0
1 N—-1 N-—-1
= =Y um [Z pnl (C.16)
m=0 n=0
where o
p=¢l G—mF (C.17)
Forj # m, p # 1 and the geometric sum takes the value
N—-1
1— N
Y=L =0 (C.18)
n=0 1- p

becausg — m is an integer so that™ = 1.

Whenj = m the sum between brackets is simplyand we arrive ati(x;) = u(z;),
the desired result. TransformatidG.[3) is called the direct transform (DFT) ankC.{9
the inverse transform (IDFT). As for the Fourier serieslingecan vary and the factdr/ N
is commonly applied in the inverse transform rather thandihect. Note that the inverse
and direct transform are almost identical transformatiensept for this scaling and more
importantly the sign in the exponential.

Once the coefficients knowrdC[I3 can be evaluated at any positienin the domain
and because the functiar(z) takes the values(z;) on the discrete points, we now have
an interpolation function. It can be used to calculate tHaevaf the function at any desired
location usingV discrete values. Als@. I3 can be used to evaluate derivatives:

R ' 2mn
> iknane BT ky = = - (C.19)

n=0

du
de
All we have to do to calculate derivatives is to create Fowaefficientsh,, = i k,,a,, from
the original coefficient. These are the Fourier coefficientlie derivative, which, by way of
an inverse transform, lead to the values of derivatives
IDFT(b,) du

dx o

samplin DFT(u; wati
) p gu(xj) (uy) a, derivation by = ik,a,

We note that the wavenumber associated With m in (CI3J is equivalent to the one as-
sociated withn. In reality, the shortest signal resolved by the seriesssponds ta. = N/2
with wavenumbek = N7 /L or wavelengti2Az. Hence coefficient, contains the infor-
mation on the average valug, on the wavelengtih, and so on up ta y,, which contains the
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Fundamental mode

[

3 | 0n

g

o\ . y .

g 9Az mode Figure C_-2 Coefﬁuent_San contain

o the amplitudes of the different modes.

z ° e e o ° With the summation chosen fromto
I S R N — 1, a2 contains the amplitude of

0 /2 N-1 n the shortest signal.

complex amplitude of the shortest signal. We see why sonseptations of the DFT define
the series betweenN/2 and N/2. The information content is however the same.

Up to now, the functions treated were considered complestfons and for a real signal
u there is a redundancy in the coefficients Indeed, withu; = u;‘ whereu* stands for the
complex conjugate, we have

1 N-1
_ =i (N—-m)j2r
aAN_—_m = N uj € N
Jj=0
N-1
1 .
— L my S
= — U; e N
N . J
Jj=0
= a’. (C.20)

For real functions:, the DFT contains thus some redundant information and sdgoe a
rithms exploit this property. Cosine transforms CFT anc gnansforms SFT perform in a
similar way as DFT using only cosine or sine functions. They@articularly useful if the
solution of a problem is known to satisfy homogeneous bogndanditions. For Neuman
conditions inz = 0 andz = L, CFT is the method of choice while for homogeneous Dirich-
let conditions, the development of the solution in termsioédunctions allows to satisfy
these boundary conditions easily.

The annoying aspect with the transformation presented opwas that a straightforward
implementation as a sum of factors needs a data array ofiévigand for each coefficient
a, the calculation ofV terms. Therefore, in totalV? operations are necessary for each
transform. This is prohibitively expensive when used irgéasize problems. Fortunately
Cooley and Tukey introduced in 1965 a method which is propaimong the most celebrated
numerical algorithms, reducing the cost of the DFTNdog, N operations. Interestingly
enough, the original idea of the method, now called FastiEodransform, goes back to
Gauss in 1805 (see collected reprints Gauss, 1866), lomgebttfe advent of calculators able
to exploit it.

The Fast Fourier Transform is a practical calculation ofdiserete Fourier transform and
starts with the observation that we can write the transfoyredparating even and odd terms
inj:
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N-1 N-1
Na, = Z uj e IR 4 Z uje”! i 5
j=0 J=0
j even j odd
N/2—1 N/2—1
= Z Uy € Ry 4 e in¥ Z U241 e e (C.21)
m=0 m=0

and for simplicity we assum#&’ to be a power of two, which is also the case in which the
method performs best. Each of the two sums involved is ngthlise than a discrete transform
working onN/2 data points. But those in turn can be broken up into two smpiéces and
so on, a technique calledlvide and conquer. When N is a power of two, this recursive
division is possible until all series contain only a singtemi. Such a single data point can
be transformed in a single operation and the recurrenceeaolled up back to retrieve the
transform of the original series. To estimate the ¢o&WV) for a transformation withV data,

we see that it is the cost of two transformations of $iz& and the multiplication by ! n¥

for each of theV coefficientsz,,. Hence

C(N)=2C(N/2) + N (C.22)
For a single point, one operation is needed so that we carcdedu
C(N) ~ Nlogy N . (C.23)

There is thus a substantial gain compared to a brute-forpsoaph, which is particularly
interesting in spectral methods (Sectf14 where direct and inverse transforms are inten-
sively used.

Interpolation of a function knowing expansion coefficiectsild be obtained by a brute-
force summation of . I3 at the desired locations. But we can do better. Suppose wetoa
interpolate into a regular (finer) gridy, = k/ML, k = 0,..., M — 1 having at our disposal
measurements from original data on another regular gyid= j/NL, j = 0,.... N — 1.
The interpolation can be performed very efficiently by sijngssuming that shorter signal
than those initially capture by th& points have zero amplitude. In other words, from a
perspective of the new grid a¥/ points, we take the Fourier coefficients provided from
the N points (up to the shortest wavelength resolved by this gaid) set all coefficients
corresponding to shorter wavelength to zero. This amooratdd zeros to the array of Fourier
coefficients, a procedure callgadding. With the summing convention taken here (from 0
to N — 1), the padding must add zeros in the the middle of the atrayDepending on the
scaling used, the coefficients also can need a rescalingdiedmsforming back to real space.
The interpolation procedure is therefore schematicalgcdbed by:

IFFT(,) -

FFT(u;) Padding .
an b, = anplus zeros; scaling———— a(xy)

u\x;
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Analytical Problems

C-1. Find the truncation errors of the two Adams-Bashforth sabeby a Taylor expansion.

C-2. Which of the two second-order approximations of the cramsvdtive has a lower trun-
cation error?

C-3. Try to establish a finite-difference approximation of a Jaan at a corner point +
1/2,j 4+ 1/2, using only values from the nearest grid points.

Numerical Exercises

C-1. Compare the behavior of the second-order Adams-Bashfittisod with the leapfrog-
trapezoidal method on the calculation of an inertial oatidin.

C-2. Discretize a functions(z,y) = sin(2wz/L) cos(2my/L) on a regular grid in(z, y).
Calculate the numerical Jacobian between
e ¢ anda,
o ¢ anda?,

* @ anda?,
and interpret your result.

C-3. Performa FFT orf (z) = sin(27z/L) between: = 0 andz = L, by sampling with 10,
20 or 40 points. Using the spectral coefficients from the Fidt the series expansion
using a very fine resolution (200 points) and verify that yecaver the initial function.
Then repeat with the functiofi(z) = =. What do you observe?

C-4. Redo Exercise C-3. using the padding technique instead afta-force series evalua-
tion to plot the expansion.



