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Abstract

In this paper, we address nonlinear control
and reduction of high-order underactuated
mechanical systems with kinetic symmetry
and input coupling. In some aerospace ve-
hicles, the effects of the control of the atti-
tude dynamics appears in the translational
dynamics. We present a general framework
for decoupling of these effects. The decou-
pling is done by applying a change of coor-
dinates in explicit form that transforms the
original system into a cascade nonlinear sys-
tem. We obtain three types of cascade normal
forms, namely, nonlinear systems in strict
feedback form, strict feedforward form, and
nontriangular quadratic form. For a class of
underactuated systems that are differentially
flat, we obtain the flat outputs automatically
as a by-product of the decoupling change of
coordinates.

1 Introduction

Control design and analysis for underactu-
ated mechanical systems is currently an ac-
tive field of research. The importance of un-
deractuated systems is due to their broad ap-
plications in Robotics (e.g. mobile robots,
flexible-link robots, snake-type robots, walk-

ing robots), Aerospace systems (e.g. aircraft,
spacecraft, helicopters, and satellites), and
Marine vehicles (e.g. surface vessels and un-
derwater vehicles). In addition, restriction of
the control authority in underactuated sys-
tems offers challenging control problems from
theoretical point of view (see [7, 10] for recent
surveys).

This paper is part III of a series of articles
that aim to address reduction and nonlinear
control of broad classes of high-order under-
actuated systems. In [7], it is shown that un-
deractuated systems can be essentially clas-
sified to eight main classes that overall cover
the majority of the aforementioned real-life
applications. In part III, we focus on control
of a class of underactuated systems with in-
put coupling referred to as Class-IV systems.
In section 2, we precisely define this class of
underactuated systems.

The main contribution of part III of this
paper is providing change of coordinates in
closed-form that transform high-order under-
actuated systems with input coupling into
cascade systems. There are three different
types of normal forms that are obtained;
namely, strict feedback form, strict feed-



forward form, and nontriangular quadratic
form. The nonlinear systems in strict feed-
back form can be effectively stabilized using
backstepping procedure [3, 6]. Also, systems
in feedforward forms can be stabilized using
Teel’s nested saturations [12], and feedfor-
warding methods due to Mazenc and Praly
[5]. However, stabilization of nonlinear sys-
tems in nontriangular form is in general an
open problem. In important special cases,
this has been addressed in [7, 8].

The outline of the paper is as follows. In sec-
tion 2, we provide some background on dy-
namics and symmetry properties of underac-
tuated systems. In section 3, we state our
main reduction and stabilization results. In
section 4, we present the VTOL aircraft as
an example. Finally, we make concluding re-
marks.

2 Underactuated Systems with
Symmetry

In this paper, we consider the class of simple
Lagrangian systems with configuration vector
q = col(qx, qs) ∈ Qx×Qs, configuration space
Q = Qx×Qs of dimension n, and Lagrangian

L(q, q̇) = K − V =
1
2
q̇TM(qs)q̇ − V (qx, qs)

(1)

where K is the kinetic energy, V (q) is the po-
tential energy, and M(q) = M(qs) is the in-
ertia matrix. We say the system has kinetic
symmetry w.r.t. qx due to ∂K

∂qx
= 0. We refer

to qx and qs as the vectors of external vari-
ables and shape variables, respectively. The
forced Euler-Lagrange equation for a system
with Lagrangian (1) can be written as

d

dt

∂L
∂q̇x
− ∂L
∂q

= Fx(q)τ

d

dt

∂L
∂q̇s
− ∂L
∂q

= Fs(q)τ

(2)

where τ ∈ Rm and F (q) = col[Fx(q), Fs(q)] is
the force matrix. Throughout the paper, we
assume the following conditions hold:

i) m = rank(F (q)) < n (i.e. the system is
underactuated)

ii) Fx(q) 6≡ 0

iii) Fs(q) is a full rank matrix.

Due to conditions ii) and iii), we say the sys-
tem possesses input coupling property w.r.t.
the control input τ .

Remark 1. This input coupling effect is par-
ticularly important in aerospace applications
because such a coupling naturally exists in an
accurate model of an aircraft or a helicopter
(with both 6 DOF and 3 DOF).

We make the following further simplifying as-
sumptions:

Assumption 1. The inertia matrix M(qs)
is a block diagonal matrix, i.e. M(qs) =
diag(mxx(qs),mss(qs)).

Assumption 2. Assume F (q) = F (qs), the
force matrix does not depend on the external
variables .

Under Assumptions 1 and 2, the Lagrangian
equations of motion in (2) can be written as

mxx(qs)q̈x + hx(q, q̇) = Fx(qs)τ
mss(qs)q̈s + hs(q, q̇) = Fs(qs)τ

(3)

where hx, hs contain the Coriolis, centrifugal,
and gravity terms. The dynamics of (3) can
be partially linearize using applying the fol-
lowing global change of control

τ = F−1
s (qs)(mss(qs)u+ hs(q, q̇)) (4)

that reduces the dynamics of the shape vari-
ables to q̈s = u.



We find the following quadratic forms conve-
nient for representation of the normal forms
of underactuated systems with input cou-
pling.

Definition 1. (Vector Quadratic Forms)
Consider a mapping Σ : Rp × Rn → R

n de-
fined by

Σ(x, v) = vTΠ(x)v := (vTπ1v, . . . , v
Tπnv)T

(5)

where Π(x) : Rp → R
n×n×n is a cubic matrix

with layers πi(x) : Rp → R
n×n, i = 1, . . . , n

which are square matrices. We call Σ(x, v) a
vector quadratic form in v.

Remark 2. For the definitions of reduction
and integrability of momentum terms, please
refer to parts I and II of this paper.

3 Main Results

We begin with reduction of the general case of
non-flat underactuated mechanical systems
with kinetic symmetry and input coupling.
By a non-flat mechanical system, we mean
that the inertia matrix is not constant (this
should not be mistaken with the notion of
“differential flatness”, though they are closely
related). Here is our first main result that
leads to a nontriangular normal form:

Theorem 1. Consider the underactuated
system in (3) with input coupling and fully-
actuated shape variables. Suppose all the ele-
ments of

ω = m−1
xx (qs)Fx(qs)F−1

s (qs)mss(qs)dqs

are exact one-forms and let ω = dγ(qs).
Then, the following global change of coordi-
nates (i.e. diffeomorphism)

qr = qx − γ(qs)
pr = mxx(qs)px − Fx(qs)F−1

s (qs)mss(qs)ps
(6)

with (px, ps) = (q̇x, q̇s) transforms (3) into
the following cascade system in nontriangular
quadratic normal form

q̇r = m−1
r (qs)pr

ṗr = gr(qr, qs) + Σ(qs, pr, ps)
q̇s = ps
ṗs = u

(7)

In addition, the (qr, pr)-subsystem is a La-
grangian system with configuration vector qr
and parametrized reduced Lagrangian

Lr(qr, q̇r, qs) =
1
2
q̇Tr mr(qs)q̇r − Vr(qr, qs)

that satisfies the following forced Euler-
Lagrange equation

d

dt

∂Lr
∂q̇r
− ∂Lr
∂qr

= Σ(qs, pr, ps)

− Fx(qs)F−1
s (qs)gs(qr + γ(qs), qs)

where

mr(qs) := mxx(qs)
Vr(qr, qs) := V (qr + γ(qs), qs)
gr(qr, qs) := gx(qx, qs)− Fx(qs)F−1

s (qs)gs(qx, qs)
gx(qx, qs) := −∇qxV (qx, qs)
gs(qx, qs) := −∇qsV (qx, qs)

and the vector quadratic form Σ is given by

Σ(qs, pr, ps) =
[
pr
ps

]T
Π(qs)

[
pr
ps

]
is a quadratic form in (pr, ps) with a cubic
weight matrix Π(qs).
Proof. See pages 77–79 in [7].

The following result provides classes of under-
actuated systems in Theorem 1 that can be
globally transformed into nonlinear systems
in feedforward form. This makes it possible
to apply the existing feedforwarding results
to control of underactuated systems.

Theorem 2. Assume all the conditions in
Theorem 1 hold. In addition, suppose



i) mr = mxx is constant.

ii) V (q) = kT0 qx+V (qs) where k0 is a con-
stant vector.

Then, the global change of coordinates in (6)
transforms the dynamics of the underactuated
system in (3) into a cascade nonlinear system
in feedforward form as the following

q̇r = m−1
r pr

ṗr = gr(qs) + pTs Π(qs)ps
q̇s = ps
ṗs = u

(8)

where Π(qs) is a cubic matrix and

gr(qs) = −k0 + Fx(qs)F−1
s (qs)∇qsV (qs)

Moreover, if the following conditions are sat-
isfied

iii) dim(qx) = dim(qs).

iv) gr(0) = 0 and the Jacobian matrix
∇qsgr(qs) is invertible at qs = 0.

Then, the origin (qr, pr, qs, ps) = 0 for
the nonlinear system in (8) can be globally
asymptotically stabilized using a state feed-
back in explicit form as nested saturations.

Proof. See page 80 in [7].

Now, we present our final result on reduction
of flat underactuated systems with input cou-
pling. In this case, we add another input to
the dynamics of the external variables in the
form Fr(qs)τr . This extra input represents
the body thrust in a helicopter or an aircraft.

Theorem 3. Consider the following flat un-
deractuated system satisfying V (q) = V (qx)

mxxq̈x − gx(qx) = Fr(qs)τr + Fx(qs)τ
mssq̈s = Fs(qs)τ

(9)

where gx(qx) = −∇qxV (qx), τr ∈ R, Fr(qs) :
R
m → R

n−m is a unit vector that is onto over
a unit ball in Rn−m, τ ∈ Rm, mxx and mss

are constant, and Fs(qs) is an m×m invert-
ible matrix. Let τ = Fs(qs)−1mssu. Assume
all the elements of

ω = m−1
xxFx(qs)F−1

s (qs)mssdqs

are exact one-forms and let ω = dγ(qs).
Then, the following global change of coordi-
nates

qr = qx − γ(qs)
pr = mxxpx − Fx(qs)F−1

s (qs)mssps
(10)

with (px, ps) = (q̇x, q̇s) transforms the dy-
namics of (9) into the following form

q̇r = m−1
r pr

ṗr = gr(qr + γ(qs))− pTs πF (qs)ps + Fr(qs)τr
q̇s = ps
ṗs = u

(11)

where πF (qs) is a cubic matrix. In addition,
if the following conditions hold:

i) pTs πF (qs)ps = (pTs Qps)Fr(qs) with Q ∈
R
m2

.

ii) V (qx) = kT0 qx where k0 ∈ Rn−m is a
constant.

Then, the reduced Lagrangian system is a
fully-actuated flat system that satisfies

d

dt

∂Lr
∂q̇r
− ∂Lr
∂qr

= Fr(qs)τ̃r (12)

where

τ̃r = τr − pTs Qps

is the new scalar control.

Proof. The proof is by direct calculation.



4 Example: The VTOL Aircraft

In this section, we present a detailed reduc-
tion process for the VTOL (vertical take off
and landing) aircraft (see [9] for control de-
sign and simulation results). The simplified
dynamics of the VTOL aircraft, as shown in
Figure 1, is given in [2, 4] as the following

ẋ1 = x2

ẋ2 = −u1 sin(θ) + εu2 cos(θ)
ẏ1 = y2

ẏ2 = u1 cos(θ) + εu2 sin(θ)− g
θ̇ = ω
ω̇ = u2

(13)

where ε 6= 0. Here, θ denotes the roll angle
and the plane moves in a vertical (x1, y1)-
plane. Clearly, the system has three degrees

u
ε u
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Figure 1: The VTOL aircraft.
of freedom and only two actuators–thus it is
underactuated. The effect of the body torque
u2 appears in the translational dynamics of
the VTOL aircraft by a factor of ε. This cap-
tures a general property of real aircrafts with
6 DOF that exhibit a similar input coupling
effect [2]. The case with |ε| � 1 resulting in
a weak input coupling has been mostly con-
sidered in the literature [2, 4, 11]. Here, we
are interested in the strong input coupling
case with an arbitrary ε 6= 0. To eliminate
the effect of u2 in the translational dynamics
of the VTOL aircraft, first let us rewrite the
dynamics of the VTOL as

mxxq̈x − gx(qx) = Fr(qs)τr + Fx(qs)τ
mssq̈s = Fs(qs)τ

(14)

where qx = (x1, y1)T , qs = θ, mxx = I2×2,
mss = 1, Fs = 1, and Fr, Fx, gx are given by

Fr(qs) =
[
− sin(θ)
cos(θ)

]
, Fx(qs) =

[
ε cos(θ)
ε sin(θ)

]
gx =

[
0
−g

]
which clearly shows Fr(qs) is a unit vec-
tor. Based on theorem 3, we need to check
whether the vector of one-forms ω defined as
ω = m−1

xxFx(qs)F−1
s (qs)mssdqs has exact ele-

ments or not. By direct calculation, we get

ω = Fx(qs)dqs =
[
ε cos(θ)dθ
ε sin(θ)dθ

]
which has exact elements. Moreover,
ω has an exact differential γ(θ) =
[ε sin(θ),−ε(cos(θ) − 1)]T that satisfies ω =
dγ(θ). Therefore, applying the following
global change of coordinates

z1 = x1 − ε sin(θ)
z2 = x2 − ε cos(θ)ω
w1 = y1 + ε(cos(θ)− 1)
w2 = y2 − ε sin(θ)ω
ξ1 = θ
ξ2 = ω

(15)

transforms the dynamics of the VTOL air-
craft into

ż1 = z2

ż2 = − sin(ξ1)ũ1 =: v1

ẇ1 = w2

ẇ2 = cos(ξ1)ũ1 − g =: v2

ξ̇1 = ξ2
ξ̇2 = u2

(16)

and decouples the translational and attitude
dynamics. Here, ũ1 = u1 − εξ2

2 is the new
control. Clearly, (z1, w1) are two flat outputs
of the VTOL aircraft which are obtained au-
tomatically as the by-products of the decou-
pling change of coordinates (see [1, 7, 13, 14]
for more details on differential flatness and
flat outputs).



5 Conclusion

We addressed nonlinear control and reduc-
tion of high-order underactuated mechani-
cal systems with kinetic symmetry and in-
put coupling. This is particularly impor-
tant in stabilization/tracking problems for
aerospace vehicles where the effects of the
control of the attitude dynamics appears in
the translational dynamics. We presented
a method for obtaining a decoupling change
of coordinates that transforms the dynam-
ics of the original underactuated system into
nonlinear systems in strict feedback form,
strict feedforward form, and nontriangular
quadratic form. This allows application of
the existing nonlinear control design methods
known as backstepping/feedforwarding tech-
niques to control of high-order underactuated
systems. For a special class of underactuated
systems that are differentially flat, the flat
outputs are obtained automatically as a by-
product of the decoupling change of coordi-
nates.
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[6] M. Krstić, I. Kanellakopoulos, and
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