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Normal Forms for Underactuated
Mechanical Systems with Symmetry

Reza Olfati-Saber

Abstract— In this paper, we introduce cascade normal
forms for underactuated mechanical systems that are conve-
nient for control design. These normal forms include three
classes of cascade systems, namely, nonlinear systems in
strict feedback form, feedforward form, and nontriangular
quadratic form (to be defined). In each case, the transfor-
mation to cascade systems is provided in closed-form. We
apply our results to the Acrobot, the Rotating Pendulum,
and the Cart-Pole system.

Keywords— Underactuated systems, normal forms, sym-
metry, nonlinear control, cascade systems

I. Introduction

Underactuated Systems are mechanical control systems
with fewer controls than configuration variables. In re-
cent years, there has been extensive interest among the re-
searchers in control of underactuated mechanical systems
due to their broad applications (see [1], [2] and references
therein). Many real-life control systems including aircraft,
spacecraft, helicopters, underwater vehicles, surface ves-
sels, mobile robots, walking robots, and flexible-link robots
are examples of underactuated systems.

In this paper, we introduce three classes of cascade nor-
mal forms for underactuated systems. Namely, cascade
nonlinear systems in strict feedback form, feedforward form,
and nontriangular quadratic form. The structure of these
normal forms allows application of the existing control de-
sign methods like backstepping [3] and forwarding [4] to
control of underactuated systems. In addition, the need
for developing effective control design methods for nonlin-
ear systems in nontriangular forms as in [5], [6] becomes
more evident.

The main contribution of this paper is to provide diffeo-
morphisms in closed-form that transform classes of under-
actuated systems with symmetry into cascade systems with
structural properties. These transformations are physi-
cally meaningful and all of them are obtained from the
Lagrangian functions of the original underactuated sys-
tems. Appropriate references are provided for control de-
sign methods associated with each obtained class of cascade
normal forms.

The outline of the paper is as follows. In section II,
the dynamics and partial feedback linearization methods
for underactuated systems are presented. In section III,
we present our main results on cascade normal forms for
low-order underactuated systems. In section IV, applica-
tions of our theoretical results to three robotics benchmark
examples are given. Finally, concluding remarks are made.
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II. Dynamics of Underactuated Systems

In this paper, we consider mechanical systems with con-
figuration vector q ∈ Q which is an n-dimensional vector
and a (simple) Lagrangian

L(q, q̇) = K − V =
1
2
q̇TM(q)q̇ − V (q)

where K is the kinetic energy, V (q) is the potential en-
ergy, and M(q) is the inertia matrix of the system. Let
us decompose the configuration vector of the system as
q = col(q1, q2) ∈ Q1 × Q2 where the dimension of the
manifold Qi is denoted by ni = dim(Qi) for i = 1, 2 and
n1 + n2 = n (“col” means a column vector). The Euler-
Lagrange equations of motion for this system can be writ-
ten in the form

d

dt

∂L
∂q̇1

− ∂L
∂q1

= τ1

d

dt

∂L
∂q̇2

− ∂L
∂q2

= τ2

(1)

where τi’s are the control inputs satisfying the conditions
of either of the following actuation modes:
A1) τ = τ2 ∈ Rn2 is the control and τ1 ≡ 0.
A2) τ = τ1 ∈ Rn1 is the control and τ2 ≡ 0.
Apparently, in both of the above cases system (1) is an
underactuated system. Actuation modes A1 and A2 are
important due to their applications in robotics. The Ac-
robot (Fig. 1) is actuated according to mode A1, while the
Rotating Pendulum (Fig. 2) and the Cart-Pole system are
actuated according to mode A2.

The equations in (1) can be simplified as

m11(q)q̈1 +m12(q)q̈2 + h1(q, q̇) = τ1
m21(q)q̈1 +m22(q)q̈2 + h2(q, q̇) = τ2

(2)

where hi’s contain Coriolis, centrifugal, and gravity terms.
Due to Spong [2], [7], there exists an invertible change of
control input

τi = αi(q)u+ βi(q, q̇), i = 1, 2 (3)

which transforms the dynamics of (2) into

q̇1 = p1

ṗ1 = f(q, p) + g(q)u
q̇2 = p2

ṗ2 = u

(4)

where for case A1, f(q, p), g(q) are given by

f(q, p) := −m−1
11 (q)h1(q, q̇)

g(q) := −m−1
11 (q)m12(q)

(5)

In a similar way, expressions for f, g can be obtained for
case A2. The corresponding partially-linearizing change of
control in (3) for A1 and A2 are called collocated feedback
and noncollocated feedback, respectively [2], [7]. Notice that
(4) is not a cascade nonlinear system. In [8], an algebraic
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sufficient condition is provided for the existence of a global
change of coordinates that transforms system (4) into a
cascade nonlinear system in the form

ż1 = z2
ż2 = F (z, ξ1, ξ2)
ξ̇1 = ξ2
ξ̇2 = u

(6)

The main contribution of this work is to provide this trans-
formation in closed-form for classes of underactuated sys-
tems with symmetry properties as defined in the following.
Definition 1. (shape variables) The set of configuration
variables that appear in the inertia matrix M(q) are called
shape variables. In other words, if M(q) = M(q2), then
q2 is the vector of shape variables of the system. (See [9]
for formal definitions of the notions of “shape space” and
“symmetry” on manifolds).

III. Cascade Normal Forms

This section is devoted to normal forms with triangu-
lar and nontriangular structural properties for classes of
underactuated systems with symmetry.
Theorem 1. Consider the underactuated system in (2) with
two degrees of freedom (q1, q2) and symmetry property
M(q) = M(q2). Assume the shape variable q2 is actu-
ated (i.e. case A1). Then, the following global change of
coordinates

z1 = q1 + γ(q2)
z2 = m11(q2)p1 +m12(q2)p2 := ∂L/∂q̇1
ξ1 = q2
ξ2 = p2

(7)

transforms the dynamics of (2) into a cascade nonlinear
system in strict feedback form

ż1 = m−1
11 (ξ1)z2

ż2 = g(z1, ξ1)
ξ̇1 = ξ2
ξ̇2 = u

(8)

where

γ(q2) =
∫ q2

0

m12(s)
m11(s)

ds (9)

g(z1, ξ1) = − [Dq1V (q1, q2)]q1=z1−γ(ξ1),q2=ξ1
(10)

Proof: By definition of z1 and z2, ż1 = z2/m11(q2).
Since M(q) = M(q2), ∂K/∂q1 = 0 and we have

ż2 =
d

dt

∂L
∂q̇1

=
∂L
∂q1

=
∂K

∂q1
− ∂V (q)

∂q1
= g(z1, ξ1) (11)

and thus the result follows.
Remark 1. Clearly, z2 in (7) is the generalized momentum
conjugate to q1. In addition, z1 can be viewed as a new
generalized configuration variable replacing q1. This means

that the change of coordinates given in (7) is physically
meaningful.

The control input for the z-subsystem of the normal form
(8) is the shape variable q2 = ξ1. If there exists a state feed-
back ξ1 = k1(z) that renders z = 0 globally asymptotically
stable (GAS), then using backstepping procedure [3], [10]
a state feedback u = k2(z, ξ) can be obtained that renders
(z, ξ) = 0 GAS for the composite system in (8). Global
asymptotic stabilization of the z-subsystem of (8) using a
static state feedback is addressed in [11].

The following theorem gives the normal form for under-
actuated systems with 2 d.o.f. and actuation mode A2.
Theorem 2. Consider the underactuated system in (2) with
two degrees of freedom (q1, q2) and symmetry property
M(q) = M(q2). Assume the shape variable q2 is unac-
tuated (i.e. case A2). Then, the following global change of
coordinates

z1 = q1 + γ(q2)
z2 = m21(q2)p1 +m22(q2)p2 := ∂L/∂q̇2
ξ1 = q2
ξ2 = p2

(12)

over the set U = {q2 |m21(q2) 6= 0} transforms the dynam-
ics of (2) into a cascade nonlinear system in nontriangular
quadratic normal form

ż1 = m−1
21 (ξ1)z2

ż2 = g(z1, ξ1) + Σ(ξ1, z2, ξ2)
ξ̇1 = ξ2
ξ̇2 = u

(13)

where
Σ(ξ1, z2, ξ2) = (z2, ξ2)π(ξ1)(z2, ξ2)T (14)

is quadratic in (z2, ξ2) with a weight matrix π(ξ1) ∈ R2×2

and

γ(q2) =
∫ q2

0

m22(s)
m21(s)

ds (15)

g(z1, ξ1) = − [Dq2V (q1, q2)]q1=z1−γ(ξ1),q2=ξ1
(16)

Proof: The proof is rather similar to the proof of
Theorem 1 with the difference that ∂K/∂q2 =: Σ(ξ1, z2, ξ2).

Remark 2. Stabilization of special classes of nonlinear sys-
tems in nontriangular normal form (13) is addressed in [5],
[6]. In this case, backstepping/forwarding approaches are
not applicable.

The following theorem shows that under further assump-
tions on the class of underactuated systems with an unac-
tuated shape variable, the obtained normal form is a non-
linear system in feedforward form [12].
Theorem 3. Assume all the conditions in Theorem 2 hold.
Denote g(q1, q2) = −Dq2V (q1, q2). Suppose the following
properties hold:
i) m11 is constant.
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ii) g(q1, q2) = g(q2), i.e. Dq1Dq2V (q) ≡ 0.
iii) ψ(q2) = g(q2)/m21(q2) satisfies ψ′(0) 6= 0.
Then, applying the change of coordinates

y1 = z1, y2 = z2/m21(q2) (17)

transforms system (13) into a cascade nonlinear system in
strict feedforward form

ẏ1 = y2
ẏ2 = ψ(ξ1) + π(ξ1)ξ22
ξ̇1 = ξ2
ξ̇2 = u

(18)

with π : R → R. Moreover, the origin for this feedfor-
ward system can be globally asymptotically stabilized us-
ing Teel’s nested saturations (see [12]).

Proof: See the proof of proposition 4.1 in [8].

IV. Examples

In this section, we provide examples of underactuated
systems with their corresponding normal form.
Example 1. The Acrobot [13], as shown in Fig. 1, is a two-
link planar robot with revolute joints and one actuator at
the elbow. The inertia matrix for the Acrobot is given by

q

q

l
 1

L
1

m  I

m  I
2 2

1 1

 1

 2

x

y

Fig. 1. The Acrobot

m11 = m1l
2
1 +m2(L2

1 + l22 + 2L1l2 cos(q2))
+ I1 + I2 =: a+ b

cos(q2)
m12 = m21(q2) = m2(l22 + L1l2 cos(q2)) + I2

=: c+ (b/2)
cos(q2)
m22 = m2l

2
2 + I2 =: c

Clearly, the symmetry condition M(q) = M(q2) holds and
q2 is an actuated shape variable for the Acrobot. Therefore,
based on Theorem 1 after applying the global change of
coordinates in (7), the dynamics of the Acrobot transforms
into a cascade system in strict feedback form

ż1 = z2/m11(q2)
ż2 = −(m1l1 +m2L1)g0 cos(z1 − γ(q2))

− m2l2g0 cos(z1 − γ(q2) + q2)
q̇2 = p2

ṗ2 = u

(19)

where g0 is the gravity constant and the function γ(·) is
given by

γ(q2) =
q2
2

+
(2c− a)√
a2 − b2

arctan(

√
a− b

a+ b
tan(

q2
2

)) (20)

which is defined over q2 ∈ [−π, π) and a, b, c > 0 are three
constants that determine M(q). See [5], [11] for further
details on control of the Acrobot.
Example 2. The Rotating Pendulum, depicted in Fig. 2,
consists of an inverted pendulum on a rotating arm [14].
The elements of the inertia matrix for the Rotating Pen-
dulum are given by

x

y

z

1

2q

m  ,  L  ,  I

m  ,  L  ,  I
2

1 1

2

q
1

2

Fig. 2. The Rotating Pendulum

m11 = I1 +m1l
2
1 +m2(L2

1 + l22 sin2(q2))
=: a+ d sin2(q2)

m12 = m21 = m2L1l2 cos(q2) =: b cos(q2)
m22 = I2 +m2l

2
2 =: c

The potential energy for this system is

V (q1, q2) = m2gl2 cos(q2)

Apparently, M(q) = M(q2) and q2 is an unactuated shape
variable for the rotating pendulum. Based on Theorem
2, the dynamics of the rotating pendulum can be trans-
formed into a nontriangular quadratic normal form using
the change of coordinates (12) for q2 ∈ U = (−π/2, π/2).
After setting y1 = z1, y2 = z2/m21(q2), we obtain

ẏ1 = y2

ẏ2 =
g

L1
tan(q2) +

l2
L1

sin(q2)(u2 −
m22

m21(q2)
p2)2

+
m22

m21(q2)
tan(q2)p2

2

q̇2 = p2

ṗ2 = u
(21)

where
y1 = q1 − γ(q2)
y2 = p1 −m−1

21 (q2)m22(q2)p2

and

γ(q2) =
(m2l

2
2 + I2)

m2l2L1
log

(
1 + tan(q2/2)
1− tan(q2/2)

)
(22)
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Example 3. The Cart-Pole System is an inverted pendulum
on a cart. Let (q1, q2) denote the position of the cart and
the angle of the pendulum, respectively. The inertia matrix
for the cart-pole system is similar to the rotating pendulum
with the difference that m11 is constant. In addition, the
cart-pole system satisfies all other conditions of Theorem
3 over the upper half-plane (i.e. q2 ∈ (−π/2, π/2)). Thus,
the origin (q, p) = (0, 0) for the cart-pole system can be
globally asymptotically stabilized over the upper half-plane
using Teel’s nested saturations [5], [8].

V. Conclusion

In this paper, we introduced novel structured cascade
normal forms for underactuated systems. Namely, cascade
systems in strict feedback form, feedforward form, and non-
triangular quadratic form. The corresponding control de-
sign methods and examples for each class are mentioned.
These normal forms allow application of the exiting meth-
ods like backstepping and feedforwarding to control of com-
plex underactuated systems. We also introduced fourth-
order cascade normal forms for three robotics benchmark
examples. Namely, the Acrobot, the Rotating Pendulum,
and the Cart-Pole system.
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