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Abstract— In this paper, we explore spectral properties of a
class of regular Cayley graphs known as Ramanujan graphs
and prove that the ratio of their algebraic connectivity to
that of regular lattices grows exponentially as O(nγ) with
γ = 1.84±0.05 for networks with average degree of O(log(n)).
Explicit construction algorithms exist for Ramanujan graphs
that create regular graphs with especial degree and scale that
depend on a pair of prime numbers. We introduce a randomized
algorithm for construction of a class of fast regular graphs
called quasi Ramanujan graphs. These graphs are obtained
from finite number of degree balancing operations on Watts-
Strogatz small-word networks that are irregular graphs. We
show that quasi Ramanujan graphs share similar combinatorial
optimality spectral properties as Ramanujan graphs and are not
restricted to especial choices of degree and scale. A byproduct
of this fact is that the algebraic connectivity ratio of quasi
Ramanujan graphs grows exponentially in n as well. Numerical
experiments are performed to verify our analytical predictions.
Consensus algorithms converge extremely fast on networks with
exponentially growing algebraic connectivity ratios.

Index Terms— random graphs, Ramanujan graphs, Cayley
graphs, small-world networks, algebraic connectivity, ultrafast
consensus

I. INTRODUCTION

Algebraic connectivity1of graphs has recently emerged as
an important performance criterion for the speed of infor-
mation processing and coordination of multi-agent complex
networked systems and sensors networks. Some problems
in which algebraic connectivity plays a central role include
consensus problems [22], [29], [24], [11], [26], [4], [20],
[7], synchronization of coupled oscillators [27], flocking
and swarming [19], [9], belief propagation and distributed
hypothesis testing [21], and distributed filtering and data
fusion in sensor networks [16], [23], [6], [18], dynamic
graphs [14], [30], small-world networks [17], and Cayley
graphs and expanders [1], [2], [5].

In this paper, we explore the growth rate of algebraic
connectivity of Ramanujan graphs and a novel class of
fast regular graphs compared to regular lattices on a ring
(or nearest-neighbor type graphs). Ramanujan graphs are
special class of regular Cayley graphs that are introduced by
Lubotzky, Phillips, and Sarnak [13] in number theory. Since
then, they have appeared in a variety of applications includ-
ing the design of expander codes [25] (also knows as LDPC
codes) in information theory and expander graphs in com-
puter science. The purpose of this paper is to demonstrate
that both Ramanujan graphs and quasi Ramanujan graphs (to
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1Algebraic connectivity of a graph is the second largest eigenvalue of its
Laplacian matrix.

be defined) are extremely fast graphs for solving consensus
problems in complex networks compared to nearest-neighbor
proximity graphs.

We introduce a notion called algebraic connectivity ratio
that measures the ratio of the second largest Laplacian
eigenvalue of a graph Gn,k with average degree k and scale
n to algebraic connectivity of a regular lattice with the
same number of links. We provide an explicit formula for
this eigenvalue ratio and prove that for Ramanujan graphs
with O(n log(n)) links, algebraic connectivity ratio grows
exponentially as O(nγ) with γ = 1.84 ± 0.05 over a large
range of network scales.

For discrete-time consensus problems, Xiao & Boyd [29]
solve the problem of optimizing the weights of a network
with a fixed topology to achieve a low µ1 (second smallest
adjacency eigenvalue). This allows design of fast mixing
Markov chains for a fixed topology [3]. Our goal is to ad-
dress the combinatorial optimization version of the problem
by finding multi-graph topologies that maximize algebraic
connectivity of a network with nd links and average degree
k = 2d. For especial values of n, k this problem was
solved nearly two decades ago in the seminal paper [13]
and the optimal solution is a Ramanujan graph. One of our
contributions is to propose a simple algorithm for generation
of quasi Ramanujan graphs from Watts-Strogatz small-world
graphs that constitute high-performance suboptimal solutions
of this problem (See Section V).

Here is an outline of the paper. In Section II some
background on spectral properties of complex networks are
provided. In Section III, we give an explicit formula for
algebraic connectivity of regular lattices. In Section IV, we
prove the growth rate of algebraic connectivity of Ramanujan
graphs. In Section V, a randomized algorithm is introduced
for generation of quasi Ramanujan graphs. Finally, conclud-
ing remarks are given in Section VI.

II. SPECTRAL PROPERTIES OF COMPLEX NETWORKS

Let A = [aij ] be the adjacency matrix of a graph G =
(V,E) with non-negative integer elements2. Let di =

∑
j aij

denote the degree of node i and set D = diag(d1, . . . , dn).
The Laplacian of G is defined as follows:

L = D −A (1)

The average degree of G denoted d̄ = 1
n

∑
i di is a measure

of density of graphs with 0-1 weights. The size of a graph
|E| = nd̄/2 is directly determined by its average degree and

2Throughout this paper, all adjacency matrices satisfy this property unless
stated otherwise.



scale n. A graph is called a complex network for large n’s. In
this paper, we are interested in spectral properties of complex
networks with symmetric weights A = AT .

Let us denote the eigenvalues of A by

µ0 ≥ µ1 ≥ · · · ≥ µn−1

and the eigenvalues of L by

λ1 ≤ λ2 ≤ · · · ≤ λn

to comply with the standard notation in spectral graph theory.
A graph G is called k-regular if all of its nodes have

degree k. Spectral properties of adjacency and Laplacian
matrix of k-regular graphs are closely connected via the
following identity:

λl = k − µl−1. (2)

In other words, the Laplacian spectral properties of regular
graphs follow directly from the spectral features of their
adjacency matrix. This is due to the fact that for a k-regular
graph

L = kIn −A

where In denotes the identity matrix.
The second largest Laplacian eigenvalue λ2, or algebraic

connectivity, of a connected graph appears in a number
of applications including the speed of convergence of an
average-consensus algorithm:

ẋi =
∑
j∈Ni

aij(xj − xi) (3)

where Ni = {j : aij 6= 0} denotes the set of neighbors of
node i. The collective dynamics of n agents applying this
consensus mechanism is

ẋ(t) = −Lx(t), x(0) ∈ Rn.

The state xi(t) of every agent asymptotically converges to
x̄(0) = 1

n

∑
i xi(0). The convergence analysis of this system

can be found in [20], [22] for both discrete- and continuous-
time with a detailed discussion of algebraic connectivity of
graphs and digraphs.

Algebraic connectivity of a network can be used as a
measure of network speed. The main objective of this paper is
to find network topologies that are extremely fast for solving
consensus problems. To compare the speed of a graph G with
nk links, we use a base k-regular lattice on a ring with the
same number of links.

III. ALGEBRAIC CONNECTIVITY OF REGULAR LATTICES

An (n, k) regular lattice, or Cn,k, is a k-regular graph
with n evenly spaced nodes on a ring in which each node is
connected to its k nearest neighbors (See Fig. 1).

The adjacency matrix A of an (n, k) regular lattice is a
circulant matrix with k ones on each row. A circulant matrix
is a matrix in the form

A =


c0 c1 · · · cn−1

cn−1 c0 · · · cn−2

...
...

. . .
...

c1 c2 · · · c0

 (4)
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Fig. 1. A regular lattice on a ring with (n, k) = (20, 2).

where each row is the cyclic right shift of the row above.
Circulant matrices are special forms of Toeplitz matrices and
their eigenvalues are the discrete Fourier transform (DFT) of
their first row [12], [8].

Proposition 1. Let A be the adjacency matrix of an (n, k)
regular lattice with k = 2d. Then, the algebraic connectivity
of this graph is given explicitly by

λ2 = k + 1− sin((k + 1)π/n)
sin(π/n)

(5)

Proof: For this k-regular graph, λ2 = k−µ1. Defining
c−l = cn−l for l > 0, we have

c±l = 1,∀l : 0 < l ≤ d;
cl = 0,∀l : d < l < n− d;
c0 = 0.

Let µl be the lth eigenvalue of A, then

µl =
n−1∑
k=0

ck exp(−j2πkl

n
), l = 0, 1, . . . , n− 1 (6)

with j =
√
−1. The last equation can be rewritten as

µl =
d∑

k=−d

ck exp(−j2πkl

n
); (7)

=
d∑

k=1

ck[exp(−j2πkl

n
) + exp(

j2πkl

n
)]. (8)

This gives the following set of eigenvalues for C(n, k)

µl = 2
d∑

k=1

cos(
2πkl

n
). (9)

From the last equation, µ0 = 2d = k which corresponds to
the trivial eigenvalue λ1 = 0 of L. Furthermore, one obtains

µ1 = 2
d∑

k=1

cos(
2πl

n
)



after multiplying both sides of (9) by sin(πkl/n) and then
use the identity sin(α+β)+sin(α−β) = 2 sinα cos β, one
gets

µ1 =
sin((2d + 1)π/n)

sin(π/n)
− 1.

For a k regular graph, λ2 = k − µ1, thus the algebraic
connectivity of a k-regular lattice is

λ2 = k + 1− sin((k + 1)π/n)
sin(π/n)

(10)

and the result follows.
Define θn = (k + 1)π/n. As n → ∞, θn vanishes, thus

for complex networks θn and π/n are both small. Clearly,
for a fixed d or d = O(log(n)), limn→∞ λ2 = 0 which
implies regular lattices get increasingly slower as n gets
larger. This is a rather undesirable property of the speed of
nearest-neighbor graphs.

Nearest-neighbors graphs arise in consensus-based infor-
mation fusion in ad hoc sensor networks [26], [4], [16], [23],
distributed hypothesis testing using belief propagation [21],
and proximity graphs in flocking theory [19].

Remark 1. In information theory, the case of d = O(log(n))
is of great significance for ad hoc wireless sensor networks
due to limitations imposed on network capacity for network
with more than O(n log(n)) links or average degree of
O(log(n)) [10].

IV. RAMANUJAN GRAPHS AND ALGEBRAIC
CONNECTIVITY RATIO

Ramanujan graphs3are a special class of regular Cayley
graphs with certain eigenvalue optimality properties that
were introduced by Lubotzky, Phillips, and Sarnak (LPS)
[13] (For a survey, see [15]). A k-regular graph Gn,k of
order n is called a Ramanujan graph if

µ1(Gn,k) ≤ 2
√

k − 1. (11)

Let p and q be prime numbers and p, q ≡ 1 (mod 4). Then
LPS offer an explicit (p+1)-regular Cayley graph Xp,q with
q(q2 − 1) (or half of that) nodes that achieves the optimal
upper bound in (12). On the other hand, due to pioneering
work of Alon [1] on algebraic connectivity of graphs, we
know that

lim
n→∞

µ1(Gn,k) ≥ 2
√

k − 1.

Based on Alon’s result, algebraic connectivity of Gn,k for
large n’s satisfies the following inequality

λ2(Gn,k) ≤ k − 2
√

k − 1. (12)

Ramanujan graphs, including the explicit construction Xp,q,
achieve the maximum value of λ2 among all regular graphs.

Our objective is to explore the speed of (2d)-regular
Ramanujan graphs with d = O(log(n)) (See Remark 1).
For doing so, let us define the following notion.

3Also known as LPS graphs.

Definition 1. (algebraic connectivity ratio) Given a graph G
with average degree k ∈ Z, the algebraic connectivity ratio
(ACR) (or speed ratio) is defined as

ρ(G) =
λ2(G)

λ2(Cn,k)
. (13)

Here is our main result on the growth rate of algebraic
connectivity ratio of Ramanujan graphs.

Proposition 2. Algebraic connectivity ratio of Ramanujan
graphs Gn,k with k = 2d and d = dlog(n)e (or d =
blog(n)c ≥ 1) is explicitly given by

ρ(Gn,k) =
k − 2

√
k − 1

(k + 1)− sin((k + 1)π/n)
sin(π/n)

. (14)

Furthermore, this ratio can be approximated up to an error
O(((k + 1)π/n)5) by

ρ̂(Gn,k) =
6(k − 2

√
k − 1)

π2(k + 1)3
n2 (15)

(the approximation error is of order 10−12 for n = 104).

Proof: The first part follows from Proposition 1. The
second part is the main result that follows from expansion
of sin(θn) = θn − 1

3θ3
n + O(θ5

n) after some straightforward
calculations.

The main consequence of Proposition 2 is that the speed
ratio of Ramanujan graph is O(n2) for a fixed k. Moreover,
ρ = O(nγ) for d = log(n). Fig. 2 demonstrates the
exponential growth rate of algebraic connectivity ratio of
Ramanujan graphs for two cases of k = O(log(n)) and
k = 6 (note that k = p + 1 for p = 5). As predicted in
Proposition 2, the growth exponent of algebraic connectivity
ratio for the case of a fixed k is γ = 2 and for the other
case is γ = 1.84 ± 0.05 that is close to 2. In both cases,
the log-log plot is a straight line which proves the growth of
ACR is exponential in n.

V. QUASI RAMANUJAN GRAPHS AND DEGREE
BALANCING ALGORITHM

In this section, we introduce a randomize algorithm for
explicit generation of quasi Ramanujan graphs that are reg-
ular weighted graphs with non-negative integer weights and
average degree k that exhibit very similar spectral properties
to Ramanujan graphs.

Let Sn,k = G(p) denote a Watts-Strogatz small-world
network obtained from random rewiring of links of Cn,k

with probability p = 1 [28]. Sn,k is in general an irregular
graph with the same average degree k as Cn,k. We present
a randomized degree balancing algorithm that operates on
random small-worlds Sn,k and creates a k-regular graph. We
refer to the output of the degree balancing (DB) procedure
as quasi Ramanujan graphs and denote it by Qn,k.

We show that the class of Qn,k regular graphs have the
same extremal eigenvalue properties as Ramanujan graphs.
The benefit of this algorithmic construction is that n and k
no longer need to depend on prime numbers satisfying the
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Fig. 2. Algebraic connectivity ratio of Ramanujan graphs: a) with
O(n log(n)) links and γ = 1.84 ± 0.05 and b) with O(nk/2) links and
k = 6 and γ = 2.0 ± 0.0004.

conditions in [13]. They can be chosen arbitrarily as long as
k = 2d is even.

Definition 2. (rich and poor nodes and degree gap) Let
imax and imin be the indices of nodes with maximum and
minimum degrees ∆max and ∆min. Then, imax and imin are
called the rich and the poor node of the graph, respectively.
The difference ∆gap = ∆max − ∆min ≥ 0 will be called
the degree gap.

A regular graph has a zero degree gap and an irregular
graph has a positive degree gap.

Algorithm 1 takes some random neighbors of the rich
nodes and gives them to the poor nodes until all nodes
have the same degree. Symbolically, the degree balancing
algorithm can be written as a graphical dynamical system
[14]

Xt+1 = F (Xt), X0 = Sn,k (16)

with a state Xt that is a dynamic graph and an initial state
that is an irregular small-world network.

Proposition 3. The degree balancing algorithm converges
to a regular graph Qn,k in finite number of steps.

Algorithm 1 Degree Balancing Algorithm
1: Initialization: At t = 0 set Xt := Sn,k and ∆gap = 1.
2: while ∆gap > 0 do
3: Find Rich and Poor Nodes: Find nodes imax and imin

of Xt.
4: Measure Degree Gap: Compute ∆gap.
5: Rewire: Find a random neighbor j of the rich node

and give this neighbor to the poor node by rewiring
the link {j, imax} in Xt to {j, imin}. Set Xt+1 to the
rewired graph.

6: end while

Proof: The degree gap function ∆gap(t) = ∆gap(Xt)
acts as a discrete-time Lyapunov function for system (16) as
it either strictly decreases, or is zero. Since ∆max ≤ n − 1
and ∆min ≥ 1, initially the degree gap has an upper bound
of n − 2 < ∞. The algorithm converges in at most ∆gap

steps and the final state of (16) must have a zero degree gap,
i.e. ∃N > 0 : Xt = Qn,k,∀t ≥ N .

(a) (b)
Fig. 3. Application of the degree balancing algorithm to a small-world
graph in (a) that results in a quasi Ramanujan graph in (b). The two graphs
are practically indistinguishable, but they have different spectral properties.

Fig. 3 shows an initial small-world graph S30,4 and the
quasi Ramanujan graph obtained from that.

Definition 3. (quasi Ramanujan graphs) Suppose Algo-
rithm 1 converges in N > 0 steps. We formally define
quasi Ramanujan graphs as the class of random k-regular
graphs Xt at time t = N . In other words, a quasi-Ramanujan
graph is the terminal state of graphical dynamical system (16)
initialized with a quasi-random Watts-Strogatz small-world
graph with a random rewiring probability of p = 1.

Apparently, the random end of the spectrum (p = 1)
of Watts-Strogatz small-world graphs is explicitly used in
construction of quasi Ramanujan graphs. In fact, initializing
Algorithm 1 with something other than an quasi-random
small world graph will simply not lead to emergence of
graphs whose algebraic connectivity ratio is close to Ra-
manujan graphs. Here is our main conjecture:

Conjecture 1. Any quasi Ramanujan graph Qn,k satisfies

µ1(Qn,k) ≤ 2
√

k − 1, (17)



or λ2(Qn,k) ≥ k − 2
√

k − 1 for a sufficiently large n and
k = 2d with d = O(log(n)).

In other words, if this conjecture holds, quasi Ramanujan
graphs have the same algebraic connectivity ratio as Ra-
manujan graphs. The difference is that Qn,k is a weighted
graph and not a graph with 0-1 weights. This difference has
no negative effects in consensus problems but it makes a
major difference in construction of expander codes [25] in
information theory that result from Ramanujan graphs.

One can numerically examine this conjecture by measur-
ing the performance r

r(Qn,k) =
µ1(Qn,k)
2
√

k − 1
(18)

of quasi Ramanujan graphs and verifying how close it is to 1.
Our experiments are summarized in Table I. As n increases,
the performance r approaches the optimal upper bound of 1.

TABLE I
PERFORMANCE OF QUASI RAMANUJAN GRAPHS

n k = 2dlog(n)/2e r (performance)
100 6 0.9393
200 6 0.9767
300 6 0.9698
400 6 0.9813
500 8 0.9817
750 8 0.9967
1000 8 0.9910
1250 8 0.9938

Let Gn,k be a Ramanujan graph, then the difference
between algebraic connectivity ratio of Gn,k and Qn,k is

∆ρ

ρ
=

2(1− r)
√

k − 1
k − 2

√
k − 1

≈ 0.02

which vanishes as r approaches 1. This evidence suggests
that quasi Ramanujan graphs are combinatorially sub-optimal
solutions of the second eigenvalue maximization problem
and their algebraic connectivity ratio is near %98 of the
optimal solution. Considering the simplicity of generation
of Sn,k and Qn,k, this is a satisfactory performance for a
fast k-regular graph.

The byproduct of obtaining quasi Ramanujan graphs with
a high performance is that defining the doubly stochastic
matrix P = I − εL(Qn,k) with ε = 1/k gives rise to
extremely fast mixing Markov chains. Of course, P is the
random walk matrix on a quasi Ramanujan graph.

It turns out that the second eigenvalue of Sn,k changes
slightly due to degree balancing. This implies that irregular
small-worlds Sn,k generated with rewiring probability of p =
1 must have an exponentially growing algebraic connectivity
ratios. This is an issue that is open to further explorations in
the future.

VI. CONCLUSIONS

We provided an explicit formula for algebraic connec-
tivity of regular lattices Cn,k. In addition, we proved that

the algebraic connectivity ratio of Ramanujan graphs com-
pared to Cn,k grows exponentially in n with an exponent
γ = 1.84 ± 0.05 for networks with O(n log(n)) links. We
introduced a randomized degree balancing algorithm that
transforms a Watts-Strogatz small-world network with p = 1
to a quasi Ramanujan graph Qn,2d with arbitrary parameters,
high performance r, and algebraic connectivity ratio close to
Ramanujan graphs as shown in Table I. The degree balancing
algorithm takes some random neighbors from the rich nodes
and gives them to poor nodes until all nodes have the same
degree. Some connections to fast mixing Markov chains and
random walks on Ramanujan graphs were discussed. We
posed some open problems that need to be addressed in the
future.

REFERENCES

[1] N. Alon. Eigenvalues and expanders. Combinatoria, 6:83–96, 1986.
[2] N. Alon and Y. Roichman. Random cayley graphs and expanders.

Random Structures and Algorithms, 5(2):271–284, April 1994.
[3] S. Boyd, P. Diaconis, and L. Xiao. Fastest mixing markov chain on a

graph. SIAM Review, 46(4):667–689, 2004.
[4] S. Boyd, A. Ghosh, and D. Prabhakar, B. Shah. Gossip algorithms:

design, analysis and applications. Proceedings of the 24th Annual
Joint Conference of the IEEE Computer and Communications Societies
(INFOCOM ’05), pages 1653–1664, March 2005.

[5] R. Carli, F. Fagnani, A. Speranzon, and S. Zampieri. Communication
constraints in the state agreement problem. Technical Report N. 32,
Politecnico di Torino, Nov. 2005.

[6] J.-Y. Chen, G. Pandurangan, and D. Xu. Robust computation of
aggregates in wireless sensor networks: distributed randomized algo-
rithms and analysis. Fourth International Symposium on Information
Processing in Sensor Networks, pages 348–355, April 2005.

[7] J. Cortés. Analysis and design of distributed algorithms for chi-
consensus. Proc. of the 45th IEEE Conference on Decision and
Control, Dec. 2006.

[8] P. J. Davis. Circulant Matrices. Wiley-Interscience, New York, 1979.
[9] R. Freeman, P. Yang, and K. M. Lynch. Distributed estimation

and control of swarm formation statistics. Proceedings of the 2006
American Control conference, June 2006.

[10] P. Gupta and P. R. Kumar. The capacity of wireless networks. IEEE
Trans. on Information Theory, 46(2):388–404, March 2000.

[11] Y. Hatano and M. Mesbahi. Agreement over random networks. IEEE
Trans. on Automatic Control, 50(11):1867–1872, 2005.

[12] P. Lancaster. Theory of Matrices. Academic Press, New York, 1969.
[13] A. Lubotzky, R. Phillips, and P. Sarnak. Ramanujan graphs. Combi-

natorica, 8(3):261–277, 1988.
[14] M. Mesbahi. On state-dependent dynamic graphs and their controlla-

bility properties. IEEE Trans. on Automatic Control, 50(3):387–392,
2005.

[15] M. R. Murty. Ramanujan graphs. J. Ramanujan Math. Soc., 18(1):1–
20, 2003.

[16] R. Olfati-Saber. Distributed Kalman filter with embedded consensus
filter. 44th IEEE Conference on Decision and Control, 2005 and
2005 European Control Conference (CDC-ECC ’05), pages 8179–
8184, Dec. 2005.

[17] R. Olfati-Saber. Ultrafast consensus in small-world networks. Pro-
ceedings of the 2005 American Control Conference, pages 2371–2378,
June 2005.

[18] R. Olfati-Saber. Distributed Kalman filtering and sensor fusion in
sensor networks. In P. J. Antsaklis and P. Tabuada, editors, Network
Embedded Sensing and Control, volume LNCIS 331, pages 157–167.
Springer-Verlag, 2006.

[19] R. Olfati-Saber. Flocking for Multi-Agent Dynamic Systems: Algo-
rithms and Theory. IEEE Trans. on Automatic Control, 51(3):401–420,
Mar. 2006.

[20] R. Olfati-Saber, J. A. Fax, and R. M. Murray. Consensus and
cooperation in networked multi-agent systems. Proceedings of the
IEEE, Jan. 2007 (to appear).



[21] R. Olfati-Saber, E. Franco, E. Frazzoli, and J. S. Shamma. Belief
consensus and distributed hypothesis testing in sensor networks. In
P. J. Antsaklis and P. Tabuada, editors, Network Embedded Sensing
and Control, volume LNCIS 331, pages 169–182. Springer-Verlag,
2006.

[22] R. Olfati-Saber and R. M. Murray. Consensus problems in networks
of agents with switching topology and time-delays. IEEE Trans. on
Automatic Control, 49(9):1520–1533, Sep. 2004.

[23] R. Olfati-Saber and J. S. Shamma. Consensus filters for sensor
networks and distributed sensor fusion. 44th IEEE Conference on
Decision and Control, 2005 and 2005 European Control Conference
(CDC-ECC ’05), pages 6698–6703, Dec. 2005.

[24] W. Ren and R. W. Beard. Consensus seeking in multiagent systems
under dynamically changing interaction topologies. IEEE Trans. on
Automatic Control, 50(5):655–661, 2005.

[25] M. Sipser and D. A. Spielman. Expander codes. IEEE Trans. on
Information Theory, 42(6):1710–1772, Nov. 1996.

[26] D. Spanos, R. Olfati-Saber, and R. M. Murray. Dynamic Consensus
on Mobile Networks. The 16th IFAC World Congress, Prague, Czech,
2005.

[27] S. H. Strogatz. Exploring complex networks. Nature, 410:268–276,
2001.

[28] D. J. Watts and S. H. Strogatz. Collective dynamics of ’small-world’
networks. Nature, 393:440–442, June 1998.

[29] L. Xiao and S. Boyd. Fast linear iterations for distributed averaging.
Systems & Control Letters, 52:65–78, 2004.

[30] M. M. Zavlanos and G. J. Pappas. Controlling connectivity of dynamic
graphs. 44th IEEE Conference on Decision and Control, 2005 and
2005 European Control Conference (CDC-ECC ’05), pages 6388–
6393, Dec. 2005.


