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Chapter 4

Waves

SUMMARY: The attention now turns toward speci ¢ types of mot ions that exist

in natural uid ows, beginning with waves. All waves need a r estoring force, and
to every restoring force corresponds a di erent type of wave surface water waves
under the action of gravity, internal waves under the action of buoyancy, topographic
waves under the action of a vorticity gradient, etc. The study of wave dynamics
also prepares for the study of instabilities, which in turn is a prelude to the study
of turbulence.

4.1 Surface Gravity Waves

4.1.1 Mechanism

Gravity waves on the surface of water are one of the most visie manifestations

of uid motions and one with which we all have a certain experience (Figure 4.1).
The process at work is relatively easy to comprehend: A uctwation causes water
to rise above the equilibrium surface level, gravity pulls t back down because water
is heavier than air, inertia acquired during the falling movement causes the water
to penetrate below its level of equilibrium, and a bouncing notion results. The

oscillation is similar to that of a spring that has been stretched and released. The
“spring' action in a surface water wave is gravity, hence thename of surface gravity
wave.

What is somewhat less intuitive is why gravity waves propagae horizontally. To
understand this, one needs to consider the horizontal foreceat play. When a parcel
of water rises somewhere above the surface, the added weight this water creates
a pressure that is locally higher than normal, and this presare anomaly accelerates
(pushes, so to speak) the uid away from that place and pilest up a little further,
generating another surface rise some distance away. The netect is a translation
of the disturbance, hence a traveling wave.
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70 CHAPTER 4. WAVES

Figure 4.1: Surface gravity waves on the sea approaching theoast. [Piha, New
Zealand, photo Practical Ocean Energy Management Systems, Ing.

Water motion under a surface wave is very nearly oscillatorywithout almost no
net displacement. Thus, surface waves, like most other uidwvaves, are a mechanism
by which the uid moves energy from one area to another withou involving any
signi cant movement of the uid itself. In other words, ener gy and information are
carried with the uid acting as the support medium rather tha n as the messenger.
That property has a fundamental implication: Surface wavesby their very nature
are unable to transport any mass, including dissolved polltants and suspended
matter. This fact is clearly manifested in the behavior of a oating object (such as
an autumn leave on a pond) in the presence of surface waves: €hwaves pass by,
but the object only bobs up and down.

The energy carried by surface waves, however, must eventuglbe dissipated
somewhere and will a ect the water contents there. For exampe, wave energy
can be converted into turbulent mixing under wave breaking, and the resulting
mixing can stir the local water contents, such as pollutants biological matter and
heat. Wave energy can also be dissipated by bottom friction nder wave-induced
oscillatory ow, and this friction can in turn create a shear stress su ciently strong
to entrain sediments into suspension. In sum, waves do not etribute directly to
transport and redistribution of uid-borne elements along their travel but can be
e ective means by which a remote source of energy can a ect th concentration of
dissolved and suspended matter at a distant location. This emark holds true for
most types of waves.
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4.1.2 Linearization

Because of the oscillatory motions that they generate, sugce gravity waves can be
reasonably well described by a linear analysis. This is mathmatically justi ed by
restricting the attention to small wave amplitudes and weak accompanying motions.
In the momentum equations (3.10){(3.12), all terms linear in the velocity and pres-
sure are then assumed to be small, while the nonlinear termsra assumed to be even
smaller and therefore negligible. Among other terms, we ndgct the rst advective
term u@u=@mrext to the relative acceleration term @u=@tinder the assumption
that the velocity, length and time scales, U, L and T, meet the following criterion:

u? U
<<

or

U << (4.1)

L .
T
The ratio L=T, representing a distance of in uence over a characteristidime of
the phenomenon, provides a scale for the wave speed. Hence ardlary of the
approximation made to justify the linearization of the equations is that we restrict
our attention to wave motions in which the velocity of the ui d is much smaller
than the speed of propagation of wave crests.

Example 4.1

Consider a 20-m long wave traveling on the surface of a 5-m dpewater body.
The shallow-water wave theory below tells that the period ofthis wave is the wave-
length (20 m) divided by the wave speed ( gH = 7:00 m/s), which is equal to
2.86 seconds. If the wave amplitude (height from crest to trogh) is 20 cm, the
maximum water velocity is U = 14 cm/s. This is indeed signi cantly smaller than
the ratio L=T = (20 m)=(2:86 s) = 7:00 m/s, the wave speed. The wave propagates
much faster than the water moves.

4.1.3 Theory

Surface waves do not owe their existence to strati cation, aly to the large di erence
of densities between the water and the overlying air. We cantierefore study gravity
waves on the surface of a body of water without considering tht either the water
or the air above are strati ed. Mathematically, we choose totake the density of the
water equal to o everywhere.

As we shall notea posteriori, vertical accelerations can be important in gravity
waves at high frequencies. Indeed, when the frequency is Hig uid particles execute
rapid vertical oscillations, and the vertical acceleratims (@w=@to which they
are subjected may be signi cant compared to the gravitatioral acceleration ().
Thus, we ought to use the non-hydrostatic form of the governng equations. After
linearization, these equations are:
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zZ=H

Figure 4.2: Sketch of a surface wave and the attending notatin.
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This set of equations forms a 4{by{4 system for the ow variables u(x;y;z;t),
v(X;y;z;t), w(x;y;z;t) and p(x;y;z;t). An accessory variable is the surface eleva-
tion a(x;y;t) (Figure 4.2).

At the top of the uid layer, along the deformable surface (z = H + a), we impose
that uid parcels move with the surface (w = da=dt= @a=@tu@a=@x v@a=@QYy
and that the pressure is atmosphericp(z = H + a) = p,]. Along the bottom, which
we take as horizontal ¢ = 0), the boundary condition is that there is no vertical
velocity (w = 0). After linearization ( jaj H), the boundary conditions become:

a
w = %t and p=pa+ oga (4.6)
z=0: w=0 4.7)

whereH is the height of the undisturbed surface, anda(x; y;t) the surface displace-
ment caused by the wave.
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The linear equations permit us to seek a periodic solution okinusoidal shape.
Taking as the wavelength (the distance from one crest to the next cr&t at a given
time) and T as the period (the interval of time during which a crest travels one
wavelength), we introduce for convenience thevavenumber

K= 2 (4.8)
and the angular frequency
2
| = — -
! T (4.9)
Then, we seek a wave solution of the form:
u(x;z;t) = U(z) coskx 't) (4.10)
v(x;z;t) = O (4.11)
w(x;z;t) = W(2) sin(kx t) (4.12)
p(x;z;t) = pa + o9(H 2z) + P(2) coskx !t) (4.13)
a(x;t) = A coskx It): (4.14)

With this notation, the vertical displacement of the surface varies between A at
a trough to + A at a crest. The choice ofw in quadrature with the other variables
is to ensure a match of trigonometric functions after substiution in the equations.
To simplify the analysis, we are not considering variationsin the second horizontal
direction (y-direction) and any transverse velocity (v = 0).

Substitution in the governing equations yields the reducedequations:

U (2) = 5P(z)
0
W (2) = iod';(zz)
KU(2) + dvgiz) = 0;

and subsequent elimination ofU(z) and W (z) yields a single equation for the pres-
sure amplitude P (2):

¥

2p.
42 k°P;

of which the solution is:

P(z) = PLe'® + Pye

where P; and P, are two constants of integration to be determined.
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The boundary condition at the bottom demands W (0) = 0, that is, dP=dz=0
at z = 0, which yields P; = P,. Then, the boundary conditions at the surface
impose:

W(H) = 1A =) kPye*H kPpe M = 12A
P(H) = ogA =) Piet™M + ppek = gA:

In the presence of a non-zero amplitude A 6 0), the ratio of these last two equa-
tions,

1 2
k tanh(kH) = 'E; (4.15)

imposes a relationship between the frequency and the wavenumberk:

I = P gk tanh(kH) : (4.16)

This equation bears the name ofdispersion relation.
From this follows that all wave functions can be determined n terms of the
surface amplitude A:

coshkz)

u = IA Sinh(kH) coskx t) (4.17)
_ sinh(kz) .

w = IA Sinh(kH ) sin(kx It) (4.18)

p = pa+t og(H 2)+ (0gA coshz) coskx 't) (4.19)

coshkH)
A coskx t): (4.20)

a

Let us now consider properties of these waves. First, everyaviable is a function
of kx It = k(x ct), wherecis de ned as

r
! g :
c = K- ” tanh(kH) : (4.21)

A xed surface elevation (a crest, for example) thus progesss in thex direction at
speedc, called the phase speeaf the wave. The duplicity in sign means that there
are actually two waves, one (+ sign) traveling in the +x direction and the other (
sign) in the x direction. Since the speedcj is the same in both directions, gravity
waves progress at the same speed regardless of their direuti of propagation and
are said to beisotropic.

The speed of the wave, however, depends on its wavelength. deed, Equation
(4.21) written in terms of the wavelength,

S

c = g— tanh 2H ; (4.22)
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reveals that ¢ increases with (Figure 4.3). Longer waves propagate faster than
shorter waves, and an initial group of waves with a mix of di erent wavelengths
will gradually disaggregate as the longer waves overtake # shorter ones. This
phenomenon is calledvave dispersiorand explains the hame given to relation (4.16).

Across the uid layer, particles execute ellipses with horzontal and vertical di-
mensions of A coshkz)=sinh(kH) and 2A sinh(kz)=sinh(kH ), respectively. There
is attenuation with depth.

It is worth also comparing the vertical acceleration (@w=@to the gravitational
acceleration @). The maximum vertical acceleration occurs at the surface £ = H)
and according to (4.18) and (4.15), its maximum value over tke wave period isl ?A =
g(kA)tanh(kH), which can exceedg at high wavenumbers (short wavelengths).
Only when the vertical acceleration is much less than the graitational acceleration
[(kA)tanh(kH) 1] is the wave motion in near hydrostatic balance.

4.1.4 Deep-water waves

Surface waves possess two asymptotic limits depending on wther the wavelength
is much shorter or much longer than the water depth. When H (in practice

< H s enough), the wave is said to be a deep-water wave. Mathemiaglly, the
wavenumberk, is very large (to the point where kH 1 and tanh(kH) * 1), the
dispersion relation (4.16) may be approximated to

| = pgT<: (4.23)
The corresponding wave speed is
r r_
=L 9 _ 9 .
c = K" K- 5 (4.24)

It is clear from this last expression that longer waves propgate faster than
shorter ones. This is why after a stone has been thrown in a pah(Figure 4.4) the
longer waves radiate outward faster than the shorter ones.
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Figure 4.4: Ripples following the throwing of a stone in a quéscent body of water.
Note how the circles of the shorter waves lie inside those obhger waves because
shorter waves travel at lower speeds. [Photo by the author]

Motion in the water below a deep-water wave is vertically attenuated, that is,
the horizontal and vertical velocities decrease with depth according to

IA e K coskx It) (4.25)
IA e K sin(kx  1t); (4.26)

s c
non

with h=H z being the depth measured dowmward from the mean water surfac
and A the wave amplitude.

Example 4.2: Swell

Swell on the sea is an example of deep-water waves. These we\a&e generated
by the wind during a storm and propagate almost without dissipation over long
distances, far away from their place of origin. They eventudly crash as surf upon
encountering a beach. For example, the cause of surf on Hawah beaches is often
wind waves generated during a storm near Alaska, which thenravel as swell over
long distances across the North Paci c Ocean.

When a 25-m wavelength swell originates South of Sitkinak Iend (56 30PN,
154 07°E) of the Aleutian Island Chain and travels to the north shore of Oahu
Island (21 35N, 158 07°E) in Hawai'i, it covers a distance of 3885 km at a speed of
6.25 m/s. This takes 7 days and 5 hours. The Alaskan storm hasohg disappeared
before its e ect is felt along the Hawai'ian shore.




4.1. SURFACE GRAVITY WAVES 77

4.1.5 Shallow-water waves

When > 20H, the wavelength is much longer than the depth, and the wave is
said to be a shallow-water wave. Mathematically,k is so small that kH 1 and
tanh(kH) ' kH. The asymptotic expression for the frequency is

p——
I = gk2H ; (4.27)

and the corresponding wave speed is

c= — = P gH ; (4.28)

which is independent of the wavelength. Thus, all long wavegravel at the same
speed and do not disperse.

It can be shown (see Problem 4.3 at the end of this chapter) thiathe horizontal
velocity u under a shallow-water wave is nearly uniform in the vertical In other
words, there is almost no attenuation with depth, in contrast to deep-water waves.
Shallow-water waves are thus capable of bottom erosion andeslimentation. A
particularly troublesome situation in the coastal ocean isthe covering of old sea
mines by sediments and their occasional uncovering by largestorm-induced waves
(Fowler et al., 1993). Needless to say, this poses a signi c& hazard to navigation
in former coastal war zones.

4.1.6 Seiches, tides and tsunamis

Seiches, tides and tsunamis are examples of shallow-wateraves. A seiche is a
standing wave formed by the superposition of two waves of equal wavelengtand
propagating in opposite directions. Such situation occurdn con ned water bodies,
such as a lake, by re ection on lateral boundaries.

Consider for example, a rectangular basin of lengthL and with at bottom
at depth H. The long-wave approximation of the horizontal velocity (4.17) isu =
('A=kH )cos(kx !t ), and the superposition of two such waves, one with amplitue
A; propagating in one direction (say with + sign chosen for! ) and the other being
its re ection, with amplitude A, and propagating in the opposite direction ( sign
for 1) yields

A 1 A 2 .

u = K coskx t) K coskx + !t ); (4.29)
where! = P gk2H is the (positive) angular frequency andk the wavenumber. With
the x-axis running from one end of the lake atx = 0 to the opposite end atx = L, the
boundary conditions on the horizontal velocity areu(x =0) = u(x = L) =0. The
rst condition implies A; = A,, allowing us to drop the subscript. The horizontal
velocity eld can be then rewritten as

r

u=2A sin(kx) sin(!t ): (4.30)

I|«<
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The second boundary condition,u(x = L) = 0, yields sin(kL) = 0, which implies
that the wavenumber k can only take one of the following discrete values:

2 3
k = T etc.
Sincek =2 = | the wavelength is likewise restricted to a set of discrete alues:
2L 2L
= 2L, —,; —, etc 4.31

Thus, the longest wavelength allowed is twice the basin lenty and the second
longest is exactly the basin length. p

Finally, because the frequency is related to the wavenumbeby ! = = gk2H,
the wave periodT =2 =! takes on one of the following values:

2L L 2L
T = p—;, pP=—,;, Pp— . etc. 4.32
gH gH 3 gH ( )
The rst value is the largest, thus corresponding to the grawest mode. The second
period is half as long and corresponds to the second mode, etc
In environmental applications, a quantity of interest is the maximum bottom
velocity, because if it exceeds a certain threshold value,esuspension of sediments
takes place. The maximum bottom velocity (in absolute valug is that obtained
from (4.30) when sinkx) and sin(!t ) are each equal to 1:
r__
9.
H 1
where 2A is the crest-to-trough amplitude of the wave on the surface ad H the
water depth.

Unax = 2A (4.33)

Example 4.3: Seiches in Lake Michigan

Figure 4.5 shows the rst two seiche modes of Lake Michigan, aculated by a
simple numerical model with realistic bottom topography (Mortimer, 1979). The
rst mode, with a period of 8.9 hours, corresponds to a seesamotion, with a hinge
line at mid-length and out-of-phase maxima at each end. The scond mode, with
a period of 3.7 hours, exhibits a double-hinge motion, with vater rising (falling) in
the middle of the basin when the water level falls (rises) at he extremities.

Depending on the strength of the wind storm that generates tte sloshing motion
in the lake, a seiche of Lake Michigan can reach several meter An occurence of a
2.44-m seiche killed eight people in Chicago on 26 June 195#ghes, 1965).

A tide is a long (i.e. shallow-water) wave on the ocean driverby the periodic
gravitational attraction of the moon or sun. Tides hold litt le interest in environ-
mental uid mechanics, except in the study of estuaries.

A tsunami is a wave triggered by an underwater earthquake. Wih wavelengths
ranging from tens to hundreds of kilometers, tsunamis behaw as shallow-water
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Figure 4.5: Seiche modes of Lake Michigan. Numerical valuesdicate phase lag
in degrees, relatively to the phase of the oscillation at thenortheastern tip of the
lake (Mackinaw City). Thus, points with phase lags di ering by 180 are such that
when the water level is highest at one point, it is lowest at the other, and vice
versa. Acronyms in circles indicate cities along the shoreCH = Chicago, MI =
Milwaukee, ST = Sturgeon Bay, MC = Mackinaw City, LU = Ludingt on, HO =
Holland. [Adapted from Mortimer, 1979]
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Figure 4.6: The di erence between beach surf (upper panel) ad a tsunami (lower
panel). Unlike surf in which a ooding crest is negated by the following trough, a
tsunami behaves as a bore, with a single rush of water. [Couesy Department of
Earth and Space Sciences, University of Washington, Seatt]

waves. What makes tsunamis disastrous is the gradual amplication of their am-
plitude as they propagate into shallower waters, so that wha may begin as an
innocuous 1-m wave in the middle of the ocean, which a ship hdty notices, can
turn into a catastrophic multi-meter surge on the beach. Beause shallow-water
waves propagate at the speecrrg| gH, they slow down as they encounter shallower
waters and their energy, density increases, raising their amplitude by the time
they reach the shore. Deep-sea swell turning into beach suldfehaves similarly, with
one major exception. Swell is characterized by a periodic nmion so that the next
trough swallows the water spilled by the previous crest, buta tsunami behaves as
a bore, with a single rush of water. The rising water level hamo place for retreat.

Examples of the disastrous tsunamis are those that occurreth the Paci ¢ Ocean
on 22 May 1960 and in the Indian Ocean on 26 December 2004. Tsamis are rel-
atively easy to forecast using a computer model. The key to are ective warning
system is the early detection of the originating earthquake to track the rapid propa-
gation of the tsunami from point of origin to the coastline on time to issue a warning
before the high wave strikes.

1To be exact, the conserved property is the wave action, which is the energy density divided
by the frequency (Lighthill, 1978). But since the frequency of shallow- water waves is proportional
to wavenumber and thus inversely proportional to wavelength, the con  served quantity is energy
density times the wavelength.
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Figure 4.7: Aerial view of the water east of Whiskey Island o the coast of Louisiana
(USA) showing refration of long-crested surface waves upoapproaching a sloping
bottom at an oblique angle. The portion of the wave in deeper \ater travels faster
and gradually catches up with the part in shallower water. The net e ect is a
tendency toward alignment of wave crests with the shoreline [Photograph by John
Livzey]

4.1.7 Wave refraction in shallow water

A common observation at the seashore is that approaching was have crest lines
nearly parallel to the shore. This may appear somewhat puzihg given that ocean
waves can propagate in any direction and therefore approactthe shore from any
angle. The explanation lies in the phenomenon known asvave refraction.

When a wave approaches a sloping beach obliquely (Figure 4,7the crest line
spans various depths, the part closer to shore travels overshaBow bottom while the
outer portion travels over deeper water. As the wave speed is gH, this outer por-
tion travels faster making the wave bend and aligning the wae crest progressively
with the shoreline.
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4.2 Internal Gravity Waves

A stably strati ed uid system can support internal waves. T hese are gravity waves
propagating on the density strati cation not unlike surfac e waves propagating at
the air-water interface, where a density. The main di erence is that internal waves
can propagate both vertically and horizontally.

Under summertime heating, lakes become thermally strati ed, that is, the water
temperature increases gradually from the bottom, where thewater is coldest, to
the surface, where it is warmest. And, since thermal expansin causes density to
decrease with increasing temperature, the water density vaes in the opposite way,
with buoyant waters oating on top of denser waters. The strati ed water column is
thus gravitationally stable in summer. (In winter, cooling causes the water column
is top heavy and unstable. The result is convection.) Similaly, whenever a warmer
air mass lies above a layer of colder air, a gravitationally &ble strati cation occurs
in the atmosphere. A common occurrence is nighttime strati cation as the air near
the ground cools by radiative loss to space once the sun hastse

Internal gravity waves are generated whenever a source of ergy displaces uid
vertically in the presence of density strati cation. A prot otypical example in the
sea is a tide passing over an irregular bottom, such as a silltahe entrance of a
embayment or fjord. In the atmosphere, convective storms rdiate energy outward
through the strati ed surroundings via internal waves, and mountain waves are
internal waves generated by wind passing over a mountain rage when strati cation
is simultaneously present. For additional examples, the rader is referred to the
books by Roberts (1975) and Sutherland (2010).

Although temperature variations create changes in density the actual density
di erences remain modest, and a linear relation between desity and temperature
may be invoked (see Section 2.5):

= ol1 (T To; (4.34)

in which ¢ is the density at the reference temperatureTy, and the coe cient of
thermal expansion. The smallness of the density di erence Bows the Boussinesq
approximation, namely the substitution of the reference desity o everywhere in
the equations, except in connection with gravity where deniy variations matter
because they create a buoyancy force.

4.2.1 Theory

To simplify the problem we restrict our attention to the two- dimensional case, that
is, considering motions con ned to a single vertical plane aross the system, with
coordinatesx running horizontally and z extending vertically from bottom to top.

The variables of the problem are the velocity componentsu and w, in the x
and z directions, respectively, the pressurep and the temperature T, all of which
depend onx, z and time t. The four equations are the continuity equation, the
two momentum equations, in the horizontal and vertical directions, and the energy
equation.
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Figure 4.8: Cloud formations showing evidence of internal aves.

Under the 2D assumption, the continuity equation (3.5) reduces to:

@x @z

For momentum, we invoke the additional assumption that wave motions are weak
in order to allow linearization of the equations. This is in addition to assuming
that may be replaced by ¢ everywhere, except in connection with gravity. We
also neglect friction in order to avoid the complication of wave damping. Equations
(3.10) and (3.12), together with (4.34) provide:

Qu, @w_ . (4.35)

@ _ 1@
ot - @x (4.36)
@w _ 1 @p

@t *0 @z g1 (T To)l (4.37)

For the fourth and last equation, we decompose the temperatte into a compo-
nent T that represents the existing thermal strati cation and an a dditional compo-
nent T?that is a small perturbation caused due to the wave:

T(x;z;t) = T(2) + TYxz;:t): (4.38)

The perturbation TCis caused by the wave-induced vertical displacement of thedsic
temperature gradient, with a positive/negative T° created by a downward/upward
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displacement, or, on a per-time basis, positive/negativedT’%dt caused by a nega-
tive/positive vertical velocity w. And, so we write:

@t dz
This is none other than a linearization of the energy equatia (3.18) in the absence
of internal heat sources. Equations (4.35){(4.36){(4.37](4.39) form a complete set
of four equations for the four variablesu, v, p and TC
A rst useful step toward the solution is the elimination of p ressure. This is easily
accomplished bycross-di erentiating Equations (4.36){(4.37), that is, subtracting
the z{derivative of (4.36) from the x{derivative of (4.37):

= 0: (4.39)

@ ow @u _ _@Ff
@t @x @z 9 ax

The second step is to eliminate the variableT° by using (4.39), which yields:

(4.40)

@ @w @u |  dT @w_
@ O@x @z 94z @x
The coe cient of the second term ( gd T=d2) has the dimensions of a frequency

squared. Because this frequency will play a crucial role inglation to the value of
the wave frequency, we de ne thestrati cation frequency N from:

(4.41)

daT
9 %
which is a positive quantity since temperature increases upard. We make the
additional assumption that N a constant over the vertical, which is equivalent to
assuming that the temperature T varies linearly in the vertical (uniform strati ca-
tion).

N2 = (4.42)

Example 4.4: Physical interpretation of N

Consider a small parcel of volumeV at elevation z in a montionless strati ed
uid with density prole  (z). Its weight is (z)gV. If this parcel is displaced
vertically over a small distance h, positive or negative, it becomes surrounded by
uid of density (z + h) and experiences an upward buoyancy force equal to the
weight of the ambient uid at that level, (z+ h)gV. The net force (Figure 4.9)
acting on the parcel is this upward buoyancy force minus the dwnward weight:

[ (z+h) (2)]gV:

Newton's second law, that mass times acceleration is equabtthe sum of forces,
demands:

d?h
@V gz = [ @+h (2)]lgV:
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Figure 4.9: Vertical displace-
ment of a parcel in a stably
stratied uid. At its new po-
sition, the parcel experiences a
net force, equal to its weight mi-
nus buoyancy, directed toward
the plarcel's place of origin, and
the parcel executes oscillations
of period 2=N .

Under the Boussinesq approximation, variations in densityare small, so that
we may replace (z) on the left by the reference density ¢ while, on the right, we
may use a Taylor expansion to express the density at the new el [ (z+ h)

(z) + h(d =dz)], to obtain, after division by V,

&h _ gd
or
2
% + N?h = 0; (4.44)
after de ning
N2= 99, (4.45)
o Az

Should the density strati cation be attributed to a tempera ture gradient, de nition
(4.45) is equivalent to (4.42).

If N2 > 0, Equation (4.44) admits periodic solutions cosit) and sin(Nt) for
h(t), indicating that the displaced parcel executes vertical acillations at frequency
N. Physically, when density decreases upward, the parcel oecdisplaced upward is
heavier than its surroundings, feels a downward recallingdrce, falls down, acquires
a vertical velocity, overshoots its original position, beomes lighter than the ambient
uid, rises again and oscillates in this manner until friction eventaully brings it to
rest.

On the contrary, should N? be negative, the particle does not retyn toward
its original position but its displacement h(t) grows exponentially as exp( N2 t).
Physically, the uid is top heavy and gravitationally unsta ble.

Typical values of the frequencyN of stable strati cations correspond to periods
2=N of a few seconds (atmosphere) or minutes (lakes). This is uslly short
compared to the period of internal waves: 2=N < T , which implies! =2 =T <N .
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The set of equations is now reduced to (4.35) and (4.41) for th two unknowns
u and w. Since these are linear and the coe cients are time independnt, we seek
a trigonometric solution of the type

u Usin(kyx + k,z 1t

W sin(kyx + kyz !t );

w

with angular frequency ! and wavenumbersky and k, in the horizontal and ver-
tical directions, respectively. The equations relating the amplitudes U and W are
obtained by substitution in the preceding equations:

kU + kW
k! 2U + ke (N2 12)W

0 (4.46)
0; (4.47)

which form a two-by-two system of equations for the the veloity amplitudes U and
W. Since! <N as remarked above, the last coe cient is generally positive As it
turns out, no wave exists otherwise.

The system of equations forU and W admits non-zero solutions only if

2
]2: 2 kX .
: 2 2 -
kz + k2

This is the dispersion relation for internal gravity waves. It admits two frequencies
for every wavenumber pair Ky, kz):

(4.48)

ke .
e (4.49)

from which it is clear that ! must be smaller thanN . Should a periodic perturbation
be imposed on a stratied uid at an angular frequency higher than N, the uid
would be unable to respond in the form of wave radiation and tte energy would
have to be dissipated locally by means of turbulence.

4.2.2 Internal seiches in a rectangular basin

Long internal waves, with wavelengths comparable to the legth of the lake, are
capable of re ecting back and forth between the extremitiesof the basin without
appreciable damping, and the result is a standing internal vave, called aninternal
seiche On occasions, under favorable wind forcing, an internal sehe can assume a
very large amplitude. Figure 4.10 shows an example for CaywgLake, USA. Such
dramatic oscillation in the basin evokes the concept ofesonance
For a rectangular basin, that is, for an unrealistic lake with a at horizontal

bottom and perfectly vertical sides, the mathematical probem is separable and can



4.2. INTERNAL GRAVITY WAVES 87

Figure 4.10: Temperature versus depth and time in Cayuga Lak (New York State,
USA) during 11{26 September 2001. The swing in temperature &lues about every
two days at depths of 12{20 meters are indicative of large veical oscillations of the
thermal strati cation, generated by a basin-wide resonant internal wave (internal

seiche). [Figure courtesy of Prof. Edwin A. Cowen, Cornell Wiversity]

solved by modal decomposition. The boundary conditions regire impermeability
all around the domain, i.e., isu =0 at x = 0;L in the lateral direction and w =0
at z =0;H in the vertical direction. Here, L is the length of the lake andH is its
uniform depth. We thus seek a solution of the type:

. m n
u U sin TX cos ?Z cos(t ) (4.50)

w W cos % sin % cos(t ) (4.51)

which meets all boundary conditions as long asn and n are integers. Substitution
in Equations (4.35){(4.41) demands:

U w
—+n— =0 4.52
m= o+ ong (4.52)

U w
12 =+ m(N? 1% — =0: 4.53
n 2 m( ) T (4.53)
This set of equations implies:
m2H2

12 = N2 (4.54)

m2H2 + n2L2 :
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Figure 4.11: Schematic of the horizontal and vertical motims in the internal seiche
of lowest frequency in a uniformly strati ed lake with at bo ttom.

In other words, a wave solution exists only if the frequency! takes one among a
set of discrete values (becausen =1;2;::: and n = 1;2;:::). Physically, this means
that for a given lake of length L, depth H and strati cation frequency N, there
corresponds a discrete set of oscillation frequencies. Adtnatively, to an externally
imposed frequency of oscillation (due to tides or wind), thee exists a discrete set
of strati cation frequencies N that cause the basin to resonate.

The lowest frequency (gravest mode, Figure 4.11) is that coesponding tom =
n=1:

NH )
s

But, since lakes are typically much longer than they are deegL ~ H), this can be
approximated to:

r
NH _ H dT
L - r Ya
Of particular interest in environmental problems is the value of the horizontal
velocity along the bottom. Indeed, resonance can generataige oscillations accom-
panied by strong bottom currents capable of eroding sedimes and depositing them
elsewhere. According to (4.52), the maximum horizontal vebcity at the bottom
Umax = jUj is related to the maximum vertical velocity along the side Wmax = jWj
by Umax = (nL=mH )wnax. In turn, the vertical velocity is the time derivative of
the vertical displacement. If the range of vertical excurson (= twice the amplitude)
along the side is z, then Wpax = ! z=2 and umax = (nL! z=2mH). For the
gravest mode, the maximum horizontal velocity along the botom is thus

I (4.55)

N z
Umax = 5 ; (4.56)

and it occurs in the middle.
If basin is not rectangular, the situation is quite complicated and the analysis
lies beyond the scope of this book. For details, see Maas andalm (1995) and
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Figure 4.12: Mountain lee waves simulated in the laboratory [Photo credit]

Cushman-Roisin (2004). An informative data-model comparson was performed for
internal seiches in Lake Geneva (Lemmiret al., 2005), which showed that modes 1,
3 and 12 were the dominant modes excited by wind events.

Example 4.5: Bottom erosion in a seiching lake
Example of U. Lemmin, C. H. Mortimer and E Bauerle, 2005: Internal seiche
dynamics in Lake Geneva,Limn. Oceanogr., 50, 207{216.

4.3 Mountain Waves

Mountain waves, also calledee wavesare atmospheric internal waves generated by
wind passing over a mountain ridge (Figure 4.12). See Gill (282, Section 8.8)

4.4 Inertia-Gravity Waves

Inertia-gravity waves are long surface waves modi ed by thee ect of the earth's
rotation. The theory proceeds as in Section 4.1.3 except fothe inclusion of the
Coriolis terms in the momentum equations and the assumptionof hydrostatic bal-
ance, both attributed to the long length scale:
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0 = %%S g (4.59)
%}‘:Jr g;+ %"sz 0: (4.60)

The hydrostatic balance (4.59) provides the structure of the pressure eld:

p(X;y;z;t) = pa + o9(H+a 2); (4.61)
where a(x; y;t) is the surface elevation, expressed as a wave form:

a(x;y;t) = Asin(kex + kyy t): (4.62)

Since for long waves, the vertical velocity varies linearlyover depth [see (4.18) in
the limit of small kz and kH], is zero at the bottom [w(z = 0) = 0] and uctuates
with the surface displacement on top W(z = H) = @a=@fts expression is

zZ @a_
H @t

With the elimination of pressure p and vertical velocity w in terms of the surface
displacementa, Equations (4.57){(4.58){(4.60) become

w(x;y;z;t) = 1A % cosfkxx + kyy It ): (4.63)

@u _ @a
@t fv = g @x (4.64)
@v _ @a
at + fu = g @y (4.65)
Qu, @v, 1 @Qa_, (4.66)

@x @y H @t

It can be shown with some algebra that the wave form (4.62) fora and similar
trigonometric functions for the velocity components u and v lead to two solutions
for the frequency! . The rst solution is simply ! =0, which corresponds to a state
of equilibrium, called the geostrophic balance This state is of profound importance
in meteorology and oceanography but is not pursued here, asuo present concern
is wave motion.

The second solution is

12 = 2 + gHK?; (4.67)

where k is the magnitude of the wavenumber k? = ki + k7). These waves are
isotropic because their frequency depends only on the magmnide of the wavenemu-
ber and not its direction, and are said to besuperinertial because their frequency
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exceeds thenertial frequency f. These waves are also dispersive as their propaga-
tion speed

! f2 2

= _ = + : .
c= o gH+ (4.68)
is wavelength dependent, except in the limit Bf short wavelagths, so short that
the Coriolis e ect becomes negligible { 2 ~ gH). In this limit, we recover the

shallow-water gravity waves of Section 4.1.5.

4.5 Energy Propagation

An interesting aspect of wave propagation is that the energycarried by waves does
not always travel in the same direction or at the same speed asrests and troughs. In
a wave of a single wavelength, the energy density is uniformgldistributed because of
the exact pattern repetition every wavelength. But, in a wave consisting of multiple
components, di erent wavelengths dominate at di erent locations, and the energy
distribution is non uniform. See for example the ripple pattern of Figure 4.4 in
which the local wavelength increases from center to rim and mergy is radiated
outward.

In a multi-component wave, called a wave goup the trigonometric function
sin(kx !t) is no longer applicable and needs to be generalized to sin where
the phase (x;t) is a more complicated function of space and time. Nonetheks,
one can de ne a local wavenumbek and a local frequency! as

@ @
= — | -
k ax ot (4.69)
to which correspond a local wavelength =2 =k and a local periodT =2 =! . The

unicity of the function  in Equations (4.69) implies a relation between wavenumber
and frequency:

@k, e!_,

= 4+ = = .
ot @x (4.70)
Since the dispersion relation [such as (4.16) or (4.48) or (87)] prescribes a
relation between frequency and wavenumber, it follows that = ! (k) and @'!'=@x%
(d!=dk )(@k=@xleading to:
@k @k
=" ="=0: 4.71

where the coe cient ¢y stands for d!=dk and is a function of k only. In terms of
the local wavelength, we have

@

@ _ ..
@t+ Cq @x 0; (4.72)
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Figure 4.13: Structure of a ray
of internal gravity waves. While

the ray radiates energy toward
the top right, crest and trough

lines are parallel to the ray and
travel down to the right. Thus,

in an internal wave, phase and
energy travel at a right angle of
each other.

with ¢y now taken as a function of . This equation is a transport equation stating

that the quantity  travels unchanged at speedy;. Each wavelength travels at its

own speedcy( ). Ahead and behind this wave are waves of the group with other
wavelengths. Thus, the energy associated with wavelength travels at the speed

_d
6= o (4.73)

and not at the propagation speedc = !=k of local crests and troughs. For this
reason, a distinction is to be made between the two propagatin speed:c is called
the phase speedand cy the group velocity.

That the di erence between the two speeds can be quite impornt is exempli ed
by deep-water waves. For these waves indeed, the frequenty given by Equation
(4.23), is clearly a function of wavenumberk, with

— I _ g
C — dl — 1 g — C .
- & - E E - E ' (475)

indicating that the energy travels at half the speed of cress and troughs. But, how
is that possible? Close examination of the evolution of a riple pattern (of Figure
4.4, for example) reveals that crests vanish by destructiveinterference and new
ones form by constructive interference. An observer trackig by eye the progress
of one crest will suddenly lose sight of it and be led to belies that the eyes were
somehow confused between the crest that disappears and thellfowing one, only to
discover that this one, too, disappears! And, while crests bappear at the head of
the formation, new ones keep appearing behind. In other wors, individual crests
overtake the group, and the group proceeds at a slower pace &dm individual crests.
In the case of deep-water gravity waves, the group travels Hé as fast as crests
within in.

In two or three dimensions, there is a wavenumber in each spél direction,
and one forms the wavenumber vectok with components (ky, Ky, k;). The group
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velocity, too, becomes a vectorgy formed with the derivatives of ! with respect to
the wavenumber components @!=@k @!=@k @!=@J), that is,

g = Ml (4.76)

Internal gravity waves are peculiar in the sense that their energy propagates
vertically in the opposite direction of their crests and troughs. Indeed, according
to (4.49), the vertical phase speed is

o Nky
c, = k—z = KK, (4.77)
while their vertical group velocity is
_ @ _ Nkyk;
Coz = @k k3 (4.78)

wherek? = k2 + k2. In contrast, the horizontal wave speed and group velocity kare
the same sign, and it can be shown (Problem 4.7) that the groupvelocity vector is
aligned with the crest and trough lines, implying that phase and energy propagate
at a right angle of each other (Figure 4.13)

For more on group velocity, the reader is referred to Lighthll (1978, Section
3.6), Kundu (1990, Chapter 7, Section 9) or Cushman-Roisin 1994, Appendix A).

4.6 Waves in Shear and Nonlinear E ects

Waves in shear, Gill (1982, Section 8.9.3).
KdV approximation; Solitary waves in a channel; cite Pedloky's new book.
Some remarks on wave breaking. A picture of surf.

Problems

4-1. After a few glasses of whiskey, a retired captain recounts aery stormy night
in the South Pacic when the waves were so erce that his 45-m éng ship
with its bow and stern spanning the distance from trough to crest was rocked
back and forth in less than three seconds. Can this possibly étrue?

4-2. Swell is a surface wave generated in the open ocean by a windsin. Consider
a swell of 15-m wavelength in the middle of the Atlantic Oceanheading for
Miami Beach. As the swell encounters shallower waters alongts path, its
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4-4,

4-5.

4-6.

4-8.

CHAPTER 4. WAVES

nature changes from deep-water wave to intermediate-watewave and ulti-
mately to shallow-water wave. At which respective depths dothese changes
occur?

If the change from deep-water to intermediate-water wave ocurs after 1200
km of travel, how old is the swell by then? Finally, at which depth will the

swell propagate twice as slowly as it did in the deep oceanHjnt: While the
swell undergoes transformation, its frequency remains unchanged.]

. By taking the limit kH ! 0 in Equations (4.17) and (4.18), show that the

horizontal velocity u associated with a shallow-water wave is nearly depth
independent. What is the vertical structure of the accomparying vertical
velocity w?

What are the periods of the rst three seiche modes of Lake E®, which is
388-km long and 18.9-m deep in average?

What is the magnitude of the oscillatory bottom current if a w ind storm over
Lake Erie (see previous problem) generates the second seicilmode with a
trough-to-crest height of 60 cm?

In a 28-m deep lake during summer, the temperature varies gdually from a
high of 25 C at the surface to a low of 17 C at the bottom. This strati cation
supports internal waves, which are manifested on the surfaz by a pattern
of distorsions (slicks) of small wind-induced waves. Obsemtions reveal a
repeating slick pattern of 163 meters along the main axis of e lake and
traveling horizontally with a speed of 22.6 cm/s.

What is the corresponding vertical wavelength of the internal waves? Compare
this to the water depth. Is there any relation that strikes you that could have
a signi cance?

. Norwegian fjords are former glacier valleys now ooded by sawater. There

are therefore long and narrow. The freshwater discharged biateral rivers pa-
tially mixes into the seawater, creating a vertical strati cation with decreasing
salinity upward. At the open end, sea tides force motions at xed frequen-
cies, which inside the fjord generate internal waves at tidafrequencies, called
internal tides.

Consider Skjomen Fjord near Narvik in northern Norway, with length L of
25 km, average depthH of about 110 m, strati cation frequency N of about
2.0 10 % s 1, and in which the semi-diurnal tide generates motions with
a 12.42-hour period. What are the horizontal wavelengths ofthe rst two
vertical modes (those with half vertical wavelengths respetively equal to the
depth and half the depth)? Can these waves t in the length of the fjord?

Derive dispersion relation (4.67) for inertia-gravity waves. Are the velocity
componentsu and v in phase, out of phase, or in quadrature (phase shift of
0,180 or 90)?



4.6. WAVES IN SHEAR AND NONLINEAR EFFECTS 95

4-9. Show that the energy of internal gravity waves travels in a drection parallel
to the lines of crests and troughs.



