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Abstract

In this paper, we provide a theoretical framework that
consists of graph theoretical and Lyapunov-based ap-
proaches to stability analysis and distributed control of
multi-agent formations. This framework relays on the
notion of graph rigidity as a means of identifying the
shape variables of a formation. Using this approach, we
can formally define formations of multiple vehicles and
three types of stabilization/tracking problems for dy-
namic multi-agent systems. We show how these three
problems can be addressed mutually independent of
each other for a formation of two agents. Then, we
introduce a procedure called dynamic node augmenta-
tion that allows construction of a larger formation with
more agents that can be rendered structurally stable in
a distributed manner from some initial formation that
is structurally stable. We provide two examples of for-
mations that can be controlled using this approach,
namely, the V-formation and the diamond formation.

1 Introduction

Formation stabilization/tracking for systems of mul-
tiple vehicles/agents are of primary interest in both
military and industrial applications. Multi-agent sys-
tems arise in broad areas including formation flight of
unmanned air vehicles (UAVSs), coordination of clus-
ters of satellites, automated highway systems, flock-
ing/schooling in nature [1], coordination of underactu-
ated Marine vehicles in search and rescue operations,
and molecular conformation problems [2].

Some of the applications of interest to us are perform-
ing low-altitude maneuvers by a group of UAVs that
involves avoidance of obstacles and (possibly) adversar-
ial vehicles. In its simplest form, the task of obstacle
avoidance by a group of vehicles requires performing
split/rejoin maneuvers. In addition, due to the envi-
ronmental restrictions, the information flow [3] and/or
formation of a group of vehicles [4] need to change. This
set of changes in the operational modes of a group of

autonomous vehicles is schematically shown in Fig. 1.
In this figure, each discrete-mode of operation is a for-
mation graph that is defined in [4] based on the notion
of graph rigidity [5], [6], [7], [8], [9], [10]. A crucial el-
ement in performing the majority of these maneuvers
is the capability to solve stabilization/tracking problems
for formations of multiple dynamic agents.
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Figure 1: A Hybrid System representing the switching
between multiple formations via performing a
set of maneuvers.

The problem of distributed structural stabilization of
formations of multiple vehicles using bounded control
inputs is addressed in [11]. This is done by construc-
tion of a structural potential function from a minimally
rigid graph [4] that has a unique global minimum (up
to rotation, translation, and folding [11]). In [1], a dif-
ferent type of potential function is used. In the context
of that work, a unique global minimum of the overall
potential function is not desirable. Furthermore, ac-
cording to [1] construction of a global potential func-
tion with a unique minimum requires adding several
virtual vehicles.

In both gradient flow based methods relying on con-
struction of potential functions suggested in [1], [11],
the information flow in the network of multiple agents
is undirected and every two agents that are connected
through a link either communicate with each other,
or sense relative coordinates w.r.t. each other. This
is in sharp contrast to the work in [3] which readily



allows directed information flow. However, the mathe-
matical framework in [3] does not apply to agents with
nonlinear dynamics and/or performing operations like
rotation of the attitude of a formation.

In summary, the main contribution of this work is to
provide a means for performing stabilization/tracking
in multi-agent systems in distributed and directed fash-
ion that is capable of dealing with agents that have non-
linear dynamics and/or performing arbitrary rotations
and translations. The key analytical tool is a sepa-
ration principle that decouples structural stabilization
from navigational tracking and the dynamic node aug-
mentation procedure. This procedure allows construc-
tion of a larger formation with more agents that can
be rendered structurally stable in a distributed manner
from some initial formation that is structurally stable.

Here is an outline of the paper. In Section 2, we define
formations of multiple dynamic agents. In Section 3,
we give some background on graph rigidity and define
minimally rigid graphs. In Section 4, structural stabi-
lization and tracking for a formation of two agents is
presented. In Section 5, we state our main result on
dynamic node augmentation. In Section 6, the simu-
lation results for stabilization to a diamond formation
are presented. Finally, concluding remarks are made in
Section 7.

2 Formations of Dynamic Multi-Agents

Consider a group of n agents (n > 2) each with the
following dynamics

% = pi
. 1

{ pbi = U (n)
where ¢;, p;,u; € R™ for alli € Z ={1,...,n}. There-
fore, each agent has a linear dynamics.

Remark 1. This assumption is made for the sake
of presenting the main geometric and graph-theoretic
ideas rather than getting involved in the technical de-
tails of dealing with nonlinear control of underactu-
ated /nonholonomic mechanical systems.

A formation of n-agents together with the position and
the attitude of a formation is formally defined in [4]
based on the notion of graph rigidity.

Consider an n-grid as a set of n points in R™ shown in
Fig. 2. The column vector ¢ = col(qy,...,q,) € R™
is called the configuration of the n-grid. Identifying an
agent ¢ € Z by its position ¢;, an agent can be viewed
as a point in R™. Assume ||g2 — ¢1]| > 0 and connect
the agents 1 and 2 by a directed partial-line e;5 that
is called the base-edge of the n-grid. For any n-grid
in R2, a body-azes can be defined by taking ey as the

Figure 2: Formation of n > 2 agents with a base edge
(1,2) in R%

z-axis and efQ = Tey as the y-axis where for a vector
r = (21,12)7, 2t = (—w2,21). Let n(x) = 2/|z| and

for g; # g; define
_ %5 "%
lla; — aill
Then, (¢1,¢2) = (n12,n7;) defines the bases of the

body-axes. In [4], the following (2n — 3)-dimensional
vector

n;; =n(q; — q)

Y= (la T3,Y3, L4, Ydy- -5 Tn, yn) € Q = IR>0 X RQn_4

(2)
is called a formation where | = ||g2 — ¢1]] > 0 and
(x4,y;) denotes the coordinates of agent-i (3 < i < n)
in the body-axes. Clearly, ¢ remains invariant under
rotation and translation.

3 Rigidity and Shape Dynamics of a Graph

Let G = (V,E,W) be a weighted graph with the set
of vertices V = {vy,...,v,} (i.e. [V| = n where | -|
denotes the number of elements of the set), the set of
edges &£, and the set of weights W. In addition, define
T ={1,2,...,n} as the set of indices of the element of
V. Each agent in a multi-agent system can be viewed
as a node of the graph G which represents the overall
system.

Remark 2. Throughout this paper, we assume that
controller of the multi-agent system is distributed. This
means that each agent performs sensing and communi-
cation with all of its neighbors J; :={j € T : e;; € £}
in a graph G = (V, ). As a special case, this definition
of a neighbor includes the case of spatial neighbors of
an agent that are located within a distance d > 0 of
each agent (see [1]).

Let ¢; € R™ denote the coordinates vector assigned to
node v; of the graph. Then g = (g1, ,qn)¢ € R™" is
called a realization of G iff

llg; — @il = wij, Vei; € €,¢i,q; € R™
where W = {w;;},€ = {ei;}. The pair (G, q) is called

a framework. An infinitesimal motion is an assignment



of a velocity vector p; to the vertex v; of the graph G
such that

(pj —pirgj —qi) =0, Ve €& (3)

where (-,-) denotes the inner product. A framework
(G, q) is called rigid iff the only acceptable infinitesimal
motions of the framework are due to rigid motions in
R™. For further details regarding combinatorial char-
acterization of graph rigidity in R?, we refer the reader
to [4].

Any rigid graph G with n > 2 nodes and 2n — 3 edges
is called a minimally rigid graph (MRG) [4]. Due to
computational and communications costs in a network
of n-vehicles, we are interested in the least possible
number of edges between the agents that creates a rigid
graph and thus a locally stabilizing distributed control
law for each vehicle [11]. This makes minimally rigid
graphs the ideal choice for us. Moreover, MRGs benefit
from some nice analytic properties that allow one to
construct bigger graphs through connecting minimally
rigid subgraphs [4].

The edges of a minimally rigid graph G = (V,E, W)
define the following set of shape variables for the graph:

nij = 45 — @l —wij, Vei; €E (4)

We call the column vector 77 and manifold Q(G) defined
by

= {mj} < Q(g) = Heijeg(_wija OO) CR*? (5)

as the shape configuration and shape manifold of G.
Any point at the boundary of Q(G) corresponds to a
collision between two agents. The shape velocity of G is
defined as v = {v;;} with elements v;; = 7);; given by

4j — i, Dj — Di
L (nij.pj —pi), Veij €€
laj — all

(6)
By definition of v, any infinitesimal motion of the graph
maintains the shape velocity at zero. The shape dynam-

ics of G is a set of equations in the form

Vi =

Nij = Iﬂij 2y
€5 : . P =Pl v o
g —al T
(7)
where e;; = (v;,v;) € € is an edge of the graph G. The
overall shape dynamics of G can be expressed as the
following

shape dynamics of G : { Z z ;(Ej 5) + B(§)i

(8)
where ®(q,p) vanishes at p = 0, B(q) is an f x 2f
matrix (f = 2n — 3) and

are column vectors of relative positions, relative veloc-
ities, and relative controls in R?/, respectively. The
structural potential function of the graph G is defined as
a smooth, proper, and positive definite function V()
that satisfies V(0) = 0. Two examples of V(n) (or
V(q)) are given in [11] as the following:

Viln) = X.,eemy 1
Van) = X el +n3)2 —1]

Definition 1. (structural stabilization) By (asymptotic)
structural formation stabilization, we mean (asymp-
totic) stabilization of the shape dynamics of G around
the equilibrium point (1, ~) = 0 such that for the closed
loop system in (8),(n,v) = 0 is (asymptotically) stable
in the sense of Lyapunov.

Remark 3. Clearly, V2(q) := Va(n) has a bounded gra-
dient w.r.t. ¢ and this is the key in designing a bounded
control input for structural formation stabilization in
[11].

(9)

The following lemma shows that for a formation of
n = 2 dynamic agents, exponential structural forma-
tion stabilization can be readily achieved.

Lemma 1. The shape dynamics of G in (8) forn =2
agents satisfying @ = a2 - N2 with a scalar control
mput a2 € R is fully-actuated.

Proof. For n = 2, i = us — u; € R?. Applying the
invertible change of control

= [y12 — ®(q, p)n12

where 12 € R is the new control, we get

M2 = Vi2

V2 = M2
which is a fully-actuated system with a single degree of
freedom. O

In this paper, our approach is to define and achieve
structural stabilization and navigational stabiliza-
tion/tracking for a formation of n = 2 dynamic agents.
Then, we augment this formation with further agents
and demonstrate a three-way separation principle in
control design for both current and successively added
agents. This process in a graph theoretical setting is
called node augmentation and in [4] it is proved that
node augmentation preserves minimal rigidity property
of the obtained graph.

4 Stabilization and Tracking for n = 2 Agents
In this section, we demonstrate that structural stabi-

lization, position tracking, and attitude tracking for a
formation of n = 2 agents can be reduced to three sep-

G =1{(a;—ai) e, ;ee, D = {(Pj—Di) }e;;ee, U = {(uj—ui) }e, ;e arate stabilization problems.
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Figure 3: The control inputs applied to each agent in a
two-agent formation.

Theorem 1. (separation of structural stabilization and
navigation control design) For a formation of n = 2
agents, shape, rotational, and translational dynamics
can be decoupled as the following:

. n = v
shape dynamics: { b=
rotational dynamics: { R - e (10)
w o= U,
translational dynamics: { v=v
v = U
where 1 = [|g2 — q1|| — w12, R = [n12|nf‘2], r=(q +
q2)/2, © € s0(2), and uy,us are given by
u g —andy (11)
Ug = —l—%l’llg + §n1l2 + ug

and ug,u; € R are, respectively, obtained from o, 8 € R
by applying an invertible change of control and u; € R?.

Proof. The forces applied to each agent are shown in
Fig. 3. We have uq 4+ us = 2uy, thus & = u;. Moreover,
since ug —u; = anjy+Bniy, the term (ug—uy,ny2) = a
does not depend on the choice of 3. For the shape
dynamics of the edge e12, we obtain

n = v

vo= ¢rzta (12)
where ¢12 = ®(g,p). After applying the change of con-
trol
Ip2 — p||* — v

llgz — a1l

one gets 1) = u, which determines the structural dy-
namics of the formation. It remains to establish the
connection between § and the control of the attitude
dynamics u,. For doing so, observe that

~ | 0 w
YTl —w oo
L

and from R = RO, we have njy = —wni; and nj; =
wnys. Thus, after differentiating both sides of the fol-
lowing equation

a=us —

HQQ - (I1Hn12 =q2—q1

with respect to t, we get
1 _
vniz — wllgz — q1l[niy = p2 — p1
which means

_ 1
w = _<p2 p17n12> (13)

llg2 — a1l
after differentiating
g2 = @1llw = —(p2 — p1,03) (14)
w.r.t. t, we obtain
vwt|lge—aqiflw = _<“2_U1an1l2>—<P2—P1,wn12> (15)

Noticing that (ps —p1,wnis) = vw and (up —uq,n) =
[ does not depend on the choice of « (or u;), one gets

2
0 (16)
||(I2 —aql
or
B=—(llaz — q1llur + 2vw) (17)

This change of control is invertible as long as ¢q1 # go.
The overall control input for agent-i (i = 1,2) takes
the following explicit form:

_ (=1 ( lp2 — p1ll* — VQ)
U; = Us — njp
( 21)Z_+1 ||(J2 - Q1|| (18)
+ T(H(D — q1||ur + 2vw)niy
+ U

where the controls ug, u,, u; can be determined mutu-
ally independent of each other. O

Theorem 2. Collision-free exponential structural sta-
bilization and navigational tracking can be achieved for
a formation of n = 2 dynamic agents.

Proof. The proof relies on the fact that no collision
occurs iff n912(t) > —wi2,Vt > 0. This is schematically
demonstrated in Fig. 4. For further details, please see
the proof of Theorem 2 and Remark 4 in [12]. O

Remark 4. For coordinate-independent exponential at-
titude tracking for SO(2) and SO(3) matrices, we re-
fer the reader to the important work of Bullo [13] for
the kinematic equation R = R& and its generalization
in [14, pp. 179-184] to the dynamic case.

5 Main Result: Dynamic Node Augmentation

One possible way to view a multi-agent formation or
group of vehicles with n > 3 agents is to start with a
formation of n = 2 agents and then successively add
more agents to the formation. This process is for-
mally described in [4] and is called node augmentation.
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Figure 4: The collision-free region of attraction of the
closed-loop shape dynamics of the formation.

Roughly speaking, each new agent, say agent-k, estab-
lishes two edges with two exiting agents, say agent-i
and agent-j, in the graph representing the formation.
This is shown schematically in Fig. 5. In [4], it is proved
that a minimally rigid graph remains minimally rigid
under node augmentation.

Figure 5: Augmentation of the node k at the edge (z, ) of
a multi-node graph representing a multi-agent
formation.

Two examples of graphs created using node-
augmentation are shown in Fig. 6. Here is a sequence of
nodes and edges that create a (minimally) rigid graph
shown in Fig. 6 (a), (b).

Go: 1;2,(2,1);3,(3,1),(3,2);4, (4,2), (4,3).
Gp: 1,2, (271>;3a (3a1>7(3’2)§4> <4a2)’(473)§
5,(5,3),(5,4);6,(6,4),(6,5);7,(7,5),(7,6)

In this section, we describe the process of control de-
sign for the augmented agent, called agent-k, to achieve
structural stabilization of the obtained formation with
the use of control inputs of agent-i and agent-j. The
edge dynamics associated with the augmented edges

1 3
2/—l 4
(a)
1
2 3
4 5
6 \o 7

(b)

Figure 6: (a) A rigid graph G, with n = 4 nodes and n. =
5 edges representing a diamond formation and
(b) A rigid graph Gy representing a V-formation
of n = 7 vehicles with n. = 11 edges.

er; and eg; can be expressed as follows:

ens T]m = U
Uki = ki + (Dgg, u; — ug) (20)
ekj : 1?kj - ij
Ui = ¢rj + (Mkj,uj — ug)
where

bup = P — pall? — 2,
oy = Pb — Pall” — Vap
llas — qall

for all indices a,b € {i,j,k},a # b.

Assumption 1. Suppose that dynamic agent-k is not
collinear with agent-i and agent-j for all time, i.e.
p(t) = 1 — (ngi(t),ng;(¢))? > 0,vt > 0. In addition,
assume agent-k applies a control input in the following
form:

(21)

Ug = YiNgi + YNk (22)
where 7;,7; € R are new controls for agent-k.
Define the following quantities:

A=
Aj

i + (ki u;)

Grj + (gjs uj) 23)

Under Assumption 1, we obtain the following dynamics
for the augmented edges:

ens ﬁki = Uk
Ui = A — i — (Mg, ggj)y5 (24)
€Lt ﬁkj - l/kj
/ Uhj = Aj— Mk, 0ki)yi —

Defining 7 = (ks ;)" v = (Wkis i) ™5 A = (A, A5) 7T,
v = (v,7;)", and

1 (ngi, ngy)
S = 1R 25
(ngi, nyjy) 1 (25)



The shape dynamics associated with the augmented
edges in (24) can be rewritten as

0= v
v o= A=5-v (26)

where n,v,\,7 € R? and S = ST is an invertible ma-
trix. The invertibility of S follows from Assumption 1
and the fact that det(S) = 1 — (ny;, ng;)? > 0 for three
non-collinear agents i, j, and k.

Theorem 3. (dynamic node augmentation) Suppose
each agent in a group of n dynamic agents applies a
control input that guarantees structural stabilization of
a desired formation pg with an associated minimally
rigid graph G. Let agent-k be a new agent that is aug-
mented to the exiting group of agents (represented by
G) by two new edges and call the augmented graph G,.
Suppose agent-k satisfies Assumption 1, then applying
the distributed control law vy = y;ny; +y;nk; by agent-
k with

[ 'ZZ ] =S Hepn+cav+ ), cpyca>0 (27)
J

achieves structural stabilization of the shape dynamics
of the augmented graph G, .

Proof. The closed-loop shape dynamics of the aug-
mented edges takes the form:

o= v (28)

Uvo= —cpn —cqV

and therefore (n,v) = 0 is (locally) exponentially sta-
ble. A collision-free region of attraction €2 for the shape
dynamics of the augmented edges can be obtained in
a similar way that is discussed in the proof of Theo-
rem 2. O

For a general formation of n-agents with n > 3 that
can be constructed using successive node augmenta-
tions satisfying the non-collinearity condition in As-
sumption 1, the dynamic node augmentation procedure
can be summarized as follows. The first two agents are
used to solve structural stabilization and navigational
tracking problems for a formation of n = 2 agents.
Then, each new agent solves the structural stabiliza-
tion for the shape dynamics of the augmented edges.
This procedure leads to a distributed control law with
a sensing and communication pattern shown in Fig 7.
Here, the source might or might not be an agent and
it plays the role of a task command center for the for-
mation of the vehicles. Apparently, the sensing pat-
tern (flow) required to implement the controllers ob-
tained using dynamic node augmentation procedure is
uni-direction.

Sensing: Sensing:
i
1 2
O=—7=0 k
j
Communication: Communication:;
1 o 2

io*

k
% O %o O/O
J u

]
Source

Figure 7: The information flow in dynamic node aug-
mentation in terms of inter-agent directions of
sensing and communication.

6 Simulation Results

The simulations results for construction of a dia-
mond formation using two successive node augmenta-
tion to an initial formation of 2 agents are shown in
Fig. 8 (a),(b). The initial condition is chosen to be

-20 10 10 -10
-3 2 —-10 -30
0 1 0 1
-2 =3 0 -1

(29)

o =

where the ith column of zy denotes col(g;(0),p;(0)) €
R4, i.e. the position and velocity of agent-i. The for-
mation of these four agents exponentially (in terms of
shape configuration and velocity) converges to a dia-
mond formation with an edge length d = 10. From
Fig. 8 (b), it is clear that in less than 7" = 5 seconds
the trajectories of each agent converges.

7 Conclusion

In this paper, we provided a theoretical framework that
is a mix of graph theoretical and Lyapunov-based ap-
proaches to stability analysis and distributed formation
control for dynamic multi-agent systems. The notion
of graph rigidity and minimally rigid graph turned out
to be crucial in identifying the shape variables of a for-
mation. Graph rigidity allowed us to formally define
formations of multiple dynamic agents and three types
of stabilization/tracking problems for multi-agent sys-
tems. We stated a separation principle that allows ad-
dressing structural stability and navigational tracking
problems independently for a formation of two agents.
Then, we introduced a procedure called dynamic node
augmentation that allowed construction of a larger for-
mation with more agents that can be rendered struc-
turally stable in a distributed manner given that the



20

15

-
o
o
< < < <
AW N R

0 10 20

40

N
o

7

Control of v,

-20
0 5 10
time (sec) time (sec)
50 100
> STl
5 0/ / S 50 ““
E B
5 -50 5 of\_— -
O O -
-100 -50
0 5 10 0 5 10
time (sec) time (sec)

(b)

Figure 8: (a) a diamond formation of four agents, (b) the
control inputs applied by each agent.

initial formation is structurally stable. We provided
two examples of formations that can be controlled in
a distributed fashion using this approach. Namely, the
diamond formation and the V-formation. One of the
main advantages of this framework is that it can be
directly generalized to formation control in R3. More-
over, the sensing performed by each agent in dynamic
node augmentation is uni-directional as supposed to bi-
directional sensing as a result of using potential func-
tions.

References

[1] N. E. Leonard and E. Fiorelli, “Virtual lead-
ers, artificial potentials, and coordinated control of
groups,” Proc. of the 40th IEEE Conference on De-

cision and Control, Orlando, FL, Dec. 2001.

[2] B. Hendrickson, “The molecule problem: explor-
ing structure in global optimization,” SIAM J. Opti-
mization, vol. 5, no. 4, pp. 835857, November 1995.

3] A. Fax and R. M. Murray, “Information Flow
and Cooperative Control of Vehicle Formations,” The
15th IFAC World Congress, June 2002.

[4] R. Olfati-Saber and R. M. Murray, “Graph
Rigidity and Distributed Formation Stabilization of
Multi-Vehicle Systems,” Proceedings of the IEEE Int.
Conference on Decision and Control, Dec. 2002.

[5] G. Laman, “On graphs and rigidity of plane
skeletal structures,” Journal of Engineering Mathe-
matics, vol. 4, no. 4, pp. 331-340, October 1970.

[6] H. Gluck, “Almost all simply connected closed
surfaces are rigid,” in Geometric Topology, number
438 in Lecture Notes In Mathematics, pp. 225-239.
Springer-Verlag, Berlin, 1975.

[7] B.Roth, “Rigidity and flexible frameworks,” The
American Mathematical Monthly, vol. 88, pp. 6-21,
January 1982.

[8] L. Lovész and Y. Yemini, “On generic rigidity in
the plane,” SIAM J. Alg. Disc. Meth., vol. 3, no. 1,
pp- 91-98, March 1982.

[9] J. Graver and H. Servatius, B. Servatius, Combi-
natorial Rigidity, vol. 2 of Graduate Studies in Mathe-
matics, American Mathematical Society, 1993.

[10] M. Laurent, “Cuts, matrix completions, and
graph rigidity,” Mathematical Programming, pp. 255—
283, 1997.

[11] R. Olfati-Saber and R. M. Murray, “Dis-
tibuted cooperative control of multiple vehicle
formations using structural potential functions,”
The 15th IFAC World Congress, June 2002,
http://www.cds.caltech.edu/ "murray/papers/
20011_om02-ifac.html.

[12] R. Olfati-Saber and R. M. Murray, “Distributed
structural stabilization and tracking for formations of
dynamic multi-agents,” Tech. Rep. CIT-CDS 2002-002,
California Institute of Technology, Control and Dy-
namical Systems, Pasadena, California, February 2002.

[13] F. Bullo, Nonlinear Control of Mechanical Sys-
tems: A Riemannian Geometry Approach, Ph.D. the-
sis, California Institute of Technology, Department of
Control and dynamical Systems, 1998.

[14] R. Olfati-Saber,  Nonlinear Control of Un-
deractuated Mechanical Systems with Application to
Robotics and Aerospace Vehicles, Ph.D. thesis, Mas-
sachusetts Institute of Technology, Department of Elec-
trical Engineering and Computer Science, February
2001, http://www.cds.caltech.edu/"olfati.



