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Abstract

In this paper, we address nonlinear control
and reduction of two classes of high-order
underactuated mechanical systems with ki-
netic symmetry called Class-II and Class-III
systems. Class-II systems are underactuated
systems with unactuated shape variables, de-
coupled inputs, and integrable normalized
momentums (all to be defined). We show
that all Class-II underactuated systems can
be transformed into cascade systems in non-
triangular quadratic form using an explicit
change of coordinates and control. In addi-
tion, we characterize a subclass of Class-II
systems, called Class-III systems, that can be
explicitly transformed into cascade systems
in strict feedforward form. This allows ap-
plication of existing nonlinear control design
methods like nested saturations and feedfor-
warding to control of underactuated systems

1 Introduction

Control design and analysis for underactu-
ated mechanical systems is currently an ac-
tive field of research. The importance of un-
deractuated systems is due to their broad ap-
plications in robotics, aerospace vehicles, and
marine vehicles. In addition, restriction of

the control authority in underactuated sys-
tems offers challenging control problems from
theoretical point of view (see [5, 9] for recent
surveys).

This paper is part II of a series of articles that
aim to address reduction and nonlinear con-
trol of broad classes of high-order underactu-
ated systems. In [5], it is shown that under-
actuated systems can be essentially classified
to eight main classes that overall cover the
majority of the aforementioned real-life ap-
plications. In part II of this paper, we focus
on reduction and control of underactuated
systems with unactuated shape variables, in-
tegrable normalized momentums, and decou-
pled inputs (all defined in section 2). We re-
fer to this particular class of underactuated
systems as Class-II systems.

The reduction and control of underactuated
systems with actuated shape variables and in-
put coupling are addressed in parts I [7] and
III of this paper, respectively.

The main contribution of part II of this pa-
per is providing a systematic way for ob-
taining change of coordinates in closed-form
that transform high-order Class-II underac-



tuated systems into cascade systems in non-
triangular quadratic form. In addition, we
characterize a subclass of Class-II systems,
called Class-III systems, that can be trans-
formed into cascade systems in feedforward
form. This allows application of Teel’s nested
saturations [13], nonlinear small-gain theo-
rem [12], and feedforwarding methods due
to Mazenc and Praly [3] to stabilization of
Class-III underactuated systems. Stabiliza-
tion of nonlinear systems in nontriangular
forms is, in general, an open problem. In im-
portant special cases, this problem has been
addressed in [5, 8].

The outline of the paper is as follows. In sec-
tion 2, we provide some background on dy-
namics and symmetry properties of underac-
tuated systems. In section 3, we present our
main reduction and stabilization results. In
section 4, we give a detailed example. Finally,
we make concluding remarks.

2 Underactuated Systems with
Symmetry

In this paper, we consider the class of simple
Lagrangian systems with configuration vector
q = col(qx, qs) ∈ Qx×Qs, configuration space
Q = Qx×Qs of dimension n, and Lagrangian

L(q, q̇) = K − V =
1
2
q̇TM(qs)q̇ − V (qx, qs)

where K is the kinetic energy, V (q) is the po-
tential energy, and M(q) = M(qs) is the in-
ertia matrix. We say the system has kinetic
symmetry w.r.t. qx due to ∂K

∂qx
= 0. We refer

to qx and qs as the vectors of external vari-
ables and shape variables, respectively. The
forced Euler-Lagrange equation for this sys-
tem can be written as

d

dt

∂L
∂q̇x
− ∂L
∂q

= Fx(q)τ

d

dt

∂L
∂q̇s
− ∂L
∂q

= Fs(q)τ

(1)

where τ ∈ Rm and F (q) = col[Fx(q), Fs(q)]
is the force matrix. We say the mechani-
cal system in (1) is an underactuated sys-
tem if m = rank(F (q)) < n. Since F (q)
has full column rank, there exists a permu-
tation of q such that F (q) can be partitioned
as col[F1(q), F2(q)] where F1(q) is an invert-
ible m × m matrix. If F2(q) ≡ 0, we say
(1) is a mechanical system with decoupled in-
puts. Otherwise, (1) is referred to as a me-
chanical system with input coupling. This
paper is devoted to reduction and nonlinear
control of high-order underactuated systems
with unactuated shape variables and decou-
pled inputs. Without loss of generality, set
Fx(q) = Im, Fs(q) = 0 (otherwise, replace τ
by F−1

x (q)τ). For the sake of simplicity of no-
tation, we assume dim(Qx) = dim(Qs) (the
general case can be found in [5](chapter 4)).

By reduction, we mean transformation of the
mechanical control system in (1) into a cas-
cade nonlinear system in the form

ẋ = f(x, ξ)
ξ̇ = g(ξ, u)

(2)

using a smooth invertible change of coordi-
nates and control (i.e. diffeomorphism)

(x, ξ) = Φ1(q, q̇), u = Φ2(q, q̇, τ) (3)

Remark 1. Notice that, in general, a system
with Lagrangian that is considered here does
not possess symmetry properties in the classi-
cal sense according to [2], unless V (qx, qs) =
V (qx). As a result the generalized momen-
tum ps = ∂L/∂q̇x conjugate to qs is not
anymore a conserved quantity for the un-
forced Lagrangian system. This is a funda-
mental difference between kinetic symmetry
and classical symmetry.

The Lagrangian equations of motion in (1)



with F (q) = [Im, 0]T can be rewritten as

mxx(qs)q̈x +mxs(qs)q̈s + hx(q, q̇) = τ
msx(qs)q̈x +mss(qs)q̈s + hs(q, q̇) = 0

(4)

where hx, hs contain the Coriolis, centrifu-
gal, and gravity terms. In a similar approach
taken in [11], the dynamics of an underactu-
ated system in the form (4) can be partially
linearized using an invertible change of con-
trol in the form τ = α(q)u+ β(q, q̇) over the
following set

U = {qs | det(msx(qs)) 6= 0} (5)

This feedback is called a noncollocated
partially-linearizing feedback [10] and it re-
duces the dynamics of qs to a set of double-
integrators as q̈s = u.

The key tools in reduction of high-order un-
deractuated systems with kinetic symmetry
are generalized momentums, normalized mo-
mentums, and their integrals which are de-
fined in the sequel. Let ps be the general-
ized momentum conjugate to qs, then for sys-
tem (4)

ps =
∂L
∂q̇s

= msx(qs)q̇x +mss(qs)q̇s (6)

We define the normalized momentum conju-
gate to qs over U as

πs = m−1
sx (qs)

∂L
∂q̇s

= q̇x +m−1
sx (qs)mss(qs)q̇s

(7)

We say the normalized momentum πs is
integrable, if there exists a smooth func-
tion h(q) = (h1(q), . . . , hm(q))T such that
πs = ḣ where ḣ := Dh(q)q̇ and Dh(q) =
(∇h1(q), . . . ,∇hm(q)). Whenever πs is inte-
grable, we call h(q) the integral of πs. Now,
we are ready to define Class-II underactuated
systems.

Definition 1. (Class-II systems) We refer to
the class of underactuated mechanical sys-
tems with unactuated shape variables, decou-
pled inputs, and integrable normalized mo-
mentum πs as Class-II underactuated sys-
tems.

We find the following quadratic forms conve-
nient for representation of the normal forms
of Class-II underactuated systems.

Definition 2. (Vector Quadratic Forms)
Consider a mapping Σ : Rp × Rn → R

n de-
fined by

Σ(x, v) = vTΠ(x)v := (vTπ1v, . . . , v
Tπnv)T

(8)

where Π(x) : Rp → R
n×n×n is a cubic matrix

with layers πi(x) : Rp → R
n×n, i = 1, . . . , n

which are square matrices. We call Σ(x, v) a
vector quadratic form in v.

3 Main Results

By definition, any Class-II underactuated
system satisfies the following assumption.

Assumption 1. (integrability condition)
Assume all the elements of

ω = m−1
sx (qs)mss(qs)dqs , ∀qs ∈ U (9)

are exact one-forms and let ω = dγ(qs).
In other words, denoting µ(qs) :=
m−1
sx (qs)mss(qs), assume all the one-forms

ωi = Σmj=1µij(qs)dq
j
s

are exact for i = 1, . . . ,m (µij and qjs are ele-
ments of µ(qs) and qs, respectively). Let ωi =
dγi(qs), then γ(qs) := (γ1(qs), . . . , γm(qs))T .

Here is our first main result on reduction of
Class-II underactuated systems:



Theorem 1. Consider the underactuated
system in (1) and suppose Assumption 1
holds. Then, there exists a change of coor-
dinates (i.e. diffeomorphism) obtained from
the Lagrangian of the system

qr = qx + γ(qs)

pr = msx(qs)q̇x +mss(qs)q̇s =
∂L
∂q̇s

(10)

that transforms the dynamics of the under-
actuated system (4) into a cascade nonlinear
system in nontriangular quadratic form

q̇r = m−1
r (qs)pr

ṗr = gr(qr, qs) + Σ(qs, pr, ps)
q̇s = ps
ṗs = u

(11)

where Σ = ∇qsK (K is the kinetic energy) is
a vector quadratic form in (pr, ps)

Σ(qs, pr, ps) =
[
pr
ps

]T
Π(qs)

[
pr
ps

]
with a cubic weight matrix Π(qs) and

mr(qs) := msx(qs)
gr(qr, qs) := − [∇qsV (qx, qs)]qx=qr−γ(qs)

Proof. See page 66 in [5].

Remark 2. The normal form for Class-II un-
deractuated systems in (11) possesses a non-
triangular structure which does not allow ap-
plication of backstepping [4, 1] or forward-
ing methods [3, 13]. Stabilization of different
classes of nonlinear systems in nontriangular
forms has been addressed in [5, 8].

The following corollary states a physical
property of the (qr, pr)-subsystem in (11).

Corollary 1. In theorem 1, assume V (q) =
V (qx). Then, the (qr, pr)-subsystem is a La-
grangian system with configuration vector qr

and reduced Lagrangian

Lr(qr, q̇r, qs) =
1
2
q̇Tr mr(qs)q̇r (12)

that satisfies the forced Euler-Lagrange equa-
tion

d

dt

∂Lr
∂q̇r
− ∂Lr
∂qr

= Σ(qs, pr, ps) (13)

We need the following definition, before pre-
senting our next result.

Definition 3. (Differentially Symmetric
Rows) We say a square matrix function
m(x) : Rn → R

n×n has differentially sym-
metric rows, if the ith row of the matrix
mi∗(x) satisfies

∂m(x)
∂xi

=
∂mi∗(x)
∂x

(14)

for i = 1, . . . , n. (the derivative ∂/∂xi on the
LHS of (14) is taken element-wise and the
RHS of (14) is a Jacobian matrix).

Definition 4. (Class-III systems) The sub-
class of Class-II underactuated systems that
satisfy conditions i), ii), and iii) of Theorem
2 are called Class-III underactuated systems.

The following theorem provides sufficient
conditions such that Class-II underactuated
systems can be transformed into feedforward
nonlinear systems using a change of coordi-
nates in explicit form.

Theorem 2. Assume all the conditions in
theorem 1 hold. In addition, the underactu-
ated system (4) satisfies the following condi-
tions

i) mxx(qs) is constant.

ii) msx(qs) has differentially symmetric
rows.



iii) V (q) = Vx(qx) + Vs(qs), Vi : Qi → R

for i ∈ {x, s}.

Then, applying the change of coordinates

z1 = qr, z2 = m−1
r (qs)pr

(where (qr, pr) are defined in (10)) trans-
forms the original system (4) into a cascade
system in feedforward form as the following

ż1 = z2

ż2 = ψ(qs) + pTs Π(qs)ps
q̇s = ps
ṗs = u

(15)

where Π(qs) is a cubic matrix and ψ : Qs →
R
m is defined as

ψ(qs) = −m−1
r (qs)∇qsVs(qs)

Moreover, if ψ(0) = 0 and ψ(qs) has an in-
vertible Jacobian ∇qsψ(qs) at qs = 0, then
the origin for (15) (and (4)) can be globally
asymptotically and locally exponentially stabi-
lized over U using a state feedback in explicit
form as nested saturations.

Proof. See pages 69–70 in [5].
Remark 3. The feedforward structure of the
normal form of Class-III underactuated sys-
tems in (15) makes it possible to apply the
existing control design methods for feedfor-
ward nonlinear systems in [13, 12, 3] to sta-
bilization of a broad class of underactuated
systems.

4 Example: The Pendubot

In [5], it is shown that the pendubot, the
rotating-pendulum, the planar cart-pole sys-
tem, the beam-and-ball system, and the in-
ertia wheel pendulum [6], are all examples of
Class-II underactuated systems. Among all
of them, only the cart-pole system and the in-
ertia wheel pendulum are Class-III systems.
Here, we provide the details for reduction of
the pendubot.

Example 1. The pendubot is a two-link pla-
nar robot with revolute joints and one actua-
tor at the shoulder, as shown in Fig. 1. The
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Figure 1: The Pendubot

inertia matrix of the pendubot is given by

m11(q2) = a+ 2b cos(q2)
m12(q2) = m21(q2) = c+ b cos(q2)
m22(q2) = c

where a, b, c > 0 are given by

a = m1l
2
1 +m2(L2

1 + l22) + I1 + I2
b = m2l2L1

c = m2l
2
2 + I2

Apparently, qs = q2 is an unactuated shape
variable for the pendubot. Thus, the pen-
dubot is a Class-II underactuated system.
After a noncollocated partial feedback lin-
earization process, one obtains q̈2 = u. Now,
applying the change of coordinates

qr = q1 + γ(q2)
pr = m11(q2)p1 +m22p2

with

γ(q2) =
∫ q2

0

m22

m21(θ)
dθ

=
2c√
c2 − b2

arctan

(√
c− b
c+ b

tan(
q2

2
)

)
and c > b, q2 ∈ [−π, π), we get

q̇r = pr/m21(qs)
ṗr = m2l2g sin(qr − γ(qs) + qs) + Σ(qs, pr, ps)
q̇s = ps
ṗs = u



where

Σ = −b sin(qs)(pr −m22ps)(pr − (m11 +m22)ps)
m2

11

Clearly, the equation of ṗr consists of a
quadratic term in (pr, ps) and a reduced grav-
ity term gr(qr, qs) = m2l2g sin(qr−γ(qs)+qs)
as in Theorem 1.

5 Conclusion

In this paper, we presented explicit change
of coordinates for reduction of high-order un-
deractuated systems with unactuated shape
variables, decoupled inputs, and integrable
normalized momentums (i.e. Class-II sys-
tems). Under further conditions, we showed
that a subclass of Class-II systems called
Class-III underactuated systems can be
transformed into nonlinear cascade systems
in feedforward form. We provided several ex-
amples of underactuated systems with unac-
tuated shape variables, and applied our re-
sults to reduction of the pendubot.
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